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Rule-based systems for leadership style selection

Kim Michelle Siegling, Thomas Spengler and Sebastian Herzog'

Abstract

In personnel economics, the choice of a leadership style is about the question of how a super-
visor should lead his or her employees in such a way that operational goals are achieved. In this
paper, we assume that such leadership decisions are made according to the situation. Thus, the
optimal or at least a permissible leadership style has to be selected from a set of several possible
leadership styles. For this choice a wide range of models has been developed in the scientific
literature, from which we want to pick out and focus on the so-called normative decision model
by Vroom & Yetton (Vroom/Yetton 1973). While the original model is based on univocal rules,

in this paper we develop a fuzzy rule system.
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1 Introduction

A leadership style is defined as a behavioral pattern according to which the supervisor leads his
employees. There are two possible interpretations, because it is either a typical behavioral pat-
tern of the leader in the sense of a personality constant (the supervisor always leads, across
situations, following this pattern) or a leadership behavioral pattern that can be selected accord-
ing to the situation (one leads depending on the current leadership situation). Leadership styles
can also be differentiated by various dimensions, e.g. by participation rate (Likert 1967,
Tannebaum/Schmidt 1958, Vroom 1959), the relationship orientation or the factual task orien-
tation (Stogdill/Coons 1957). In the scientific literature, a wide range of models for leadership
style selection has been presented and critically examined. These include the 3-D model of
Reddin (Reddin 1970), the Managerial Grid of Blake & Mouton (Blake/Mouton 1962), the Sit-
uational Leadership Theory of Hersey & Blanchard (Hersey/Blanchard 1996), the contingency
model of leadership by Fiedler (Fiedler 1967, 1978) as well as the normative decision model
by Vroom & Yetton (Vroom/Yetton 1973) and the model by Vroom & Jago (Jago/Et-
tling/Vroom 1985, Vroom/Jago 1988) based on it. In this paper, we will focus on the Vroom &
Yetton model, in which the second of the two interpretations mentioned above is used and
which serves to derive recommendations for the choice of leadership style appropriate to the
situation. In addition to the leadership style choice, the supervisor must make a factual decision
here, and the question arises as to whether he makes this decision alone or with the help of his
employees (leadership decision). Let us first (chap. 2) outline the model in a basic form formu-
lated by Vroom & Yetton (Vroom/Yetton 1973) for such situations in which the supervisor
leads not only one individual (so-called individual problems), but several employees (so-called
group problems). In this basic model, the authors formulate a rule-based expert system with
consistently crisp data, variables, and decision rules. We then design a new rule system based

on fuzzy logic (chap. 3). Our work ends with a brief conclusion (chap. 4).

2 Vroom & Yetton's normative decision model as a system of crisp rules

2.1 Selectable leadership styles

The participation rate is the degree to which employees are involved in the decision-making
process. Vroom & Yetton consider five leadership styles differentiated according to the partic-

ipation rate (I, I, ..., I5):

I;:= The supervisor makes the factual decision alone, based on his current level of infor-

mation.



I,:= The supervisor makes the decision on the matter alone after obtaining information from

the employees.

I3 := The supervisor makes the factual decision alone, after discussing the factual decision

problem in individual meetings with the employees.

I,:= The supervisor makes the factual decision alone, after discussing the factual decision

problem with the group of employees.

I5:= The supervisor presents the factual decision problem to the group of employees, every-
one develops and evaluates alternative courses of action as a group and the group make a joint

factual decision. The supervisor is an equal member of the group.

It is quickly seen that I; and I, are authoritarian leadership styles, I; and I, are consultative
leadership styles and I5 is a group-centered leadership style. Provided that one accepts the
participation rate as a differentiation criterion for leadership styles - and there is nothing seri-
ously wrong with that - this leadership style list is quite reasonable. However, one misses the
complete delegation to the body (without co-decision by the superior) and the possibility of

obtaining information from other persons (than one's own employees).

2.2 Determinants of the leadership situation
The leadership situation is analyzed according to a total of seven criteria in question form,

whereby these are recorded dichotomously in each case and are to be answered with "yes" or

"non (]1)]2' ,]7):

J1 = Is the quality of the decision important? (Note: Here we are asking about quality, not

whether the decision itself is important).
J>:= Does the supervisor feel sufficiently informed to make a quality factual decision?
J3:= Does the supervisor think the factual problem is sufficiently structured?

J4:= Is the acceptance of the factual decision on the part of the employees important for its

implementation?

J5:= Does the supervisor assume that a factual decision made in an authoritarian manner will

be accepted?
Jo:= Will employees align their solution contributions with the organizational goal?

J7 :=Is it to be expected that employees will argue about the evaluation of the alternative ac-

tions?



The list of situation determinants can be accepted as reasonable, although the level of infor-
mation of the employees, as provided for in another model version by Vroom & Yetton
(Vroom/Yetton 1973), but also the forecast qualification of employees and supervisors could
be taken into account. Also, leadership costs and revenues are at best implicitly considered in
both leadership styles and leadership situations. Moreover, the dichotomization of situation de-
terminants is based on a simplifying and complexity-reducing assumption, which is removed
in later work (Vroom/Jago 1988). With seven questions, each with two possible answers, there
are a total of (27 =) 128 possibilities (leadership situations) for combining the answers (varia-
tions with repetition). In the appendix, the combination possibilities (CP) are listed tabularly

numbered.

2.3 Decision rules

For the purpose of leadership style selection, decision rules are to be applied. Vroom & Yetton
propose the following seven decision rules (DR, DR, ..., DR;) in the version presented here,
where — symbolizes negation, A logical and (both ... and) and — implication:

DR, (Information rule):* J; A—J, = =l

Note: This rule is undoubtedly plausible, because if decision quality is important but the
supervisor is not sufficiently informed for a good factual decision, it makes no sense for him to
decide based on his current level of information.

DR, (Trust rule): J; A—Jg = —lg

Note: This rule is also plausible to a certain extent, because if the quality of the decision is
important but conflicts are to be expected among the employees about the factual decision to
be made, they should not be allowed to participate in the decision if it is assumed that conflict
resolution is not possible or at least not possible with reasonable effort. In principle, however,
they can then be used in upstream stages of the decision-making process. The fact that conflicts
can also have a negative impact in this process (e.g., through strategic information and consul-
tation behavior) is apparently not considered relevant by Vroom & Yetton and therefore only

I5 is excluded here.

DR (Structure rule): /y A—j,A=J,—>=(1.1515)

Note: If the decision quality is important, but the supervisor is not sufficiently informed for
a good factual decision and he considers the factual decision problem as unstructured, the su-

pervisor should not decide authoritatively. This is plausible as far as it goes. Nor, according to

2 Read: If question J; is answered yes and question ./, is answered no, then do not choose leadership style I
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Vroom & Yetton, should he or she seek advice in one-on-one meetings. That - as assumed by
Vroom (1976) — I, and I5 are always too cumbersome, ineffective and inefficient here is ques-
tionable and whether group discussions can make up for the deficits is at least worth discussing.

DR, (Acceptance rule): J, A =Js = ([, 1)

Note: If the acceptance of the factual decision on the part of the employees is important but
it can be assumed that an authoritarian decision will not be accepted by them, then it is logical
that neither of the two authoritarian leadership styles is chosen here.

DRs (Conflict rule): J, A =fs A J; = =(14, I3, 13):

Note: If it is important that the employees accept the factual decision, but an authoritarian
factual decision is not likely to be accepted by them and conflicts over the order of preference
are to be expected, then there is a case for not selecting I;, I, and I3. Whether, in this case, I,
is actually better than I3 is at least debatable.

DR (Fairness rule): J, A —fs A =f1 = =1, 15,13, 1y)

Note: Vroom & Yetton consider it fair if the employees in the group (co-)decide, if the
acceptance of the decision is important, an authoritarian decision is probably not accepted but
the quality of the decision is irrelevant. It remains to be seen whether every employee actually

considers it fair when he or she is called upon to make qualitatively irrelevant decisions.

DR, (Acceptance prioritization rule): J4 A —=Js A Jg = (14, 15, I3, 1)

Note: Here, Vroom & Yetton apparently assume that only a group decision can eliminate
the presumed conflicting goals. However, this assumption is also debatable.
2.4 Decision trees
2.4.1 Original decision tree
It goes without saying that leadership style selection can be made on the basis of these seven
rules - the first three of which relate to decision quality and the other four to decision acceptance
- by analyzing the current leadership situation and then applying the corresponding rule(s).
However, Vroom & Yetton (Vroom/Yetton 1973) also suggest the use of the following decision
tree, where the complexity is reduced from 128 to 14 leadership situations, where (128-14=)
114 situations are implicitly included in this tree, although they are not explicitly listed (see

figure 1):3

3 In Vroom (1976), LS, and LS, are combined into one situation.
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Questions about the leadership situation

Lo 2 s Js I e J7

V4 TTY T T -TTT T LSI

/ == LS,
/ == LS3

’ oo -~ r== LS,
LSs
L 1

\l__—l_ LS,

N
A Y
A Y

\I—_—,T LS,

TS LS,

~

Legend: ------- question I::| is answered with no

question [ ]  is answered with yes

Feasible set

Decision rules

DR, ADR, ADR,
DR, ADR, A DR, A DRs
DR, ADR, ADR,

DR,

DR,

DR, ADRs
DR, ADR; ADR, ADR,

DR, ADR, ADR; ADR,
DR, A DR,

Figure 1: Decision tree for the choice of a leadership style according to Vroom & Yetton (1973)

Behind each of the 14 leadership situations, Vroom & Yetton note the feasible set of the re-

spective selectable leadership styles and the corresponding decision rule(s). As can be seen,

only in the leadership situations LSz, LS¢, LS;, and LS5 is a single leadership style recom-

mended. In each of the 10 other situations, there are two or more leadership styles to choose

from. For these 10 situations, the authors recommend choosing either the one with the lowest

participation rate (called the Time Efficient Model) or the one with the highest participation

rate (called the Time Investment Model). In doing so, they assume that the decision costs and

the personnel development effects increase in each case as the participation rate increases. It is

then up to the supervisor to decide whether to apply the first or the second additional criterion.

Note to LS;:



In LS;, J; and J, are negated respectively. —J; A =/, since five situation determinants are not
explicitly requested, is contained in (2°=) 32 possible combinations*, namely in CPi1, CP51,
CPss, CP39, CP40, CP41, CPss, CPg9, CP70, CP71, CP75, CP76, CP77, CPs1, CPs2, CPs3, CP\00,
CPio1, CP102, CPros, CP107, CP10s, CP110, CP111, CP112, CP113, CP121, CP122 CP123, CP125, CP126
and CP12s. Moreover, —J; occurs only in the fairness rule (DRg) in which, however, J,and not
—J, 1s also required. No decision rule exists for —J,. Thus, all five leadership styles are se-
lectable. It is therefore not necessary to differentiate 32 leadership situations for this purpose,

but these can be summarized in LS.

Note to LS,:

In LS;, =1 AJ4 A Js 1s required and since four situation determinants are not explicitly re-
quested, this requirement is contained in (2*=) 16 possible combinations, namely CP,, CPo,
CP1o, CP13, CP14, CP30, CP33, CP34, CP37, CP38, CPa4, CPg7, CPss, CP74, CPgo and CP10s. More-
over, —J; occurs only in the fairness rule (DRg) but in which —J, and not J, is required. Thus,
for LS, there is no decision rule, so all five leadership styles are selectable. Thus, one does not

have to differentiate 16 leadership situations for this, but can combine them in LS,.

Note to LS5:

In LS5, =J; AJ4 A —Js 1s required, and since four situation determinants are not explicitly re-
quested, this requirement is contained in (2*=) 16 possible combinations, namely CPi2, CP,
CPs36, CPs2, CP43, CPss, CP72, CP73, CP78, CP79, CPg4, CP103, CP104, CP109, CP114 and CP124.
—J1 A J4 A =5 corresponds to the if-component of DR, in whose then-component I, I, I3,
and I, are excluded. J, A —J5 also occurs in DRs and DR although these are redundant with
DRg. Also redundant is DR,. Thus, one does not need to differentiate 16 leadership situations,

but can combine them into LS;.

Note to LSy:

In this leadership situation J; A J, A =], is required. Since in LS, again in (2*=) 16 possible
combinations it remains basically open how the remaining four situation determinants are pro-
nounced, one has to analyze them (namely CPs, CP2, CP24, CP>s, CP2, CPss, CPs¢, CPs7,
CPs1, CPes2, CPg3, CPos, CPos, CP97, CP99, CP120) in more detail. While Vroom & Yetton state

that for LS, there is no decision rule (limiting the leadership style choice), the more detailed

4 All possible combinations can be found in the appendix.
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analysis shows that for CP»s, CPss, CPs1, CPg3, CP9os, CP97, CP99, and CP129 the trust rule (DR5:

J1 A =Jg = —l5) holds, so a corresponding branch (at J¢) must be inserted in the decision tree.

Note to LSs:

This leadership situation provides J; A J, A J4 A Js and is contained in (2°=) 8 possible combi-
nations, namely CP1, CP4, CP7, CPg, CP2, CP23, CP>9 and CPs. For four of these combination
possibilities no decision rule exists, so that as Vroom & Yetton rightly state, the feasible set
includes all five leadership styles. In CP7, CP2, CP29 and CPso DR, is applicable, so similarly

to LS, a corresponding branch (at /) is to be inserted in the decision tree, where I5 is excluded.

Note to LSg:

For LS there are two paths in the decision tree. In the upper path, J; A J, AJ4 A =J5 A Jg holds
and CPs, CP»1, CPas, and CPso, (2°=) 4 combination possibilities are relevant, where DR, and
DR are applicable, leaving only I5 as selectable. In the lower path J; A =/, AJ3 A, A5 A
with (2'=) 2 possible combinations (CP17, CPs3) applies, the decision rules DR;, DR,, DRs and
DR, and the same result as in the upper path (=15).

Note to LS7:

Again, there are two paths through the tree with J; A J, AJ, A =5 A =Jg AJ; and with J; A
=f, AJ3 AJ4 A =Js A =g AJ,. In the upper path CP27 and CPsg and the decision rules DR,
DR, and DRs apply and in the lower CPs2 and DRy, DR,, DR, and DR5 apply. In both paths,

only I, remains as selectable.

Note to LSg:
There are also two paths through the tree in LSg with J; A J, AJu A =Js A =g A =]; (CPea,
CP98, DRz, DR4) and Wlth]l /\ _|]2 /\]3 /\]4 /\ _|]5 /\ _|]6 /\ _|]7 (CP94, DRl, DRz, DR4) and for

both with exclusion of I;, I, and Is.

Note to LSo:

This leadership situation provides J; A =/, AJ3 AJ, AJs and is contained in (2°=) 4 possible
combinations, namely CP3, CPis, CP19 and CPs4. Since there is no decision rule with /5 as well
as with J5 the decision rule DR; (—1;) applies to CP3 and CP19. However, for CPig and CPs4
DR, applies. This requires an additional branch (not considered by Vroom & Yetton) (at /) in

the decision tree, where I is also excluded.

Note to LS;y:
This leadership situation starts from J; A =/, A J3 A —J,. This makes (2°=) 8 combination pos-

sibilities (CP1s, CP49, CPso, CPs1, CP91, CP92, CPo3, CP119) relevant and requires further
9



branches in the tree. In all combination possibilities, I; must be excluded via DR; in each case.
In CPso, CP91, CPo3 and CP119, DR, (—15) additionally applies. Thus, a corresponding branch

is to be inserted at J,.

Note to LS14:

In this leadership situation, J; A =/, A /3 AJ4 A Js is valid. And (2°=) 4 combination possibil-
ities (CPis, CP47, CPss, CPy) are relevant, in which the rules DR; (—l;) and DR;
(I, 1, —13) are always applicable. For CP47 and CPo, DR, (—15) also applies, so a branch

(at Jo) in the tree becomes necessary here as well.

Note to LS;,:

This leadership situation provides J; A =J, A =J3 A J4 A —Js A J, so (2'=) 2 combination pos-
sibilities (CPas, CPgo) are relevant and I, I,, I3 and I, are excluded respectively. The corre-
sponding decision rules are DRy (—ly), DR3 (—ly, =l;, —l3) and DR, (=1, =15, 13, 1ly).
Note to LS;3:

In this leadership situation J; A =/, A /3 AJ, A =Js A =, is valid. Here again (2'=) 2 combi-
nation possibilities (CPss, CP11g) are relevant and the leadership styles I, I, I3 and I5 are ex-
cluded respectively. The decision rules valid here are DRy (—l;), DR, (—ls) and DR;
(=1, —lp, —l3).

Note to LS;4:

In LS4, J1 A 2 A —=J3 A =], holds. This makes (2°=) 8 possible combinations (CPas, CPss,
CPsgs, CPg7, CP115, CP116, CP117, CP127) relevant and requires one more branch in the tree (at
Je). For CPas, CPss, CPs7, CP116 the rules DRy (—1;) and DR3 (—ly, I, , —l3) and for the other

four combinations additionally DR, (—15) have to be applied.

2.4.2 Redesigned decision tree

Different versions of the model and various decision trees can be found in the literature (see
e.g. Hill/Schmitt 1977, Lunenburg 2010, Vroom 1967, Vroom/Jago 1995, Vroom/Y etton/Jago
2015). Our illustration refers to Vroom/Yetton 1973. In our view, branching should be done in
the decision tree if the corresponding feasible sets contain different leadership styles; if they
include the same ones, the corresponding leadership situations can be combined. Considering
the corresponding branchings and situation combinations, one arrives at the following decision
tree with a total of 8 compressed and 16 differentiated leadership situations. In such a modified
tree (compared to the initial tree of figure 1), we no longer symbolize the leadership situations

with LS but with LS*:

10



Questions about the leadership situation Feasible set Decision

rules
Lo )2 I3 Ja Is Je J7 L L I; I I5

L --F---- ——----=y LS} X X X X X -

/7
/! — DR, A DR,
/ B Rl dabp AR x

DR, ADR, ADR,

/ X X X X DR2
II
/
/
’ X DRy ADR, ADR, A DRy
Vi
/
) X X DRy ADR, ADR,
,I
4
X x X DR, ADR,
X X X X DRy

DR, ADR, A DR,
DR, ADR, ADR; ADR,

7 LS; X X DR, ADR,

4
__I-_—I_/_’,/ LS; X DRy ADRy ADR, ADR,

Legend: ----c--- question [ ] isanswered with no

question |:| is answered with yes
Figure 2: Adapted decision tree for choosing a leadership style
The following table 1 shows how the new leadership situations LS™ are related to the previous
leadership situations LS. For example, in the line LSy, we can see that it corresponds with the

leadership situations LSy, LS, and LS5, since no leadership style is excluded in all these leader-

ship situations. The leadership situations LS, and LS, occur twice in the modified decision tree.
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If you compare the respective upper with the respective lower path through the tree here, you

can see that they correspond to other initial leadership situations.

LS,

LS,

LS,

LS,

LSs

LS,

LS,

LSg

LS,

LS1o

LS4

LS+,

LSq3

LS14

LS; x

X

X

LS5 (u.p) -

Ls; (lp) | -

LS; -

LS; (up.) | -

LS; (lp) | -

Lss | - | - | - [ - -1 -1 -1x| -1 -7 -7 -7T-

Ls; | - | - - -1 -1 -1T-T-Txx1-71T-7-

LS5 - - - - - - - - X X - - -

Ls; | - -1 -1-1T-7-1-1T-1-1T-1x1-T1-

Legend: u.p. = upper path L.p. = lower path
Table 1: Newly determined and corresponding previous management situations

The newly constructed decision tree, as inferred, is more precise than the original tree of Vroom
& Yetton (1973), since it contains branches with respect to Jg that are not considered in the
original source.

Variations of the original model were constructed later (most notably by Vroom & Jago)
(Vroom/Jago 1988). In these, the dichotomy of situation determinants is abandoned and re-
placed by mathematical functions. This also eliminates the possibility of using decision trees

(Vroom/Yetton/Jago 2015).

3 The normative decision model of Vroom & Yetton as a fuzzy rule-based

system

3.1 Preliminary remarks

The initial model of Vroom & Yetton is based on Boolean (two-valued or binary) logic, which
knows only two states, namely true or false, yes or no or 0 or 1. Thus an element x belongs

either completely (or completely not) to a set. For the membership value of such a crisp set A

12




holds ,(x) € {0,1}. In the context of the so-called fuzzy logic (Buckley/Eslami 2002, Gott-
wald 1993, Pedrycz 1993, Piegat 2001, Zadeh 1983, Zimmermann 1987, 1996) membership
values can also be graduated, such that for the membership of an element x to a fuzzy set A
1;(x) € [0,1] holds (Bellmann/Zadeh 1970, Dubois/Ostasiewicz/Prade 2000, Dubois/Prade
1980a, Pedrycz 1993, Piegat 2001, Wang/Chang 2000, Zimmermann 1996). Since {0,1}
[0,1] unambiguity is always a special case of fuzziness.
A fuzzy set (A) (Zadeh 1965) is a set of ordered second tuples (x € X, 15(x)). Here X ={x}
is a crisp (basic) set of elements x to be evaluated with respect to a fuzzy statement A. 1 h (x) is
the degree to which x belongs to A. In principle, u i R¢ holds. However, by normalization
one often chooses 1; — [0,1]. The so-called supporting set of a fuzzy set S(A) is a crisp set
consisting of such elements of the basic set which have a positive membership degree to A.
There exist fuzzy sets based on continuous and those based on discrete basic sets X. The mem-
bership functions are often continuous (see figure 3), but sometimes single discrete membership
values are connected with polygonal features (see figure 4). Singletons represent a special case:
These are one-element fuzzy sets for whose membership value 0 < 4 (x*) < 1 holds (Piegat
2001) (see figure 5).

(%)

A

1

wY
m
>l

Figure 3: Example of a continuous membership function
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pa(x)

¥ N¢
X %

0 XEX

Figure 4: Example of a membership function with polygonal features

pa(x)

A

1 ®

xY
m
>

Figure 5: Examples of singletons
Crisp rule systems usually use the modus (ponendo) ponens as an inference rule (Dubois/Prade
1991, Mamdani 1981, Zimmermann 1987): it consists of (at least) two premises and one con-
clusion:
Premise 1: If A then C
Premise 2: A is present
Conclusion: It follows C
This inference mechanism is also used in fuzzy control systems:
Premise 1: If A then €
Premise 2: 4 is present
Conclusion: It follows C
In the context of fuzzy control (Driankov/Hellendoorn/Reinfrank 1993), linguistic variables
(for A and C) are often used. These represent quadruples (Dubois/Prade 1978, Spengler/Herzog
2023, Zadeh 1975, 1987). They consist of the name of the linguistic variable, of the set of

linguistic terms, of the base set on which the linguistic variable is defined, and of a semantic

14



rule that assigns a membership function to each linguistic term. The design of an expert system
based on fuzzy rules (Hall/Kandel 1991, Zimmermann 1996) is basically carried out in three
steps:

1. Step: Fuzzification of the rule input by constructing membership functions for the input
variables.

2. Step: Fuzzy inference (Bouchon-Meunier 1991, Dubois/Prade 1991, Piegat 2001,
Schneider/Kandel 1991, Yager 1991, Zadeh 1983) by formulating the rule base, apply-
ing the inference mechanism, and deriving the linguistic output variables (including
construction of corresponding membership functions).

3. Step: Defuzzification of the fuzzy output

We will discuss these steps in more detail below. If the rule input is composed of several fuzzy
premises (e.g. A and B), which are linked by the logical AND (both ... and), and the rule infer-
ence results in a fuzzy rule output set C, then the corresponding fuzzy rule is e.g. AAB — C.
The A -connection is formed in the fuzzy control via an operator from the group of so-called t-
norms. We will restrict ourselves here to the use of the so-called minimum operator as a specific
t-norm. For the definition of t-norms (Dubois/Prade 1980b, Fodor/Yager 2000, Klement/Me-
siar/Pap 2004, Pap 2002, Yager 1980, Zimmermann 1996) and other corresponding operators
(for example the algebraic product, the bounded difference, the drastic product, and the Yager
average) see e.g. Zimmermann (1996). For example, let us imagine a case with two linguistic
input variables A and B and with two linguistic terms each (4, 4,) and (B;, B,) and a linguistic
output variable C with three linguistic terms (C;, C,, C3) then there are a total of four rules with
crisp rule inputs® x; and x,, e.g.:

Rule 1: IFx;, = A, ANDx, = B, THENy = (,

Rule 2: IFx; = A, ANDx, = B, THENy = C;

Rule 3: IFx; = A, ANDx, = B, THENy = (,

Rule 4:IF x;, = A, ANDx, = B, THENy = (;

As an example, let us assume that x; = 0.3 and x, = 0.4, with

pa, (x1) = 0.67 ta,(x1) = 0.2 ug (x;) =0.6

apply (see figure 6):

5 Of course, fuzzy rule inputs can also be used. For reasons of simplification, however, we will refrain from doing
so here.
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Figure 6: Exemplary representation of rule inputs
For example, the membership functions of C;, C, and C5 are as follows:

ue(®)
¢, (5 Cs

01 02 03 04 05 06 07 08 09 1
Figure 7: Exemplary representation of rule outputs
A rule is called active if all premises are true to a positive degree and their membership values
are positive. Rule inputs with a truth or membership value of zero are therefore inactive. In the
example, we want to model the A- connection of the premises (as shown above) via the mini-
mum operator as a specific -norm, so that the Degree of Fulfillment (DOF) in the example

results as follows:

Rule 1: DOF = Min (x1); up, (xz) ) = Min(0,67;0,6) = 0,6

(1, )
Rule 2: DOF = Min (i, (x,); g, (x2) ) = Min(0,2; 0,6) = 0,2
( )

Rule 3: DOF = Min(uz, (x1); us, (x2)

Min(0,67;0) = 0

Rule 4: DOF = Min (uz,(x,); g, (x2) ) = Min(0,2; 0) = 0

Next, the modified membership functions of the rule outputs uc+(y) of the individual rules have
to be determined. For this purpose, we again want to use the minimum operator as a specific t-
norm such that pc+(y) = Min(DOF, uz(y)). The then still needed resulting membership func-
tion of the fuzzy output set Uqone(y) is formed via a suitable s-norm (Klement/Mesiar/Pap

2004, Zimmermann 1996) as operator for the v -connection (either ... or ... or both). We want
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to use the maximum operator in the example, with p.,,.(v) = Max (llc; ), thes (y)). Ueone (V)

thus takes the following form (see figure 8):
He)

01 02 03 04 05 06 07 08 09 1
Figure 8: Fuzzy rule output with in consideration of maximum operator
3.2 Selectable leadership styles
In the original model of Vroom & Yetton (1973), the leadership styles I3, I,, I, 1, and I are
discretely differentiated. Such a differentiation can also be implemented in the context of a
fuzzy rule system by taking the effectiveness expressions E of the different leadership styles as
fuzzy conclusion variables of the rules in the form of singletons. E.g., for the leadership style

effectiveness in the context of the information rule (DR;: J; A=, = =) could apply (see fig-

ure 9):
ue ()
A
I =+ °
°
0.5 [ ]
L]
’ | | | | >
0 | | | | 57
L L Iy Ly Is '

Figure 9: Leadership style effectiveness using the example of the information rule
In the present work, however, the aim is not to make a discrete but a continuous differentiation
of leadership styles on the basis of a bipolar continuum of the participation rate (xpg). At the
poles of this continuum, xpp = 0 (completely authoritarian leadership) and xpgr = 1 (complete

delegation of factual decision-making) apply (as sketched in figure 10).

17



Participation Rate (xpg)

Figure 10: Continuum of leadership styles

The left pole of this continuum corresponds to I; in Vroom/Yetton (1973). However, there is
no counterpart for the right pole in this model. The participation rate is used here as a linguistic
variable with the linguistic terms low, medium and high, which we will consider in more detail
in chapter 3.3. Of course, one can also model other linguistic terms (e.g., very low and very
high) and other (e.g., piecewise continuous, bell-shaped, and trapezoidal) shapes of the mem-
bership functions.

3.3 Leadership situations

In the following we use these symbols:

D := {d|d = DQ,ILL,PS,IAAD,PAAD, GO, CE; d is a determinant of the leadership situation}

x4 € [0,1] degree to which determinant d € D is true
L == {l|l = low, medium, high}  Set of linguistic terms
pk (x) = Degree of membership of an element x to linguistic term [ of determinant d
In the original model (see chapter 2), the leadership situation is analyzed according to a total of
seven determinants (/4, /5, ..., J7) in the form of questions, each of which is recorded dichoto-
mously and must be answered with "yes" or "no". J; is about the importance of the (factual)
decision quality (DQ), J, about the adequacy of the superior's level of information (ILL), J;
about the structuredness of the factual problem (PS), J, about the importance of the acceptance
of an authoritative decision (IAAD), /5 about the possibility of acceptance of an authoritatively
made decision (PAAD), ], about the goal orientation of the employees (GO) and J, about the
expectation of evaluation conflicts among the employees (CE). In the fuzzy rule model to be
formulated here, the evaluation of the corresponding questions or, more precisely, their truth-
fulness or degree of true x4 € [0,1] is not dichotomous, but in bipolar continua
XpQs X1LLs Xps) X144D, Xpaap, Xo and x¢g. We also model these as membership functions for the
linguistic terms [ for criterion d as follows:

1 for0<x;<0.25

2% for 0.25 < x4 < 0.4 (3.1)

ul (xg) =
0 otherwise
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x—0.25

for0.25<x; <05

, 0.25
Hg MMM () = {975 0005 < x4 < 0.75 (3.2)
0.25 a-=
0 otherwise
x—0.6

for 0.6 <x; <0.75
high _ ) 015
Haw (Xa) =9 1 for075<x,<1 (3.3)
0 otherwise

The graphs of the membership functions are shown in figure 11:

pl(xq)
A

low medium high

1 -

0.8 —

0.6 —

0.4 —

0.2 —

01 02 03 04 05 06 07 08 09 1

Figure 11: Graphs of the membership functions
Of course, one can again model other linguistic terms and other trajectories of membership
functions.
3.4 Decision rules and rule blocks
For the purpose of leadership style selection, Vroom & Yetton bring a total of seven decision
rules (DR, DR,, ..., DR;) into play in the version presented in chapter 2. However, in the fuzzy
rule system to be formulated here, these are not constructed as singular rules, but as rule blocks
DRy (k =1,2,...,7), cach composed of several rules differentiated (according to the combina-
tions of linguistic terms). In the following, we use these symbols:
K = {klk =1, ...,K; k is a rule block}
M = {m = M_; +1,My_,

+ 2, ...,Mk[m € M;m is a decision rule in block k € E; M, = 0}

M:=U ke_Mk (Set of all decision rules)
PR, == fuzzy participation rate of decision rule block k
PRE, := fuzzy participation rate of decision rule m € M,, in decision rule block k € K
PR,ytq = total participation rate

DOF,, := Degree of fulfillment of decision rule meM, (k € ?)
19



DOFtl(’)Iial = Total degree of fulfillment of linguistic term  in decision rule block k € K

Decision rule block k = 1:

The decision rule block k = 1 corresponds to the crisp information rule DR; from the basic

model. This requires /; A—J, = —=l;. The fuzzy rule block k = 1 now demands:

DO AILL — PR,

Given two linguistic input variables and three linguistic terms each, there are a total of 9 rules

m € M,. These are, for example:

Rule m € M, DO IIL PR},
1 low low medium
2 medium low medium
3 high low high
4 low medium medium
5 medium medium medium
6 high medium high
7 low high medium
8 medium high medium
9 high high low

Table 2: Rule block 1
For example, if xpoy = 0,7 and x;;,;, = 0,3, inserting in (3.1), (3.2) as well as (3.3) or from the
graphs of the membership functions ,U%Q and ,ufn, it follows that rules 2, 3, 5 and 6 are active
(DOF > 0) and the others are inactive (DOF = 0) (see the following figure 12).
DO ILL

ﬂiﬂ [€5779)

L low medium high L low

o (Xpg)

medium high

0.8
0.67 bmmmmmmme N e Lo N 0.67
6 | 0.6 -

04 i 04

178 IR 45, SRR ' 02+

T I T 1 I I T T I

X, x
ne 01 02 03 04 05 06 07 08 09 1 'L

|
I
01 02 03 04 05 06 07 08 09 1

Figure 12: Membership function of DQ and ILL of decision rule block k = 1

Using the determination rule

DOE, = Min (ﬂi?@ (xpg); Il;n(leL)) vm € My,
the following active rules with the corresponding DOF,,, and the expression of the participation

rate PR}, are obtained for above values:
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DOE,, PR}
DOF, = Min (pe®™™(0.7); uigy’ (0.3)) = Min(0.2; 0.67) = 0.2 medium
DOF, = Min (ul’;‘gh(o.n; u}{{”(os)) = Min(0.67;0.67) = 0.67 high
DOF; = Min (u%dium(o.n; M;ﬁ{dium(os)) = Min(0.2;0.2) = 0.2 medium
DOF, = Min <ﬂg~%gh(0.7); u;’ﬁdium(os)) = Min(0.67;0.2) = 0.2 high

Table 3: Degrees of fulfillment

Correspondingly, the DOF}}  results as follows:

DOFRY! =0

total

pOF™edium1 _ Max(DOF,; DOFs) = Max(0.2;0.2) = 0.2

total
DOFM9"" = Max(DOF;; DOF,) = Max(0.67;0.2) = 0.67
The participation rate of the first rule block PR; and the membership function of the corre-
sponding fuzzy output set can be read in figure 13:
PR,
Hpr, (¥pr,)

low medium high

0.63
01 02 03 04 05 06 07 08 09 1

Figure 13: Membership function of PR,

Decision rule block k = 2:

The decision rule block k = 2 corresponds to the crisp confidence rule DR, from the basic
model. This requires J; A—Jg = —ls. The fuzzy rule block k = 2, on the other hand, now re-
quires:

DO AGO - PR,

Here again, there are two linguistic input variables, each with three linguistic terms, so that

nine rules m € M, have to be formulated. These are for example:

Rule m € M, DO GO PR?,
10 low low low
11 medium low low
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12 high low low
13 low medium medium
14 medium medium medium
15 high medium medium
16 low high high
17 medium high high
18 high high high

Table 4: Rule block 2
For example, if xpo = 0.7 and x50 = 0.55, inserting them into (3.1), (3.2) as well as (3.3) or
from the graphs of membership functions le~Q and yléb, it follows that rules 14 and 15 from this

block are active (DOF > 0) and the others are inactive (DOF = 0) (see figure 14).

DQ GO
#55(%0Q) Ho (%60)
low medium high L low medium high
0.8~ mmmmme o )
0.6 —

04 —

- 02
L/ \ | / AN .

1 T T 1 1 I i
Xpo
01 02 03 04 05 06 07 08 09 1

| |
N B e B V)44 R R —

|
I
01 02 03 04 05 06 07 08 09 1

Xco

Figure 14: Membership function of DQ and GO of decision rule block k = 2
Using the determination rule
: l l ¥V
DOE,, = Min ('“LTQ (xDQ);,uGb(xGO)) vm € M,,
the following active rules with the corresponding DOF,,, and the expression of the participation

rate PR?, are obtained for above values:

DOE,, PRZ,
DOF,, = Min (u%’dium(ov); ugigd"“m(o.ss)) = Min(0.2;0.8) = 0.2 medium
DOF,s = Min (ug%"h(o.n; ug%edi“m(o.ss)) = Min(0.67;0.8) = 0.67 medium

Table 5: Degrees of fulfillment

Correspondingly, the DOF, L2

ot TEsults as follows:

DOFRY? =0

total

DOFT%4m2 — Max(DOF,,; DOF;s) = Max(0.2; 0.67) = 0.67
DOFLIV? =0

For the participation rate of the second decision rule block PR, and the membership function

of the corresponding fuzzy output set is obtained (see figure 15):
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PR,
I»‘;TRZ (xPRZR

low medium high

|
0.42 ' 058 g
01 02 03 04 05 06 07 08 09 1 2

Figure 15: Membership function of PR,

Decision rule block k = 3:

The decision rule block k = 3 corresponds to the crisp structure rule DR; from the basic
model. This requires J; A =, A =J3 = =(I4, I3, I3). The fuzzy rule block k = 3, on the other
hand, now requires:

DO AILL APS = PR,

Here, there are now three linguistic input variables, each with three linguistic terms, so that 27

rules m € M5 have to be formulated. These are for example:

Rule m € M; DO IIL PS PR3,
19 low low low medium
20 medium low low medium
21 high low low high
22 low low medium high
23 medium low medium high
24 high low medium high
25 low low high high
26 medium low high high
27 high low high high
28 low medium low medium
29 medium medium low medium
30 high medium low low
31 low medium medium medium
32 medium medium medium medium
33 high medium medium high
34 low medium high medium
35 medium medium high high
36 high medium high high
37 low high low medium
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38 medium high low low
39 high high low low
40 low high medium medium
41 medium high medium low
42 high high medium low
43 low high high high
44 medium high high medium
45 high high high low

Table 6: Rule block 3
For example, if xpq = 0.7, x;,;, = 0.3 and xpg = 0.35, inserting them into (3.1), (3.2) as well
as (3.3) or from the graphs of membership functions '“%Q’ ,u}n and I‘%E’ it follows that rules 20,
21, 23, 24, 29, 30, 32 and 33 from this block are active (DOF > 0) and the others are inactive
(DOF = 0) (see figure 16).

DQ L Ps

1
Mo (Xpo H;ZL €79 M;‘g (xps)

low medium high low medium high medium

. high

1 -
0.8
s

0.4

0.8
(s
0.4

0.2 0.24

i
T T r T T T T T T T T T T | f f } } | | |

L — T LI B T~ R
0.35
0.1 0.2 0.3 04 05 06 0.7 08 09 1 *pe 0.1 0.2 03 04 05 0.6 0.7 08 09 1 FiL 0.1 0.2 0.3 04 05 06 0.7 08 09 1 *ps

Figure 16: Membership function of DQ , ILL and PS of decision rule block k = 3
Using the determination rule
: l l l v
DOE, = Min (#5@ (xDQ)}#f[L(xILL)}#ﬁg(xps)) vm € M3,
the following active rules with the corresponding DOF,,, and the expression of the participation

rate PR3, result for above rules:

DOE,, PR3,
DOFyq = Min (™™ (0.7); iy (0.3); " (0.35)) .
= Min(0.2;0.67;0.33) = 0.2
DOF,; = Min (/,Lgiagh(O]);/.1},‘}{”(0.3)}11116%‘/[1(0.35)) = Min(0.67;0.67; 0.33) high
=0.33
DOF,3 = Min (Iiglgdium(oj);H}%L/‘/(O-3);H%edium(0-35)) high
= Min(0.2;0.67;0.4) = 0.2
DOF,, = Min (u,’;igh(ov); uig (0.3); u%e‘”“’"(o.%)) high
= Min(0.67;0.67;0.4) = 0.4
DOF, = Min (#g‘gdi”m(ov); pmedium g 3y, yj%w(o.?,S)) N
= Min(0.2;0.2;0.33) = 0.2
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DOFso = Min (ufsd" (0.7); W™ (0.3); 115 (0.35) ) .
= Min(0.67;0.2;0.33) = 0.2
D0F32 = Min ('uD edlum(o 7) ‘ulrzzdlum(o 3) Mmedlum(o 35)) nedium
= Min(0.2;0.2;0.4) = 0.2
. high
DOFy; = Min (" (0.7); s ™ (0.3); e ™ (0.35) "
= Min(0.67;0.2; 0.4) = 0.2

Table 7: Degrees of fulfillment

Correspondingly, the DOF"

3 1 results as follows:

DOF""3 = 0.2

total

medium,3
DOFtotal

= Max(DOF,y; DOF,q; DOF3,) = Max(0.2;0.2;0.2) = 0.2

high,3
DOFtotal

= Max(DOF,; DOF,3; DOF,,; DOF;3) = Max(0.33;0.2;0.4;0.2) = 0.4
For the participation rate of the third decision rule block PR; and the membership function of

the corresponding fuzzy output set is obtained (see figure 17):
PRy
#;:723(xPR3)

low medium high

1 el
08 —+

0.6 ——

0.4

0.2 /\
| | | | / | >
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0.66

Figure 17: Membership function of PR,

Decision rule block k = 4:
The decision rule block k = 4 corresponds with the acceptance rule DR, from the basic model.
This requires J, A =Js = —([1, [;). The fuzzy rule block k = 4, on the other hand, requires
now:

[AAD A PAAD - PR,

Now, here again, there are two linguistic input variables, each with three linguistic terms, so

that a total of nine rules m € M, have to be formulated. These are for example:

Rule m € M, [A4AD PAAD PR,
46 low low medium
47 medium low high
48 high low high
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49 low medium medium
50 medium medium high
51 high medium high
52 low high low
53 medium high medium
54 high high medium

Table 8: Rule block 4
For example, if x;44p = 0.8 and xp44p = 0.55, inserting them into (3.1), (3.2) as well as (3.3)

or from the graphs of membership functions ,u}m, /1;71 and u},ﬁD, it follows that only rule 51

from this block is active (DOF > 0) und the others are inactive (DOF = 0) (see figure 18).

[AAD PAAD

ﬂiHD(XIAAD)‘ Hbsran (%paan)
L low medium high L low medium high

0.8 — 0.8

0.6 —+ 06

04 —+ 04 —+

02 —+ 02 -+
11 —t—t———toss——1+—1+—

X1AAD XpAAD

01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1

Figure 18: Membership function of TAAD and PAAD of decision rule block k = 4
Using the determination rule
DOE, = Min (#}m (X144p); H;laﬁp (xPAAD)) vm € M,,
the following active rule with the corresponding DOF,, and the expression of the participation

rate PR%, result for above rules:

DOF,, PR,
DOF., = Min (u%(O.S); u%%i)”m(o.SS)) = Min(1;0.8) = 0.8 high

Table 9: Degree of fulfillment

Correspondingly, the DOF, LA

toraqs Tesults as follows:

DOFSYt =0

total

total

high4 _
DOFLSM = 0.8
For the participation rate of the fourth decision rule block PR, and the membership function of

the corresponding fuzzy output set is obtained (see figure 19):

26



PR,

ﬂéﬁh(xpm)
) I low medium high
0.8
0.6 —+—
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Figure 19: Membership function of PR,

Decision rule block k = 5:

The decision rule block k = 5 corresponds with the conflict rule DRs from the basic model.
This requires J4 A =Js A J; = (I, I, I3). The fuzzy rule block k = 5, on the other hand, re-
quires now:

[AAD A PAAD A CE - PRs

Here again, there are three linguistic input variables, each with three linguistic terms, so that a

total of 27 rules m € Ms have to be formulated. These are for example:

Rule m € Ms [A4AD PAAD CE PR:
55 low low low medium
56 medium low low high
57 high low low high
58 low low medium medium
59 medium low medium medium
60 high low medium medium
61 low low high medium
62 medium low high medium
63 high low high medium
64 low medium low medium
65 medium medium low high
66 high medium low high
67 low medium medium medium
68 medium medium medium medium
69 high medium medium high
70 low medium high low
71 medium medium high medium
72 high medium high medium
73 low high low low
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74 medium high low medium
75 high high low medium
76 low high medium medium
77 medium high medium medium
78 high high medium medium
79 low high high low

80 medium high high low

81 high high high medium

Table 10: Rule block 5
For example, if x;44p = 0.8, xpaap = 0.55 and x-r = 0.7, inserting them into (3.1), (3.2) as
well as (3.3) or from the graphs of membership functions ”}ZZD’ /"1107170 and ylﬁ;, it follows that
the rules 69 and 72 from this block are active (DOF > 0) and the others are inactive (DOF =
0) (see figure 20).

[AAD PAAD CE
”Lﬁo (%1440 ”;,TAD (Xpaan) ch‘g(xcs)

low medium high low medium high low medium high
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Figure 20: Membership function of TAAD , PAAD and CE of decision rule block k = 5
Using the determination rule
. l l L M
DOE, = Min (#Izzz) (X1440); Mpzap (Xpaap); ﬂa’;(xCE)) vm € Ms,
the following active rules with the corresponding DOF,,, and the expression of the participation

rate PR3, result for above rules:

DOF,, PR;,

DOFs = Min (#l’%’; (0.8); umedivm (q 55); yggedium(oy)) -
Min(1;0.8;0.2) = 0.2

DOF,, = Min (#l’%’; (0.8); umedivm  55); yggh(o.7)) -
Min(1;0.8;0.67) = 0.67

high

medium

Table 11: Degrees of fulfillment

Correspondingly, the DOF[> . results as follows:

DOFRY? =0

total

dium,5 __
DOFTedums — o 67

DOFMINS — 0.2

total
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For the participation rate of the fifth decision rule block PR and the membership function of
the corresponding fuzzy output set is obtained (see figure 21):
PRy

1
:u;'ﬁzs(xPRs)
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low medium high

1 4
08 \
0.67 |-~
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Figure 21: Membership function of PRy

Decision rule block k = 6:

The decision rule block k = 6 corresponds with the fairness rule DRy from the basic model.
This requires J, A —=Js A =J; = —=([4, 15, I3, 1,). The fuzzy rule block k = 6, on the other hand,
requires now:

TAAD A PAAD ADQ — PR,

Here again, there are three linguistic input variables, each with three linguistic terms, so that a

total of 27 rules m € Mg have to be formulated. These are for example:

Rule m € M, [AAD PAAD DO PR,
82 low low low high
83 medium low low high
84 high low low high
85 low low medium medium
86 medium low medium medium
87 high low medium high
88 low low high medium
89 medium low high medium
90 high low high high
91 low medium low high
92 medium medium low high
93 high medium low high
94 low medium medium medium
95 medium medium medium high
96 high medium medium high
97 low medium high low
98 medium medium high medium
99 high medium high medium
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100 low high low low
101 medium high low medium
102 high high low high
103 low high medium low
104 medium high medium low
105 high high medium low
106 low high high low
107 medium high high low
108 high high high medium

Table 12: Rule block 6
For example, if x;44p = 0.8, xpg4p = 0.55 and xp, = 0.7, inserting them into (3.1), (3.2) as
well as (3.3) or from the graphs of membership functions ,ufm, I‘LT&TD and ”%Q’ it follows that

the rules 96 und 99 from this block are active (DOF > 0) and the others are inactive (DOF =
0) (see figure 22).

[AAD PAAD DO
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Hizzp Fraap) Mo (paap) #f?g (*po)
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high high high
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Figure 22: Membership function of [AAD , PAAD and DQ of decision rule block k = 6
Using the determination rule
. I l l M
DOE, = Min (H;m (x1440); Mpzap (Xpaap); i (xDQ)) vm € Ms,
the following active rules with the corresponding DOF,,, and the expression of the participation

rate PR, result for above rules:

DOE,, PRS,
DOFss = Min (u[is% (0.8); upes™ (0.55); upe ™™™ (0.7) ) high
= Min(1;0.8;0.2) = 0.2
DOFy9 = Min (u% (0.8);H%g,q%um(o-55)iﬂg”iégh(o'7)) = Min(1;0.8;0.67) medium
= 0.67

Table 13: Degrees of fulfillment

Correspondingly, the DOF[S  results as follows:

DOFyore =0
DOF[Medms — (.67

DOF™Mane _ ¢ -

total
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For the participation rate of the sixth decision rule block PR, and the membership function of
the corresponding fuzzy output set is obtained (see figure 23):
PRg
.uéﬁgs (*Xprg)

A
low medium high

1 +
0.8 —+ \
0.67 =

0.6 +—

04 i

0.2 : 1

| | | | i | | | | =
[ | | 6.42 | 0.5é | | | | ;‘.
01 02 03 04 05 06 07 08 09 1 PRe

Figure 23: Membership function of PR

Decision rule block k = 7:

The decision rule block k = 7 corresponds with the acceptance prioritization rule DR, from
the basic model. This requires J, A =Js A Jg = =(I4, 15, I3, 1,). The fuzzy rule block k = 7, on
the other hand, requires now:

TAAD A PAAD A GO — PR,

Here again, there are three linguistic input variables, each with three linguistic terms, so that 27

rules m € M, have to be formulated. These are for example:

Rule m € M, [A4AD PAAD GO PR,
109 low low low low
110 medium low low low
111 high low low low
112 low low medium low
113 medium low medium medium
114 high low medium medium
115 low low high high
116 medium low high high
117 high low high high
118 low medium low low
119 medium medium low medium
120 high medium low medium
121 low medium medium medium
122 medium medium medium medium
123 high medium medium high
124 low medium high high
125 medium medium high high
126 high medium high high
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127 low high low low
128 medium high low low
129 high high low low
130 low high medium low
131 medium high medium low
132 high high medium low
133 low high high high
134 medium high high high
135 high high high high

Table 14: Rule block 7
For example, if x;44p = 0.8, xpgap = 0.55 and x;, = 0.55, inserting them into (3.1), (3.2) as
well as (3.3) or from the graphs of membership functions y}m, yll,ﬁD and ”é?)’ it follows that

only the rule 123 from this block is active (DOF > 0) and the others are inactive (DOF = 0)
(see figure 24).

1 [AAD PAAD GO
Hyzap (K1aan) sz (Xpaap) K (xco),

1 low  medium  high 1 low medium high 1 low medium high

0.8 0.8 ===/ 0.8

0.6 0.6 0.6

0.4 0.4 0.4

0.2 1

A A S AP
i 0.55

01 02 03 04 0506 07 08 09 1 ~PA4D 01 02 03 0.4 0506 07 08 09 1 ~60

0.2 02 4

|
T T
0.1 02 0.3 0.4 05 0.6 0.7 0.8 0.9 1 ~144D

Figure 24: Membership function of [AAD , PAAD and GO of decision rule block k = 7
Using the determination rule
DOE, = Min (Hfm (X144p); :uiﬁﬁﬂ) (Xpaap); Hl@b (xao)) vm € M,,
the following active rule with the corresponding DOFE,, and the expression of the participation

rate PR/, result for above rules:

DOF,, PR},
YT high ., medium ., medium —
DOF,y; = Min (u,m(o.S),yPﬁD (0.55); u (0.55)) - high
Min(1;0.8;0.8) = 0.8

Table 15: Degree of fulfillment

Correspondingly, the DOFtl('jtal results as follows:

DOFRY =0

total

DOFmedium,7 — O

total

DOF,iq” = 0.8
For the participation rate of the seventh decision rule block PR, and the membership function

of the corresponding fuzzy output set is obtained (see figure 25):

32



PR,

l
55 (X
tupR7 ( PR7)A

low medium high

1

(X: 1 . W—

0.6 —

0.4 —

0.2
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|
1 XPR;

11—
01 02 03 04 05 06 0.7 08 09

Figure 25: Membership function of PR,
After processing all (seven) rule blocks, the total output and the membership function of the
total participation rate can be derived (see figure 26):

l
M5k, 0001 KPReotar )“

low medium high
1

08 s

0.67 lmmmmmmmmmm e N\
0.6 ——

04

0.2

| | /I i | i
I I l .42 T 058 0.72 | ! ' ;CPRtotal
1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 26: Membership function QfﬂéRtotal (XPRprar)

3.5 Defuzzification of the fuzzy output set

To obtain a precise conclusion, it may be useful to defuzzify the fuzzy total participation rate
PRy tq:- For this purpose — if one follows the Time Investment Model (Vroom/Yetton 1973) —
various maximum methods can be considered (Piegat 2001, Spengler/Herzog 2023). If the first-
of-maxima-method (respectively last-of-maxima-method) is chosen, for example, xpg, .., =
0,72 (respectively 1) see figure 27. On the other hand, if one follows the Time Efficient Model
(Vroom/Yetton 1973), one would choose a minimum method: With the first-of-minimum
method, xpg, ., would be 0 in the above example and 0.3 with last-of-minimum-method.
However, in fuzzy control, the center-of-gravity-method is also frequently used. The center of
gravity (COG) of an area can be understood as its center point. The COG of a membership

function is the center of mass of the membership values. In order to compute centroids, one
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must determine first of all the contents
for this purpose, especially for (at least

dure in detail, see e.g. Spengler/Herzog

of the area. As is well known, integral calculus is used
partially) curved function graphs. For the exact proce-

(2023).

The membership function of PR,.4; has the following shape in above example:

‘

'uFRtotal (xPRtotal) =

\

With the center-of-gravity-method, the

0.2 for 0< xPRtotal <0.3
x —0.25
0.25

2
§ fOT' 042 < xPRtotal < 0.58

for 0.3 < xpg,,,,, < 0.42

10.75 — x
0.25

for 0.58 < xpg, .., < 0.66

x—0.6
015 fOT' 0.66 < xPRtotal <0.72

1 for0.72 < xpg,,,,, <1

following characteristics can be determined for the ab-

scissa coordinate x.,, respectively for the ordinate coordinate p(Xo4) of the centroid of the

area (see figure 27):

l
'uP_RtOtal (xPRtotal)“

Xcog = 0,62

u(xc0g) = 0,31

high
1
0.8 —
0.67
0.6
04
0.2
s
PR
0.9 total

Figure 27: Representation of th

e fuzzy output set and corresponding center of gravity

Xcog = 0,62 can then be interpreted as the mean participation rate in the above example.

34



4 Conclusion

The normative decision model of Vroom & Yetton represents a predominantly plausibly de-
signed expert system based on crisp rules.® It has been widely tested, evaluated, and criticized
(Auer-Rizzi/Reber 2013, Duncan/France/Ginter 2003, Erffmeyer 1983, Field 1979, 1982,
Field/Andrews 1998, Field/House 1990, Horgan/Simeon 1990, Gomolka/Mackin 1984, Mar-
gerison/Glube 1979, Pate 1987, Samosudova 2017, Vignesh 2020, Vroom 2003, Vroom/Jago
2007, Wedley/Field 1984, Zimmer 1978).

Most considerations of the Vroom/Yetton model refer to the crisp case, although a few (and
little differentiated) considerations of the fuzzy case have also been made in the scientific liter-
ature (Sosnin/Molotov 2017). In addition, connections have already been made to the AHP
model (Mls/Otcenaskova 2013), the locus of control concept (Selart 2005) and framing theory
(Moser 1990).

Furthermore, practical applications of the model have also been studied (e.g., by

Kagnicioglu/Atesb 2014, Pasewark 1990).

The Vroom/Yetton model is an instrument for the determination of a situationally appropriate
leadership decision, whereby the univocal assessment of the characteristics with regard to ex-
isting situational determinants is assumed. However, the crisp assessment of the situation de-
terminants is hardly possible in practice, which is why the fuzzification of this model makes

sense from our point of view and enables an effective application.

In considering the fuzzy case, we deliberately focus in this paper on fuzzy rule systems rather
than fuzzy decision trees, although such have already been constructed in the scientific litera-
ture (Baldwin/Xie 2005, Cintra/Monard/ Camargo 2012, Hall/Lande 1998, Janikow 1998, Ler-
tworaprachaya/Yang/John 2010, Olaru/Wehenkel 2003, Yuan/Shaw 1995). However, we con-
sider our approach with continous input and output sets to be more promising. The rule system
presented here comprises 135 fuzzy decision rules grouped into seven rule blocks. These blocks
are modeled on the univocal rule system of Vroom & Yetton (1973). When applying the am-
biguous rule system, one can leave the resulting output set in the fuzzy state or defuzzify it. We

conclude the third chapter by showing suitable defuzzification possibilities.

® In chapter 2.4 of this paper, we formulate an improved decision tree compared to the original.
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Appendix

Case 1: None of the questions is answered with "no". There is exactly 1 possibility here.

cp J1 J2 I3 Ja Is Je J7
1 yes yes yes yes yes yes yes

Case 2: One of the questions is answered with "no". Here the binomial coefficient has to be

determined and there are exactly (Z) =7 =7 possibilities (combinations without repe-

T 1(7-1)!

tition) to answer the questions with "yes" and "no". The general rule for the binomial coefficient

is: (Z) = #l_k)'

cpP 2 J2 Js Js Js Js J7
2 no yes yes yes yes yes yes
3 yes no yes yes yes yes yes
4 yes yes no yes yes yes yes
5 yes yes yes no yes yes yes
6 yes yes yes yes no yes yes
7 yes yes yes yes yes no yes
8 yes yes yes yes yes yes no
Case 3: Two of the questions are answered with "no". Here there are exactly (;) = (Zl—z)! =
21 possibilities to answer the questions with "yes" and "no".
cp 2 J2 Js Ja Js Js J7
9 no no yes yes yes yes yes
10 no yes no yes yes yes yes
11 no yes yes no yes yes yes
12 no yes yes yes no yes yes
13 no yes yes yes yes no yes
14 no yes yes yes yes yes no
15 yes no no yes yes yes yes
16 yes no yes no yes yes yes
17 yes no yes yes no yes yes
18 yes no yes yes yes no yes
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19 yes no yes yes yes yes no
20 yes yes no no yes yes yes
21 yes yes no yes no yes yes
22 yes yes no yes yes no yes
23 yes yes no yes yes yes no
24 yes yes yes no no yes yes
25 yes yes yes no yes no yes
26 yes yes yes no yes yes no
27 yes yes yes yes no no yes
28 yes yes yes yes no yes no
29 yes yes yes yes yes no no
Case 4: Three of the questions are answered with "no". Here there are exactly (Z) =1 (77!_3)! =
35 possibilities to answer the questions with "yes" and "no".

cpP )1 J2 Js Ja Js Js J7

30 no no no yes yes yes yes
31 no no yes no yes yes yes
32 no no yes yes no yes yes
33 no no yes yes yes no yes
34 no no yes yes yes yes no
35 no yes no no yes yes yes
36 no yes no yes no yes yes
37 no yes no yes yes no yes
38 no yes no yes yes yes no
39 no yes yes no no yes yes
40 no yes yes no yes no yes
41 no yes yes no yes yes no
42 no yes yes yes no no yes
43 no yes yes yes no yes no
44 no yes yes yes yes no no
45 yes no no no yes yes yes
46 yes no no yes no yes yes
47 yes no no yes yes no yes
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48 yes no no yes yes yes no
49 yes no yes no no yes yes
50 yes no yes no yes no yes
51 yes no yes no yes yes no
52 yes no yes yes no no yes
53 yes no yes yes no yes no
54 yes no yes yes yes no no
55 yes yes no no no yes yes
56 yes yes no no yes no yes
57 yes yes no no yes yes no
58 yes yes no yes no no yes
59 yes yes no yes no yes no
60 yes yes no yes yes no no
61 yes yes yes no no no yes
62 yes yes yes no no yes no
63 yes yes yes no yes no no
64 yes yes yes yes no no no
Case 5: Four of the questions are answered with "no". Here there are exactly (Z) = (77!_4)! =
35 possibilities to answer the questions with "yes" and "no".

cpP h J2 Js Ja Js Js J7

65 no no no no yes yes yes
66 no no no yes no yes yes
67 no no no yes yes no yes
68 no no no yes yes yes no
69 no no yes no no yes yes
70 no no yes no yes no yes
71 no no yes no yes yes no
72 no no yes yes no no yes
73 no no yes yes no yes no
74 no no yes yes yes no no
75 no yes no no no yes yes
76 no yes no no yes no yes
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77 no yes no no yes yes no
78 no yes no yes no no yes
79 no yes no yes no yes no
80 no yes no yes yes no no
81 no yes yes no no no yes
82 no yes yes no no yes no
83 no yes yes no yes no no
84 no yes yes yes no no no
85 yes no no no no yes yes
86 yes no no no yes no yes
87 yes no no no yes yes no
88 yes no no yes no no yes
89 yes no no yes no yes no
90 yes no no yes yes no no
91 yes no yes no no no yes
92 yes no yes no no yes no
93 yes no yes no yes no no
94 yes no yes yes no no no
95 yes yes no no no no yes
96 yes yes no no no yes no
97 yes yes no no yes no no
98 yes yes no yes no no no
99 yes yes yes no no no no
Case 6: Five of the questions are answered with "no". Here there are exactly (Z) = (77!_5)! =
21 possibilities to answer the questions with "yes" and "no".

cp J1 J2 J3 Ja Js Je J7

100 no no no no no yes yes
101 no no no no yes no yes
102 no no no no yes yes no
103 no no no yes no no yes
104 no no no yes no yes no
105 no no no yes yes no no
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106 no no yes no no no yes
107 no no yes no no yes no
108 no no yes no yes no no
109 no no yes yes no no no
110 no yes no no no no yes
111 no yes no no no yes no
112 no yes no no yes no no
113 no yes yes no no no no
114 no yes no yes no no no
115 yes no no no no no yes
116 yes no no no no yes no
117 yes no no no yes no no
118 yes no no yes no no no
119 yes no yes no no no no
120 yes yes no no no no no
Case 7: Six of the questions are answered with "no". Here there are exactly(g) = (77!_6)! =7
possibilities to answer the questions with "yes" and "no".
cp J1 J2 I3 Ja Is Je J7
121 no no no no no no yes
122 no no no no no yes no
123 no no no no yes no no
124 no no no yes no no no
125 no no yes no no no no
126 no yes no no no no no
127 yes no no no no no no
Case 8: All questions are answered with "no". There is exactly 1 possibility here.
cp J1 J2 I3 Ja Is Je J7
128 no no no no no no no
Check: 1 + (Z) + (;) + (;) + (Z) + (;) + (Z) +1=128
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