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On the Existence of Periodic Solutions of a Gyrostat Similar to
Lagrange’s Gyroscope

A. 1. Ismail, L. Sperling, T. S. Amer

In this paper, the problem of the existence of periodic solutions of motion of a gyrostat fixed at one point under
the action of a central Newtonian force field, and a gyrostatic momentum £, (i=1,2,3; {,={,=0, £;#0)

similar to a Lagrange gyroscope is investigated. We assume that the center of mass G of this gyrostat is
displaced by a small quantity relative to the axis of symmetry, and that quantity is used to obtain the small
parameter € (Elfimov, 1978). The equations of motion will be studied under certain initial conditions of motion.
The Poincaré small parameter method (Malkin, 1959; Nayfeh, 1973) is applied to obtain the periodic solutions
of motion. The periodic solutions for the case of irrational frequencies ratio are given. The periodic solutions
are geometrically interpreted to give the forms of Euler angles.

1 Statement of the Problem and Equations of Motion

Consider the motion of a dynamically symmetrical gyrostat relative to a fixed point O, in response to a
Newtonian attraction k of another point O; and constant gyrostatic momentum ¢, (i=1,2,3) in which

¢,=¢,=0 and ¢ is different from zero. At the fixed point O, two coordinate systems are considered; a fixed
one OXYZ, in such a way that the point O, lies in the negative part of the Z-axis, at a constant distance
R =00, and another moving one Oxyz, fixed to the body, whose axes are directed along the principal axes of

inertia of the gyrostat at O see (Figure 1).

Mg

Figure 1. The Force Component
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The equations of motion and their three first integrals are
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Here A, B, and C are the principal moments of inertia; x;, y;, and z; are the coordinates of the center of
mass; p, ¢, and r are the angular velocity components; 7, Y, and Y” are the directional cosines of the vertical
in the coordinate system attached to the body; € is a small parameter; M is the mass of the gyrostat; g is the

acceleration due to gravity; A is the constant of gravity of the attracting center; and py, 44, o> Yoo yz), and yg
are the initial values of the corresponding variables.

One of the particular solutions of this problem is the Lagrangian case (A=B#C, x5 =y; =0)
p=q=0, r=r, y=Y=0, ¥=1L

2 The Proposed Method

In this section, Poincaré’s small parameter method is applied to obtain the periodic solutions for the equations of
motion of the considered problem. From the first and the third equation of (2), we can write

Y =l-¢ef h=ho—¢fs )
where

b lreler?s

1 ) 1 3 1
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F=v’+v’ Fy=pi+ai =2%, + F (k+1)

Thus, Fy, and F,, are the initial values of F, and F,, respectively, and the dots indicate terms of higher order

of smallness with respect to €. Eliminating ¥ and r in equations (1) one can obtain the following system
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where

p1=pythy, +C q =g, +hY,

Y1 =(1+Bh)y, +Bp, +C, Yy =(1+Bh) Y, +B g,

h=— (1K) 2:(brg + €37 +4(1+k)
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C1=r10/(1+k+r10,€;—ar1%) szl/(l+k+r10€;;—arl%))
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Let A, /A, =n,/n, be arational number; this can be done by a suitable selection of r, . The general solution for

the generating system of (6) is periodic one with period 7, =271n; /A, =27n, /A, . Let us formulate the problem

of determining the T, (€) -periodic solutions of system (6) with a fairly small value for € which for € =0 would

reduce to a solution of period T;, of the generating system. Consider the following substitution

T=1+e0)T

(8)

where o is a function of the small parameter €, which is to be determined. The problem now reduces to the

determination of periodic solutions of period T;, of the new system of equations (Malkin, 1959)

dpy dq
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where

H, =\og,+(l+e0)G, H,=-\op,+(1+ea)G,
Hy=Aov, +(1+e0)Gs Hy=-k,0Y, +(1+e0)G,

H,=HY +eBH® +2H0P 4.~

3 Construction of Periodic Solutions in the Case that 1,1 is Rational

We seek the periodic solutions of system (9) in the form

pr(T,&)=M cosMT +M,sin T+ |
q,(T,&)==Msin\T +M,coshT+Y ,
Yo(T,8)=M;cosh, T+ , Yo(T,8) ==Mssinh,T+Y ,

(X, =Xe"CP(@), i=1,2,34)

n=l
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with the initial conditions

P 0,8)=M, =M +m 4,(0,8) =M, =M +m,
(12)
1,0,8) =My =M +m, ¥5(0,8) =0

The periodic solutions of system (6), which correspond to the 7y -periodic solutions of system (9), are of period
1, =(1+€a)T,. We represent o as o =0y +my. In accordance with Poincaré’s method we vary the initial

conditions, which in this case coincide with the arbitrary constants of solutions of the generating system. We
also vary o so as to have solutions (11) of periodic forms, and seek m;( i=1, 2, 3, 4 ) in the form of functions

of & which vanish as € =0. The substitution of the first approximation for py, g;,v;, and ¥; from (7) into (5)

gives

FO=C?+B*(ME+ME)+1+Bh)* M3 +2BCo (M coshT + M, sin,T)
+2Cy (14 BRYM 5 cos M, T + 2B(1+Bh)M 5 [M, cos(h, = A,)T
+ M, sin(h, —,)T]

FO =Cl-2C, +(ME+M2)+h*M } +2(C, ~B)(M, cos A, T
+ M, sin \T)+2(Cih—=1=Bh)M 5 cos A, T +2AM4[M, cos(hy =A,)T (13)
+ M, sin(hy = AT+ (1+k)F®

From (7) we can rewrite the functions G;(i=1,2,3,4) in the following short form

G =Lq+LY, Gy, =—=(Lypy+Ly¥,) + Ly
(14)
where

Ly =—a(1+Bh) f, +h(B Sy — f1 )+ kB(1+Bh) f;

Ly =—ha(1+Bh)f, —hLh f —(1+Bh) f,1+k (1+Bh)* f,

Ly =(1+Bh)[aC1f2+fl(1—kC2)]+h(C1j‘, -Cy fy) (15)
Ly =Bfr(a=1)+ fi(1-kB?)

Ly =h(Baf,+ f)—(1+Bh) f, —kB(1+Ph) f,

Lg=-BlaC fo+ fi(1=k Cy)1-(C £, =Cs f5)

If we eliminate terms in the previous formulas that are independent of € and determined by the generating
solutions, then they obtain the following form

LO =[Vy+ Vo (ME+M3 )4V M2 1+V, (M, coshT +M, sin AT )

16
+VisM3cosh,T+V,c M3 M, cos(h; —A, )T + M, sin(A; =, )T ] 1o

where Vi(i,j=12,..,6) are functions of parameters a and r, which can be obtained by formulas (4), (13), and
(15).

The coefficients Cl-(") (T) 1in the equations (11) are determined by equations

dC™T)
F 4

n n dc(”) T
= " (D) + H{"(T) 7;; Lo a cOmy+BP @)
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CF T
45Dy, comrar@ LDy v+ rP @ €
dT ; dT
with the initial conditions
c”(0)=0 (i=1,2,3,4) (18)

For n =1, we get the solutions of (17) in the form
iy
c(T) =% _[cp“(u)sin (T —u)du
0

T
@) =" J% (u)sin Ay (T —u)du
0

(19)
T
P F)y =T [ @31 @)sinks (T —u)du
0

T
CO(T) =23 [ @y (uysinhy (T —u) du
0

where

A9 (T) =810+ S, (M cos M T + M, sin AT )+ S, cos2A,T + S5 sin 2\, T
+ 814 M5 cosh, T+ S5 Mi[ M, cos(h —Ay)T+M,sin(h; —A,)T]
+ S, M3 M, cos(hy +1,)T + M, sin(A, +A,)T 1+ S;5 cos(2h, —A,)T
+ 81 SIN( 2, =y )T + S, M2 M cos(h, — 2o )T + M, sin(k, —2X, )T']
+S8)0c082A,T

A @0y (T) = =Sy (M sin \;T =My cos AT ) = Sy sin 20,7 + 83 cos 2A,T
=Sy Mysin AT =Sy Ma[ M, sin(A; —=Ay))T — M, cos(h; —A,)T]
—Sa6 Ms[ M sin(A; +A,)T =M, cos(hy +2,)T 1+ Syy sin(2h; —A,)T
+ g COS( 20, — Ay )T =S, M2[ M, sin( A, — 20, YT — M, cos(A, — 24, )T ]
=S5108in 24,
25031 (T) = Vi; +( Vg3 ‘%Vss )M,z(())z “%VssMa(O)z OS2, T +---
304 (T) = =S4 (M, sin MT =M, cos MT ) =Sy, sin 20, T + 843 cos 20, T
=Sy Miysin A, T =S5 M3 M, sin(A; —Ay)T =M, cos(h; —A,)T ]
— S M3[ M, sin(\, +X,)T = M, cos(h; +,)T ] (20)
+ 847 SIN( 20, =Ry )T +S4g cOS(2h; =4, )T = So ME[ M sin(h, 2 %,)T
—Mjcos(h —2A, )= Syq08in(2A,T)

and S};, S5, S5, Sy (i=12,---,10) are constants that can be obtained easily.

Substituting (20) into (19), one gets

C(Ty) = (M, Ey +RDT,
Cél)(To)z(MlEn"‘Rzl)To (21)
Cy)(Ty) == (M3 Ey; + Ry )T,
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where

1 1
Ey :—5511 E5, =_5544 (22)

It is shown in (Malkin, 1959) that for the solution (11) to be T,—periodic, it is necessary and sufficient that

y, = p,(T,,8)— p,(0,8) =0 W, =q,(Ty,8)—¢,(0,€)=0
(23)
V5 =7, (T;.€)—7,(0,€) =0 W, =Y (T5.8)—7,(0,8)=0

where ; (i=1,2,3,4) are functions of M, (i=1,2,3), o, and €. The equalities (23), which determine

Mo

i 09, and m; (j=1,2,35i=1 2,3, 4),are not independent due to the existence of the first integral in

system (9), which corresponds to the second formula in (2) (Elfimov, 1978). It can be shown that the third
condition is a corollary of the remaining if M # 0. By analogy with the statement in (Arkhangel’skii, 1963), it

is possible to consider one of the quantities M(/-O) (j=1,2,3) or o as an arbitrary constant, and one of the

m; (i=1,2,3,4) as an arbitrary function of €, which vanishesas € = 0.

Reducing equalities (23) by & and equating to zero the terms at zero powers of € , yields the following
necessary periodicity conditions

COTy)=CO (M. My My ) =0 (i=1,2,4) w4
which are in accordance with (21); one thus has

M,yE,+R;,=0 M, E ,+R, =0 My Ey+Ry =0 (25)
The expressions of R,,, R,; and R, are nonzero only if A, X, is equal to 2,1/2,1 or —1 and are of the forms

i) for M A5 =2:

1 1
R, =0 R21=EV25M32 R41=EM1M3(V45“V66)

ii) for Jaq i =12
1 1
Ry =5M2M3(V36—V24) ' Ry :—5M1M3(V36—V24)

1
Ry 25V44(M12 —Mzz)

iii) for M A5 =1:
1
Ry, =M2M3(M1V16—5M3V26)
_ 2 2 2 2., 1 2 1
Ryy = M3 [Vy + Vo (M7 4+ M)+ Vg M3 +Vig M7 14 Vg My M3 —— Vi M

1 1
Ry =M, [Vy +V42(M12+M22)+V43M32]+5V46M3(M12_M22)+V56 M M3 ey Vea M,

iv) o B gt =1

R, =0 Ry, :‘E Vis M Ry :_5 Vea M, (26)
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Let Mfo), Méo), MS(O), and o, satisfy equations (25). Let us consider Jacobi’s matrices of C,(Ty), C,(Ty), and
C4(Ty) interms of M, M,, M4, and o calculated for M, :M‘E()) (j=1,2,3), ao=0, and also of y;, ¥,
and Y, in terms of m; with m; =€=0 (i=1,2,3,4). The calculation of the second matrix does not involve
differentiation with respect to €. Hence it is possible to set €=0. And since M/- (j=1,2,3), a, and

m; (i=1,2,3,4) appear in solutions in the form of related sums, the considered matrices are the same. We

denote them by J.

The solution of equations (23) comprises the following case of the existence of periodic solutions.

4 Formal Construction of Periodic Solutions in the Case that A, 7»'21 is Irrational

If Mfo) = Méo) =E;; =0, E;#0, M3(0) Viy #0( M5 is an arbitrary quantity) (Elfimov, 1978), matrix J is of
the third rank and

Qv v v m©’ 27
o) 2(265 51— VssM37 ) (27)

Equations (23) have solutions in the form of series of integral powers of € for m,;, m,, and m, that depend on
the arbitrary quantity M and vanish as € — 0 (15 is to be taken as equal to zero). Under the conditions (27),

the independent periodicity conditions are

my (cos ATy —1)+my sin ATy +eC" (T,) +---=0
—my sin ATy +my(cosh, Ty 1) +eCP (Ty) +---=0 (28)
P (Ty)++-=0

Using (27), the periodic solutions p,(T,€), q,(T,€), Y,(T,€), and Y5(T,€); as € — 0; take the forms

p,(T,0)=0 q,(T,0)=0
¥, (T,0)=M{” cosA,T Yy (T,0)=-M " sinA,T (29)

with frequency A, .
Using the second integral of (2) and the initial conditions (12), we obtain

1 ,
M§°):ENII[—Nzi(N§+4N1N3)A] N, #0 (N3 +4N,N;y)>0 (30)

where N; (i=1, 2,3) are constants. Making use of (27) and (28), one gets

1 . 2 92 3 _
m =—ESK11{V31—V33M3(0> + A Vos M7 (0 =20, + MD (g = 1) Vs (A

.. 2.
+ A5 2y ) (R Ky W Vg + Vs MO Y14 [V + (Vs =V )M 4 (V5

2
~Vys =V M2 Y M V" Tcos M Ty } 4+
3D
1 7
m, =—Eax1‘[v31 +(Vas = Vo MV 4+ (Vi = Vs Vs MO YM O™ 1sin M T, +- -

and the calculations for m, show that it is of the order O(EZ)A Making use of (3), (4), (7), (11), (20), (27), and
(31), one obtains
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p =¢? n G+ Ny cos(?»zn_lt)]—ke% n [Ny +Npzcos(hyn't)

+ Ny cos(2hyn " )= Nyssin(A ' 1) = Nyg cos(hyn ' 1) ]+

g=—e n Ny sinugn ' ) +e2 0 [Ny sin(hgn ™' 1) = Ny sin(2A, 07" 1)

— Ny cos(kzn_lt)-k Noyzcos((A; —2A, yn't) + Ny, sin( A, n't)

— Nyscos(An™ )]+

r=ry+€Ny [1—cos(hyn't )]+ [0]+- -

Y=€2[Cy+ Ny cos(hyn ' 1)]+€> [Ny + Nz cos(hyn ™ 1)+ Nyycos(2 Ay n'1)

+ Nys (:os(7ulrflt)+N46 sin(k,n”]t)]+-~-
o = —¢* Ny sin(h, n_]t)+€% [Ns;cos(hyn™ 1)+ Ngysin(hyn~'r)
—Ns3sin(2h,n™ 1)+ Nsy cos((A; =2hy)n ' 1) + Nsg sin(hyn ' 1)

+Ngg cos(Ayn ™ 1) ]+

oo i .
Y =1l €3+ Njj +2C, Ny coshan L)+ e [0]+---

| 2
oz(s)zkzl(E Vs =V =V MO ) +2[0]+---

(32)

where N, are constants and T, = 215 . The stability of the solutions will be shown in future in another

research.

5 Geometric Interpretation of Motion

We shall investigate the expressions for the Eulerian angles in the form of power series expansions of the small
parameter €, so that we can determine the orientation of the gyrostat at any instant of time. For this case, the

Eulerian angles 6,y and @ can be written in the following forms (Wittenburg, 1977)

B=cos 'y \ij:—py-'-?zy
I
@=r—\ycosH (po=tan41Y—? (')E&
Yo d

Substituting (32) into (33), one has

O :g—kl nh
=0 +%e(1+Bh)c2M§°> cos(Ayn™ 1)+

\l,=\uo+2en“{[clcz+h(1+Bh)M§°>2]r+M§0’[(1+[3h)c1
+Cyh1n);) sin(Ayn™' 1)} +---

0=y +1ot—e MO (n2b 1) (W, 140 M3 Wy sin(hyn ' )]+
where

302

(33)

(34)



2
R =cos*1{1—]E e[CF+(1+BR)> MO 1)

W, = (1+Bh)[1-C,(1+k)]=C h+2nbr, M;m" [Clcz+h(1+Bh)M§°’2]
W, =—(1+Bh)[1-C,(1+ k) 1+ C h+2nbry [h Cy+(1+Bh) €]

(35)

Formulas (34) show that the expressions of Eulerian angles depend on four arbitrary constants e\, Yo, ¢y, and

1y - These formulas describe the orientation of the body at any instant 7.

6 Numerical Discussions

In this section we investigate the numerical results by computer codes. Let us consider the following parameters
by which the motions of the body are determined

A=17.36 kgmmZ, C=2964 kgmmz, R=1000mm, r,=100mm,
e=001E-02, z5=2mm, 7Y, =79.07E—03, v =5.44E-03,
Pao =1.6TE—05s"", g,y =5.23E—08s™', ¢, =0,350kgmm?s™",
M =300kg

Figures (2.a) and (2.b) represent the variation of p,and g, respectively with time, but figures (2.c) and (2.d)
represent the variation of y, and Y, respectively with time.
We note that, when €5 =0, 350, the solutions are periodic. We conclude that, if £; increases, the amplitude of

the waves and the number of oscillations also increase.

p,—axis q,—axis
3E-06 ” @ 1.5E-06 :
oy a
3350 1E-06- o)
2E-06- 4
1E-06- 0
0 -1E-06
-1E-06- ¢
ae -2E-06-
-2E-06-1 )
-3E-06
¢,=350
-3E-06 . . T ' 3.5E-06 Fr . . :
0 10 20 30 40 50 0 10 20 30 40 50
T-axis T-axis
¥, axis ¥y, —axis
5 4
4 ¢,=350 © £,=350 (d)
3
2 2
l,=0 _
7 3
0 0
-1 i
-2 -
3 27
-4 ]
5 : . ] . -4 ; . .
0 10 20 30 40 50 0 10 30 40 50
T-axis T-axis

Figure 2. The Effect of ¢, on the Gyroscopic Motion
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7 Conclusion

The three-dimensional motion of a rigid body in the Newtonian force field with the third gyrostatic momentum,
about one of the principal axes of the ellipsoid of inertia, can be investigated by reducing the six first-order non-
linear differential equations of motion and their first three integrals into a quasilinear autonomous system with
two degrees of freedom and one first integral. The Poincaré’s small parameter method is used to investigate the
periodic solutions of our problem up to the first order approximation in terms of the small parameter€. The
obtained periodic solutions are considered as a generalization of those which were obtained by Elfimov (in the
case of the uniform force field). The solutions are worked out by computer codes to get their graphical
representations. The good effect of the third gyrostatic momentum (£;) for the mentioned problem is obvious

from the graphical representation of this problem.

Acknowledgment: The authors thanks Prof. Dr. Sci. Iliya I. Blekhman, for valuable discussions and his advise
obtained after reading this research work.

Literature

1. Elfimov, V. S.: Existence of periodic solutions of equations of motion of a solid body similar to the
Lagrange gyroscope. PMM, 42, 2, (1978), pp. 251-258.

2. Malkin, I. G.: Some problems in the theory of nonlinear oscillations, United States Atomic Energy
Commission. Technical Information Service, ABC. Tr-3766, (1959).

3. Nayfeh, A. H.: Perturbations methods. Wiley-Interscience, New York, (1973).

4. Arkhangel’skii, Tu. A.: Periodic solutions of quasilinear autonomous system which have first integrals.

PMM, 27, 2, (1963), pp. 369-372.

5. Wittenburg, J.: Dynamics of systems of rigid bodies. B. G. Teubner, Stuttgart, (1977).

Addresses: Prof. Dr.-Ing. habil. Lutz Sperling; Institut fiir Mechanik, Otto-von-Guericke-Universitit Magdeburg,
PF 4210, D-39016 Magdeburg, Germany. Dr. Abdel Aziz Ibrahim Ismail and M.Sc. Tarek Saleh Amer;
Mathematics Department, Faculty of Science, Tanta University, Tanta 31527, Egypt.

304



