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The Maximum Principle of Pontryagin in the Heat-mass Transfer
Problem

P.P. Smyshlyaev

A flow of a viscous heat-conducting Newtonian fluid in a long and narrow rectangular basin is studied.
The heat-physical characteristics depend substantially on the temperature, which, in turn, is a function
of coordinates and time. The problem on a flow optimal control with o quadratic quality functional is
considered. The heat flow to a free surface of a fluid is assumed to be a control parameter. By the
mazimum principle of Pontryagin some conditions of a control optimality are found. The problem
considered has arosen from studying one of the glass melting problems.

1 Problem Setting

Consider the three-dimensional flow of a viscous heat-conducting fluid in the Cartesian coordinate system
z = (21,2, 23). We assume that the viscosity and heat-conductivity of the medium depend substantially
on the temperature, which is a function T'(z,t) of coordinates and time. The fluid is assumed to be
Newtonian with some "effective” dependence of the viscosity on the temperature v(T") = u(T")/p, where
p is the density. The general system of equations of motion and energy can be found, for example, in
Smyshlyaev et al. (1989).

We also assume that the mass forces take the form of an Archimedean lift only (the Oberbek — Boussinesq
approximation) and in the other addends p = const. In the equation of energy the dissipative terms are
neglected, and besides, we assume that the fluid moves in the channel that strongly extends along the
axis oz, and therefore the change of speed in the oxs-direction may also be neglected. In this case we
have
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where V (u, v, w) is the velocity vector of a fluid particle. The equations of motion, energy, and continuity
can be written as
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Here p is the pressure; 3 is the cubical dilatation coeflicient divided by the fluid density, g is the gravity,
k(T is the thermal diffusivity. The left-hand sides of equations (1) — (4) are total derivatives. The initial
and boundary conditions take the form
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U = Ug v =1 w = wy T="T, p=1pg for t=0 (6)
u=v=w=0 for z€&€T (solid boundary) (7)
oV;/On=20 V=0 for z € (free surface) (8)
T(z,t)=To(s) p=pa+pgH—-z5) for z=s€T (9)

OT /0n = q(s,t) P =Py for z=s€xy (10)

where V,,V,, are the projections of the velocity on the tangent 7 and the normal n to the surface, s are
points (coordinates) of the surface, H is the fluid depth; 23 = 0 corresponds to the lower boundary point,
p, is the pressure in the external medium (atmosphere); (s, t) is the heat flow of the input fluid due to
heat conductivity (it is a control parameter of the process).

The optimal control problem consists of the need for the best choice of the heat flow ¢(s,t). We assume
that the quality of such a choice is characterized by the degree of approximation of the solutions to the
given characteristics of the process under consideration. In the following, the approximation is described
by the value of the integral difference (i. e., a functional) between the velocities and temperatures of the
fluid particles, which can be found from both the solutions and the real process. In addition it is desired
that the minimal deviation shows minimal energy consumption (the quantity of heat).

For a simple application of the maximum principle of Pontryagin (Pontryagin et al.,1976; Syrazetdinov,
1977) we need some new notations of the variables: ¢ = (¢1, P2, ¥s, Pa,95) = (u,v,w,T,p/p) is the
vector of the required functions, ®;, P, 3, P4 are the right-hand sides of equations (1) — (4) after the
transposition of the terms of inertia and the convective terms from the left-hand sides of the equations
to the right-hand ones.

Denoting derivatives by indices, we obtain:
¢1 = _9051:1 + 2(1/(101:&1).’51 + (V802£1 )wQ + (V801113 + 802$1).'E3 - ‘Pl 801:131 - (1034101.'53

(PZ = —(P5IB2 + (l/<)02111 )m - 801802:01

&3 = — P55 + 2(’/303%):03 + (V902z1 )mz + (V(Solwa o 903:01)):1;1 =
— 1032, — P332, + Bg(ps — To)

@4 = (kpaz, )y + (KP1z,)en — P14z, — P24z, — P34z,
@5 = Q1z, + P3zy = 0

In this case equations (1) — (5) can be written in the more compact form
Pit — (I)z 7= 1, ceay 4 ‘1)5 =0 (11)
The initial and boundary conditions (6) — (10) can be transformed in just the same way.

Let the above-mentioned functional of the quality control have the form:

g
T8, @yPa, @) = / [ / 2,000 ) e / Fz(t,m,%Q)dS]dt (12)
0 G S

where 6 is the process time (of heating); G is the volume with the boundary S = I' U ~; Fi, Fy are
nonnegative functions, defined in the domain G and on surface S respectively (for example, the sums of
a;i(pi — i), Bi(piz — Pize)?, for i = 1,...,5. In this case ¢, Wiz, are some given (”desired”) values
of velocities, temperature, and pressure of the fluid and «;, 8; are the ”weight” coefficients, determined
by the peculiarities of the process). Functional (12) takes into account the difference of prescribed
values, which are found from the systems (1) — (5) and from those given (for example, obtained from the
experiment), and the value of energy supplied. Obviously, for the process to be optimal it is necessary
that the functional I takes a minimal value. In this case the corresponding solutions of equation (11) are
called optimal.
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2 The Optimal Control Conditions for the Process of Fluid Motion and Fluid Heating

We assume that in G the function F(t,z,,¢,) has square integrable derivatives with respect to the
variables z, ¢, ¢, up to second order, and has derivatives of first order with respect to ¢. In addition, we
assume that the function F; (¢, , ¢, ¢) admits an extension from S to G such that it has smooth properties
similar to Fj. In this case, functional (12) can be represented as

(4
I(O’(Pa SOzaQ) :/ dt/ (Fl +F21z1 =+ F22w2 +F23z3)d-'1; (13)
0 G

where 3Fy; = Fy/cos(n,z;),j =1,...,3.

We consider a conjugate system of functions ¢; (¢, ), having sufficient smoothness, H = —Fy = Fyj;, +1;®;
(for j = 1,..,3, i =1,...,5 the summation is assumed to be over i, j), and that of equations

Yt = —Hy, + (Hpioi00 )25 24 1=1,...,b (14)

where the summation is over j,k = 1,...,3, and the mixed derivatives do not depend on the order of
differentiation.

The boundary conditions have the form

%;(6,0) =0 ¥;(t,z) =0 for z=s€8 (15)

Now we construct the variation of functional (13). By definition of the quantity H (¢, z, ¥, ¥z, Quz, ¥sq),
the variation of the integrand term can be written as

—AH + (¢, A®) = —AH + ;A t = s s B (16)
where
AH = H(ta T,p b AQOa “')w,q + Aq) - H(ta T, -~-,¢,Q) = A(]H + AwH
The partial variations A;H and A, H take the form

AQH = H(t,.’lj, 2 §0£7gpzz)¢) q ~+ Aq) - H(t7 T,9, Pz, (Pzzzlp: Q) (17>

A H =H(t,z, 0+ Ap, ..., 10, + Aq) — H(t, 2,0, ..., 10, + Ag) =
= (va Ap) + (HWE7 Apg) + (HcpmaA‘wa) +e

where the difference of the values of function is represented by the Taylor formula with the residual € in

Lagrangian form. The symbol ( , ) denotes the scalar products of the vectors H,, H,, ,H,,, and the

corresponding vectors of variation. The expression for &€ can be written in the following form

(18)

2e = (HizpjzpkvAQOjASOk) J,k=0,..,3
where the summation is over ¢ = 1, ...,6. The representation g = ¢ is a vector of the required quantities,
Apo = Ay is its variation, ¢; = @, are derivatives with respect to z;, the mixed derivatives do not
depend on their order. H; are as following

H1:H(ta$,90+9zA4P;»¢,Q+AQ> Oselsl Z:1776

With equation (11) we have
A® = Ay, Ads =0

Let us rewrite equation (16) by using equations (17) and (18):
-AH+(), A®)=—A,H~(H,, Ap)~(Hyp, , Apy)~(Ho,., Apzz ) +1), Apt) (19)
We transform the last addend in the right-hand side of equation (19) in the following way

(¥, Apt) = (¥, Ap); ~ (1, Ap)
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Similarly, we rewrite the third and the fourth addends:

(onva‘Pw) = (me7A‘P)z = ((H, )z, Ap)
(anu’ASOww) = (szz7 Aiplgs = ((anm)zzz Ap)

where the symbols (...); and (...);2 are the sums of the first and the second derivatives with respect to
the same coordinates z = (21,22, z3) respectively. Substituting the last relations into equation (19) and
unifying the second addends in each expression, by virtue of system (14), we obtain

(Hy + 1 — (Hp, )z — (me)z%A‘P) =0

Taking into account the integration in time in the variations of functional (13) and the boundary condi-
tions (6) and (15), we get
('lp’ A‘P)|t:9 - (Q;b)A(p)lt:O =0

In this case, we assume that the vector of the desired functions ¢ is given at the initial instant and
therefore its variation is zero

Apli=o =0

Passing to the variations of functional (13), we transform the remaining first addends in the right-hand
side of equation (19) by the Ostrogradsky formula:

[G(me ) A‘P)xdﬂf = [S((.sz )na Agp)ds
fG(HWu yAP)g2dz = fS(A, n)ds

where (H,,)n are the projections of components of the vector H,, on the normal n to the surface S;
A = (41,49, A3); A = (H%kmk,Aga)zk + (H Ap)zy,; b = 1,.,3; k+ 1 denotes the cyclic

ipzkzk_Ha

transposition of indices by the rule: 1+1=2,24+1=3,3+1=1.

Finally, the variation of functional (13) is

AI:—/OG{/G(AqH—e)dx-l—/s[((H%)n,Agp)nL(A,n)]}dt

Since the value € is of second order (a product of variations), we can conclude that the maximum of
the function H (¢, z, ¢, ¥z, Pzz, ¥, q) under the given control qo (¢, z) is attained under the condition of a
minimum of this functional.

This statement is the maximal principle of Pontryagin for the process of heat-mass transfer. Since the
problem is considered in a sufficiently general form, the conditions for an extremum are rather lengthy. In
the partial cases the problem can substantially be simplified substantially, by using a stronger requirement
for the conjugate state (14), (15) and the initial model.
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