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The Slow March towards an Analytical Mechanics of Dissipative
Materials
G. A. Maugin, V. K. Kalpakides

The concern of this work is the derivation of material balance laws for the Green—-Naghdi (G-N)
theory of dissipationless thermoelasticity. The lack of dissipation allows for a physically meaning-
ful variational formulation which is used for the application of Noether’s theorem. The balance laws
an the materiel manifold are derived and the exact conditions under which they hold are rigorously studied.

1 Introduction

This work is devoted to the canonical formulation of thermoelasticity theory without dissipation (Green
and Naghdi, 1993). For this purpose, we use the celebrated theorem of Noether according to which it is
possible to obtain a conservation law for every given variational symmetry. We also use what is called
(Lovelock and Rund, 1975) ”invariance identity” to obtain the non-homogeneous terms of the material
balance laws, i.e., the material forces or some kind of moment of such forces. In this manner we obtain
all equations of interest, that is, the balance of linear momentum, the equation of entropy, the balance of
canonical momentum, the balance of scalar moment of canonical momentum, and the energy equation,
all in the apparently ”dissipationless form”.

Dascalu and Maugin (1995) used the G-N theory to formulate the corresponding canonicel balance laws
of momentum and energy — of interest in the design of fracture criteria — which, contrary to the expres-
sions of the classical theory, indeed present no source of dissipation and canonical momentum (Epstein
and Maugin, 1995). In recent works (Maugin, 1997, 2000) the consistency between the expressions of
intrinsic dissipation and source of canonical momentum in dissipative continua has been shown. This
is developed within the framework of material or configurational forces, that world of forces which, for
instance, drive structural rearrangements and material defects of different types on the material manifold
(Maugin, 1995; Gurtin, 2000; Kienzler and Herrmann, 2000).

We alternatively use throughout the paper the vectorial as well as the index notation to represent Carte-
sian vectors and tensors, thus rectangular coordinate systems are adopted in all cases. The motion of a
thermoelastic body is described by the smooth mapping zs = z3(Xg), where B,8 = 1,2,3,4, X4 =1,
2y = o, o = a(X,t) is the thermal displacement scalar field, a primitive concept according to G-N
theory. The temperature field is defined to be the time derivative of o, thus @(X,t) := &(X,?). Also, we
use the notation X to denote the material space variable, and x for the spatial position of the particle
X at time ¢t. In a coordinate systemn these variables will be written as Xy, L =1,2,3 and z;,2 = 1,2,3,
respectively. Generally, Greek indices will range from 1 to 4, while the lower-case Latin ones will range
from 1 to 3. Also, the capital letters K, L, M,...will range from 1 to 3 and A, B,... from 1 to 4. We use two
distinct differential operators 5%~ and p%—. The former is the usual partial derivative operator while
the latter denotes the partial derivative which accounts for the underlying function composition. Also,
the usual notations GradF = VgxF = DF/DXy, DivF = DFy/DXy, and F = DF/Dt for gradient,
divergence and material time derivative, respectively, are used. All the results presented in this paper
are given without any proof due to the lack of space. The interested reader can find the omitted proofs
as well as additional results in a forthcoming paper of the authors.
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2 Preliminaries

According to the G-N theory the field equations of thermoelasticity of type 1T (Green and Naghdi, 1993)
i.e., the momentum and energy equations are given as follows
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where p = pgv is the physical momentum, v = % is the velocity field, ¥ is the free energy function per
unit volume, T is the first Piola-Kirchhoff stress tensor, F is the deformation gradient tensor, S is the
entropy flux vector and #n is the entropy density per unit volume. Also, the constitutive equations are
given in the form
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where § = Vg, a = afX, ).

In the sequel, we give some fundamental elements related to variational symmetries and Noether’s theo-
rem. Let a C? function be

L=L(XaA, Za:%04), A=12,.5,a=12,.m,

where X4 € &, G is a smooth domain of B" and z,(X4) is a sufficiently smooth function. Consider the
functional I : C*(G) — R given as follows

Tl i= [('L(XA,a:w,s:a,A)dV. (3)

The necessary condition for the functional I to attain an extremum is given by the well-known Euler—
Lagrange equations
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where the summation convention is used when repeated indices appear.

Consider now the n +m-dimensional Euclidean space E™™™ made up by the dependent and independent
variables. A group of infinitesimal transformations will be of the form

/{’A :XA“}-EIUZﬁI? ia:$a+5w ;‘U7 w = 112:"‘7.u (5)
where ZY and (¥ are O with respect to X,z and ¢, are reals.

The following invariance identity is a necessary and sufficient condition for a group of infinitesimal
transformations to be a variational symmetry (Lovelock and Rund, 1975; Olver, 1993).
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Now, we give a version of Noether’s theorem {Lovelock and Rund, 1975) convenient to our purpose

Theorem of Noether If the functional (3) is invariant under the p—parameter group of transformations
given by equations (5), then there exist u conservation laws of Euler-Lagrange equations (4) given by
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3 Variational Symmetries and Conservation Laws

Definition The Lagrangian function of a thermoelastic body without dissipation is defined to be of the
form

5:1:1' v du
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Thus, the functional I for the case under consideration will take the form
2
I(z;,a) = f / L(XL, i, &,z 1, 1 )dV dt, _ (10)
t1 Q

where (1 is a smooth domain of R®, and [¢1,t2] an interval of R. Notice that L is not an explicit function
of x; by virtue of Galilean invariance (translations in physical space of placements). Neither is it an
explicit function of « itself, implying a sort of gauge invariance very similar to that of electrostatics for
the electric potential. The variational statement can be written as follows:

Proposition 1 Let the constitutive relations (2) hold. Among all admissible functions of motion and
thermal displacement for a thermoelastic body without dissipation, those ones which afford an extreme
value for the action integral defined by (9-10), will satisfy the equations

DTy D DSy, _D_’r] 5
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Thus the variational statement provides two equations. The first of them is the equation of motion and
coincides with the corresponding one of G-N theory, i.e. equation (la). The second one is an equation
for the balance of entropy. Thus, as far as the variational principle is considered, the field equations for
thermoelasticity without dissipation are equations (11} instead of (1) of G-N theory. The other required
equation (1b) is an energy equation and can not directly stem from a variational principle. What can
be expected is that it appears as a consequence of Noether’s theorem considering invariance in time
translations. More on the structure of variational principles in the presence of dissipative processes in
(Van and Muschik, 1995; Van and Nyiri, 1999).

Invariance under Translations
First, consider invariance in material space and time translations.

Lemma 1 If the action integral of a thermoelastic body without dissipation is invariant under the group
of space and time translations, then it is a homogeneous body.

Next, we give the main result concerning the group of translations.
Proposition 2 Let the motion and the temperature functions x; and © satisfy the field equations (11) for

a homogeneous thermoelastic body without dissipation through constitutive relations (2) on the domain
Q x [t1,ts]. Then the following conservation laws also hold on ) x [, t5]

D D
- (Ldk iTi,K — () — 3 (PRETT; ‘ =0,
DX, (Lorr + Triwix — StBk) T (pPrEizs e +1BK) =0 (12)
’ D =
DX, (Tpit; — SL@) + E(L — pRrEE; — @) = 0. (13)

The second of the above conservation laws, equation (13), corresponds to time translations, thus it is
related to the conservation of energy. After some calculation and taking into account the equation of
motion (1la), it can written as

(¥ + On) + Trivir — 810, =0, (14)

which coincides with equation (1b).
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Invariance under the Scaling Group
In this case we will use the following one-parameter group of scalings in material and physical space

Xa=Xis+eXy Fo = Tq — €Tq, (15)
In this case the invariance identity becomes

aL oL

—X4-2 . 4L = 0. 16
0X 4 & (630’14)1: A+ (16)

The most interesting result for the scaling group concerns the linear case for which the following identity
holds

Lemma 2 Let us assume that o thermoelastic body without dissipation admits an L homogeneous of
degree two in the components Tq, 4, then its Lagrangian satisfies the following Euler identity

dL

2o = 2L. (17)
8RIG,A

Proposition 3 Let the motion and the temperature functions x; and © satisfy the field equations
(11) for a homogeneous thermoelastic body without dissipation through linear constitutive relations on the
domain § x [t;,ts]. Then the following conservation law also holds on € x [t1,ts)

DX, (Ldxr + Trizex — ScBr) Xk + (Tridi — SpO)t + Triz; — Spa) +
D 25 . .
D[ (5orbid + e)t — (priawix +nBr) Xk = préizs —na] =0, (18)

where e = e(X, t) is the internal density function per unit volume.

4 Material Balance Laws

So far, we have presented conservation laws of the G—-N equations of thermoelasticity. From the point
of view of material mechanics, it is interesting to focus on what can be called material balance laws. To
obtain such equations we must allow for the presence of sources in the already derived equations. This, in
turn, can be done by relaxing the assumptions we have posed in order to obtain them. By this method,
for every conservation law we can obtain a balance (non-conservation) law. Applying this procedure to
congervation laws (12) and (18) we obtain

aL

D
S e — = (priia; =,
(Lokr + Trizik — S1.BK) Di (PREiTi K +MPK) X (19)
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The first one is the well-known pseudomomentum equation and, the second is the scalar moment of pseu-
domomentum equation. Equation (20) holds for linear, non—homogeneous thermoelasticity and represents
a balance law for scalar moment of pseudomomentum or canonical momentum. The corresponding bal-
ance equation in physical space is not often used, because it does not play any role in the description
of the equilibrium or the motion of a body as does, for instance, the momentum or angular momentum
equation. In the case of physical space, the factors that halance the rate of scalar moment of momentum
are referred to as scalar moments or viriels. So the right hand side term of equation {20) is a sort of
material scalar moment or material virial.
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The above—obtained results can be compared to previously published work of other researchers. We
must especially refer to the work of Dascalu and Maugin (1995) for G-N thermoelasticity, and Maugin
(1993) and Fletcher (1976) for elasticity. Let us return to equation (12), which represents the canonical
momentum conservation law. It can be written in the form

2

D:i’u((pR? — I+ TF-388)— —%(pRFTV +n8) =0. (21)

Equation (21) coincides with the corresponding one deriving through a vectorial approach by Dascalu
and Maugin (1995). Conservation laws (12), (13) and (18) restricted to the case of elasticity are in full
agreement with the corresponding ones given by Maugin (1993) and Fletcher (1976). Introducing the
definitions (Maugin, 1999)

Pi = —(priF +nfr) = —p - F —nf = Pt —ng, 2
bt = brx = —(Lérx + Trizi i — SpBx), (23)
: aLr 1 aw
Rl NS S A 24
f 3% = 3% xVrpr X (24)
1 4
H = Epm'c-)'c—ke, Q:=Tx — S0, (25)

for the canonical momentum of the present approach, the canonical material stress tensor (Eshelby stress
tensor), the material force of true inhomogeneities, the Hamiltonian density (total energy density) and
the material energy fluz, respectively the equations (12), (13) and (20) can be written in vectorial form
as follows

DH
— _Vip-Q= 26
: Dt . Y (26)

— Divb*" + DB o

Div(-b* . X + Qt+T-x—Sa)+
Dﬂt(w?{t +PH. X —p.x—na)=f"" X, (27)

We recall that the equation (27) holds for non-homogeneous but linear thermoelasticity. Under this
restriction and in the framework of elasticity it can be compared with equation (4.89) of Maugin (1993).
Assuming, ag in standard continuum thermodynamics, that entropy and heat flux are related by the
usual relation S = q/0, equation (26b) will take the classical form of the energy conservation equation
(Maugin and Berezovski, 2000)

— Vg (T -v-q)=0. (28)

5 Conclusions

Summing up, we have deduced from the Lagrangian density (9) all field equations and balance laws for
the theory of material inhomogeneous, finite deformable, thermoelastic conductors of heat. As a matter of
fact, equations (11a) and (28) are the local balance equations of linear momenturn and energy, respectively.
These are all formally identical to those of the classical thermoelasticity of conductors (e.g., as recalled
in (Maugin and Berezovski, 2000)). Only the equation of canonical momentum (26a) differs from the
originally obtained by Epstein and Maugin (1995) in material thermoelasticity. But, abstractions being
made of material inhomogeneities, it is the same as the one obtained by direct algebraic manipulations by
Dascalu and Maugin (1995) in the dissipationless formulation of thermoelasticity. Indeed, the canonical
momentum (22) is made of two parts, a strictly mechanical part — which is no other than the pull back,
changed of sign, of the physical momentum — and a purely thermal part. In addition, the canonical stress
tensor (23) contains a contribution of 8 because, by its very definition, it captures material gradients of
all fields. One should note that the source term in equation (26a) has no energetic contents. Furthermore,
contrary to common use, even the entropy equation (11b) is source free. This means that in absence of
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material inhomogeneities, all equations obtained are strict conservation laws, hence the qualification of
dissipationless theory. In this rather strange — we admit it — approach, the entropy flux and heat flux are
derived from the free energy, on the same footing as entropy density, and stress.

Literature

12

10.

1.

12.
13.

14.

16.

Dascalu, C.; Maugin, G.A.: Thermoelastic material momentum equation. J. Elasticity, 39, (1995),
201-212.

Epstein, M.; Maugin, G.A.: Thermal material forces. C. R. Acad. Sci. Paris, 1I-320, (1995), 63-68.

Fletcher, D.C.: Conservation laws in linear elastodynamics. Arch. Rat. Mech. Anal., 60, (1976),
329-353.

Green, A.E.; Naghdi, P.M.: Thermoelasticity without energy dissipation. J. Elasticity, 31, (1993),
189-208.

Gurtin, M.E.: Configurational Forces as Basic Concepts of Continuum Physics. In Appl. Math.
Sciences, 137, Springer, New York, (2000).

Kienzler, R.; Herrmann, G.: Mechanics in Material Space. Springer, Berlin, (2000).

Lovelock, D.; Rund, H.: Tensors, Differential Forms and Variational Principles. John Wiley and
Sons, London, (1975).

Maugin, G.A.: Material Inhomogeneites in Elasticity. In Appl. Mathematics and Mathematical
Computation, 3, Chapman and Hall, London, (1993).

Maugin, G.A.: Material forces: Concepts and applications. Appl. Mech. Rev., 48, (1995), 213-245.

Maugin, G.A.: Thermomechanics of Inhomogeneous—heterogeneous Systems: Applications to the
irreversible Progress of Two— and Three—dimensional Defects, ARI, 50, (1997), 43-56.

Maugin, G.A.: On the universality of the thermomechanics of forces driving singular sets. Arch.
Appl. Mech., 70, (2000), 31-45.

Maugin, G.A.: Nonlinear Waves in Elastic Crystals. Oxford University Press, U.K., (1999).

Maugin, G.A.; Berezovski, A.: Material formulation of finite-strain thermoelasticity. J. Thermal
Stresses, 22, (2000), 421-449.

Olver, P.J.: Applications of Lie Groups to Differential Equations. In Graduate Texts in Math, 107,
Springer, New York, (1993).

Vian, P.; Muschik, W.: Structure of variational principles in nonequilibrium thermodynamics. Phys-
ical Review E, 5/4, (1995), 3584-3590.

Vién, P.; Nyiri, B.: Hamilton formalism and variational principle construction. Annalen der Physik
(Leipzig), 8, (1999), 331-354.

Addresses: Prof. Gérard A. Maugin, Laboratoire de Modélisation en Mécanique, Université Pierre et
Marie Curie, Case 162, 4 place Jussieu, 75252 Paris Cedex 05, France, e-mail: gam®@ccr.jussieu.fr; Assist.
Prof. Vassilios K. Kalpakides, Department of Mathematics, Division of Applied Math and Mechanics,
University of loannina, GR-45110, Ioannina, Greece, e-mail: vkalpak@cc.uoi.gr

103



