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Solution of Creep—Damage Problems for Beams and Rectangular

Plates Using the Ritz and the Finite Element Method

H. Altenbach, G. Kolarow, K. Naumenko

Starting from a constitutive model with a single damage parameter, creep—damage problems for beams

and rectangular plates in bending are solved using the Ritz and the finite element method. The creep—

damage material model is incorporated into the ANSYS finite element code by writing a user material

subroutine. A comparison of finite element results with results based on special solution techniques is

presented. Various numerical tests show the sensitivity of numerical long—term predictions to the mesh

sizes and element types using standard finite elements auailable in the ANSYS code for creep analysis.

1 Introduction

Engineering structures operating under creep conditions are designed with respect to increased require-

ments of safety. One of the factors which must be c0nsidered in structural analysis is time dependent

material behaviour coupled with damage evolution (Roche et al., 1992). Incorporating creep—damage

models into the finite element code, predictions of time dependent stresses, strains, and damage fields

can be performed with the help of numerical solution of nonlinear initialeboundary value problems (eg.

Hayhurst, 1994). The first problem arising in a creep damage analysis is the formulation of a phenom-

enological material model that is able to describe the sensitivity of creep strain and damage rate to the

stress level, stress state, temperature level, etc. The second problem can be related to the quality of the

finite element predictions, particularly in the analysis of structures of complex shapes.

Numerous finite element simulations considering creep damage effects have been made. Examples are

discussed by Othrnan et al. (1994) and Becker et al. (1994) for notched bars, by Saanouni et a1. (1989)

and Murakami and Liu (1995) for thick—walled tubes and notched plates, and by Fleig (1996) for notched

plates under in—plane loading. Since these examples c0nfirm the ability of finite element simulations to

predict stress redistributions and failure times with sufiicient accuracy for engineering applications, a

little effort has been made for the analysis of transversely loaded thin—walled structures. The structural

analysis of beams and plates can be performed using the equations of beam or plate theory. By some

simplifications, eg. for geometry or loading, it is possible to formulate the Creep problem, which can

be solved by direct variational methods using the shape functions defined for the whole domain. Such

solutions can be used for the verification of user defined material subroutines and finite element pre-

dictions, whereas the following questions require a special consideration. The first: how sensitive is the

long—term prediction of plates with predominating bending stresses to the mesh sizes and the type of

elements available in finite element codes for shell analysis. Even for steady state Creep the deflection

functions for beams and circular plates are polynomials of order significantly higher than these for the

elastic solution, whereas the order of the polynomial depends on the order of the power in the classical

Norton creep law (eg. Boyle and Spence, 1983). The second question is related to the ability of the shell

theory used in finite element codes (usually shear deformable theories) to represent the time dependent

stress redistributions caused by damage evolution.

In this paper we solve creepeclamage problems for beams and rectangular plates in bending using the

Ritz and the finite element method. First we construct special solutions incOrporating damage effects

based on the Ritz method. These solutions are used for the verification of the ANSYS user defined creep

material subroutine which we modify by including damage evolution. Based on various numerical tests

we show the mesh sensitivity of longeterm solutions in creep. Finally we cempare the results based on

different plane stress, shell and solid elements available in the ANSYS—code for the plasticity and Creep

analysis. For the simplicity we consider steady state loads and temperatures only. Further we do not

discuss the problems of damage localization which can cause of spurious mesh dependency and which

requires special regularization techniques (eg. Saanouni et al., 1989; Murakami and Liu, 1995).
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2 Constitutive Model

The constitutive model for creep behaviour can be formulated as a set of first order differential equations

for the creep rate as a. function of the stress tensor, the temperature, and possible internal state variables

with appropriate evolution equations (Altenbach et al., 1997b). The first step in the conventional creep

modelling is the formulation of an empirical function describing the sensitivity of the minimum creep rate

to the stress level and temperature. Using the von Mises type potential the secondary creep constitutive

equation can be written as follows (eg. Altenbach, 1999)

. m» 3 f6 (OHM) UM 3
1E =§JU—Ms a = Esus s=arigtrcrI

(1)

where s” is the creep strain rate tensor, 0,5 are the stress tensor and deviator, respectively. WM

denotes the von Mises stress, I is the unit tensor. In most cases, the stress dependence fl7 is the power

law function fcr : AU” with the material constants A and n determined from uniaxial creep tests at

constant temperature conditions. After verification of secondary creep behaviour, the minimum creep

rate functions can be modified by suitable hardening and damage variables for the description of primary

and tertiary creep. Following the classical concept proposed by Kachanov ( 1986) and Rabotnov (1969),

the creep rate equation (1) can be extended by a scalar damage parameter w, and the damage rate is

postulated to he a function of the stress and the current damage states. The constitutive and evolution

equations for seccmdary and tertiary creep behaviour can be written using the power law functions and

assuming the temperature to be constant during the creep process (eg. Leckie and Hayhurst, 1977; Hyde

et al, 1996). Modifying these equations by introducing of a time—hardening function which allows the

additional description of the primary creep we finally get

. 3 A(0”M)”‘1 ‚ Barr-14Wécr : _ trn _- : Lu turn. eq- = 1_ IHM2 ————(1_ w)“ 3 LA) —(1_ um) am a0; +( (1)0 (2J
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Here 01' is the maximum principal stress B , cf), wt, or, are material constants. The coefficient a

controls different damage mechanisms. At the same time the model reflects different sensitivity of the

damage rate to tension and compression loads.

Assuming the elastic properties to be influenced by creepedamage, the elasticity constitutive equation

coupled with damage can be presented as follows

on = C-rJ-alwllfin — at?) (3)

For the isotropic elastic material the elasticity tensor can be written as (Lemaitre and Chaboche, 1990)

EM
Ci' 1 —"—.

J“ 2(1—u2)
[(1 — U)(Öik6j1+ Öigöjk) + 2UÖÜÖM] (4)

For numerical convenience, we will use the following specification for the “damaged” Young’s modulus

Eclipse—co) ogcg—l—
(5)

wt

where E is the Young modulus in the virgin state. The constant C controls the influence of the creep

induced deterioration. For C : O we obtain the classical Hooke law, for C : l/m — the fully coupled

approach that means a vanishing stiffness (E 2 O) for the critical damage state.

3 Creevaamage of Beams - Closed Estimations

First let us introduce the classical closed solution for steady state creep of a Bernoulli beam {e.g. Boyle

and Spence, 1983). Neglecting the elastic strain and the damage evolution in the material model (2) the
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constitutive equation for the beam can be written as

E'ii'yzl ä écrlflhzl = -U'J(I)"z = Alaiflrazllnqaimizl (6)

where w is the deflection, x - the beam axis (0 S a; g l) and z - the normal axis (—h/2 g z g 12/2).

From equation (6) the stress can be represented as a function of the beam curvature. The integration

over the beam cross section Ac yields

w($)n

A 

i

Mm : [mad/1c z In [_ l with In = [lzfilda (7)

.14.; A“

In the case of a statically determinate beam the deflection function in steady state creep can be obtained

from the equation (7). As an example we consider the beam simply supported on both edges and loaded

by the uniformly distributed force q. In this case M (3:) : qch - 23)/2 and the equation {7} can be

rewritten as

“3(16)" = rm—mnfl - 3I)" (8)

For integer values of the power n the solution is a polynomial of the order 211 + 2

n n+1:

. A (In 2 _.- - k n Z
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Comparing with the elastic solution

’w($)
_ q _ 2_ ‚ g 2
—24EII($ £19 (I)

with I as the moment of inertia one can conclude that if the creep problem is numerically solved using

variational methods the shape functions for the deflection or deflection rate should contain terms of the

order 271 + 2. Even in analysis of steady state creep, and using the power lavvr stress dependence, an

accurate solution cannot be obtained with approximations justified from the elastic solution.

4 CreepfiDaInage of Beams - the Ritz Method

Starting from Hooke’s law (3) applied to the beam bending problem (Pilkey and Wunderlich, 1994}

a : E(1—Cw)(c — 5C") : —E(1 — {WM-11.6 + w”: + a”) (9)

with no as the axial displacement of the beam centreline, the principle of virtual displacements yields

[gröde = [(76st

I V
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Assuming the creep strain and damage parameter to be known functions of coordinates ac and z for the
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fixed time variable t we can formulate the following functional

1 _„ . 1 - - „„

Ht(w,u0) : — w““)w”2dm + EEfUlC — (11*)?1620555 + E/w“ugwfldm
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I! I I

This leads to the problem to find such functions w and ug that yield an extremal value of the functional.

The solutions for fixed time t can be represented as

N M

UHU?) : Giuwiiuil‘) + Z ai"w§"(:v) “0(17) Z Z ai‘soi‘(m) (10)
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For the simply supported beam discussed above the shape functions can be formulated as follows.

(‚95“(56) = 513(55 — 0(32 — la — 12) is the first approximation following from the elastic solution. For

99.?(32) we use the functions satisfying the boundary conditions in = 0 and M : Ü for .1: : O and a: = l

93%) = $l+2ll — 17):.” (11)

Assuming ug = 0 for the edge a: = 0 the functions go}‘(;r) = Jil+l can be used. The unknown coefficients

at can be found using the Ritz method from the set of linear algebraic equations
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The stress a($,z,t) can be calculated from equation (9). For the known values of the stress and the

damage parameter the constitutive model (2) yields the rates of creep strain and damage for the time t.

From these the new values for time t + At are calculated using the implicit time integration procedure

Bart's, z, t + At) = certs, 2,15) + Atfl] — 9)5'""(m, z, t} + 95'"(;c, 2,1: + At)]

w(fl:, 2,15 + At) : w(:c‚z,t) + At[(1u man, z, t) + Hahn, 2,16 + Am

E°T(I‚ z, 0) 2 0 w(.1:, z, 0) z 0 w(:t. z,t) < tax

For the calculation of the creep force NCT, the creep moment Mc" as well as damage averages a)”, w“

and W“ in equations (9) the Gauss method with 9 integration points in the thickness direction is used.

For the calculation of the matrices Rmn and the right parts of equations (12) the Simpson quadrature
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rule with NS integration points in the beam axis a: is used. The values of creep strain and damage for

a current time step t are stored in all integration points along the beam axis and over the thickness

direction for calculations in the next time step.

The accuracy of the numerical solution depends on the number of shape functions in equation (10), on

the number of integration points and on the time step size. The sensitivity of Creep solutions time step

sizes has been previously studied by Altenbach and Naumenko (1997) on the plate bending problems.

In the following numerical studies we will put our attention on the convergence of the time dependent

solution with different number of shape functions in equation (9).

As a first example we consider the above discussed simply supported beam with a rectangular cross

section h x b. For the calculation we set q = 60 N/mm, 5 = 1000 mm, h = 80 mm, b = 30 mm and

use the creepidamage material model (2) with material constants identified by Kowalewski et al. (1994)

for an aluminium alloy: A = 3.511 — 10—31 MPa'“/hm+1, B : 1.960 - 10—23 MPa—X/hm'l'l, X r 8.220,

n = 11.034, 05 = 12.107, in : —0.3099 and E 2 7.1 i 10‘1 MPa, u 2 0.3. For the first example we

neglect the influence of creep damage on elasticity setting C = 0 in equation (5). Further we assume

the damage rate to be the same for tensile and compressive loading setting a = 0 in equations (2).

Both assumptions lead to a significant simplification of the numerical procedures. Using the first one

we can set R” = R"m : 0 in equation (12) and keep the matrices Rm“, Rm constant during the time

step calculation. The second results in a symmetric stress redistribution across the z direction for the

arbitrary time step which leads to NCT = 0 and f“ : 0. Consequently, the number of functi0ns in the

approximation for the displacement 100(33} has no influence on the numerical solutions.

Figure 1 shows time dependent solutions for maximum deflection and maximum stress obtained by

different number of polynomial terms (11) in equations (10). The time step solutions are performed
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Figure 1. Solutions for a Bernoulli Beam basing on the Ritz Method using Functions (11): a) Time

Variation of Maximum Deflection. b) Time Variation of Maximum Stress, 1 — Approximation

using Elastic Deflection Function, 2 — N = 1. 3 7 N = 2, 4 - N : 8

until the critical damage is achieved in one integration point. This condition of termination of the time

step solution is 02(50Jr, zf‚t„.) > 0.9, where the integration point F(.’.Uf‚ Zf) can be specified as a point of

failure initiation and the time step it as the time to failure initiation.

Since all approximations of the deflection function used for the Ritz method yield the exact elasticity

solution, the life—time predictions are strongly sensitive to the number of shape functions, Figure 1. Even

for the case of a statically determinate beam one can conclude that the approximation adjusted for the

elastic solution cannot be used for the creep—damage predictions. The difference between the life—time

predictions based on an approximation following from elasticity solution (fourth order polynomial), curves

1, and approximation which follows from the above discussed steady state Creep solution (polynomial

of the order 24, curves 4 ) is approximately six times. From the Figure 2 can be seen that the creep—

damage solution converges with the increasing number of shape functions. The approximations with
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Figure 2. Convergence of Time Dependent Solution for a Bernoulli Beam using Functions (11): a] Time

Variation of Maximum Deflection, b) Time Variation of Maximum Stress, 1 u- N : 17 2 i

N:2,3—N:3,4—N=5,57N=7.6—N=8

N = 5, N z 7 and N 2 8 yield the same solutions for the transition and steady state creep state

but differ in the last stage. Since the difference between the cases 4 and 6 (approximately 17%) is not

acceptable comparing with the accuracy of the available material description one can COnClude that the

order of approximation adjusted to the steady state creep solution can be enough for the numerical

lifeitime predictions using continuum damage mechanics approach.

5 Creep—Damage of Beams — Finite Element Solution

Using the ANSYS User Programmable Features (ANSYS User’s Manual Volume I — IV ‚ 1994) we have

incorporated the material model (2) into the ANSYS finite element code by modifying a user creep

material subroutine. For details of time integration and equilibrium iterations methods used in ANSYS

for creep calculations we refer to ANSYS User‘s Manual Volume I - IV (1994) and Zienkiewicz and

Taylor (1991).

For the testing of the implemented material law we introduce the beam considered below as the first

example. For the meshing we use the 4 node shell element SHELL 43 available for creep computations.

This element is based on the ReissneriMindlin type shell theory and contains 2 x 2 Gauss points in

the plane and five integration points for the thickness. The autornatical time stepping feature with a

minimum time step 0.1 h has been used. Figure 3 shows the solutions obtained with difi'erent meshes.

The convergent solution (case 6) has been obtained with 200 elements and 96 time steps. This solutiOn

is in very good agreement with the solution obtained using the Ritz method, Figure 2. Similarly to the

sensitivity of the solution to the degree of the polynomial discussed below the mesh sensitivity of the

finite element solution can be observed. The mesh justified for the elastic solution (case 1) is not fine

enough. The solutions in the cases 3*6 are approximately the same in the steady state and differ slightly

in the last stage. Since for the large structures inciuding stress singularities it is difficult to test the mesh

sensitivity performing the whole creep damage calculations, one can conclude that the mesh adjusted to

cenvergent solution for the steady state creep can provide an adequate (at least qualitatively correct)

solution within the framework of continuum damage mechanics.

In the previous examples we assumed the damage evolution is the same for tensile or compressive loading.

The next example illustrates the time dependent solutions of a beam setting damage rate to zero in the

Gauss points with negative maximum principal stress. In order to compare the influence of the element

type on the creep damage solutions we perform the calculations using the element SHELL 43 with 80

elements and the lienode plane stress element PLANE 42 meshing the beam with 80 elements along

the beam axis and 4 elements along the normal axis. Figure 4 shows the time dependent solutions for

maximum deflections obtained with shell elements, plane stress elements and using the Ritz method.
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Figure 3. Solutions for a BernOulli Beam using the ANSYS Code with Plastic Shell Elements SHELL

43: a) Time Variation of Maximum Deflection, b) Time Variation of Maximum Stress, 1 7

8 Elements, 2 — 10 Elements, 3 7 20 Elements, 4 — 40 Elements, 5 — 80 Elements, 6 7 200

Elements

It can be seen that if the sensitivity of the material damage to the kind of stress state is taken into

account results obtained from shell and plane elements differ substantially. The difference in the liftL

time prediction is approximately 30%. For the comparison two convergent solutions based on the Ritz

method applied for a beam with the Bernoulli assumptions are plotted. The first solution is obtained

with .5 Gauss points for the thickness integration (curves 3), and the second with 9 Gauss points (curves

4-). Both solutions are obtained with the same number of the shape functions, N : 8, M = 8 in equations

(10). The solution with 9 Gauss points is in better agreement with the plane stress solution, which is

seen particularly on the time variation of maximum negative stress, Figure 5, b). The solution with

5 Gauss points agrees better with the solution from the shell element. Since the element SHELL 43

contains 5 Gauss points for the thickness integration (see ANSYS User ’8 Manual Volume l — IV , 1994},

one can conclude that more accurate thickness integration should be performed using shell elements in

creep damage computations.
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Figure 4. Time Dependent Deflection of a Beam: 1 7 SHELL 43, 2 — PLANE 42, 3 7 Ritz Method with

5 Gauss Points for Thickness Integration, 4 — Ritz Method with 9 Gauss Points for Thickness

integration
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Figure 5. Time Dependent Stresses for a Beam: a) Positive Stress on the Bottom Side, b) Negative Stress

on the Top Side, Curve Symbols see Figure 4

6 Creep—Damage of Plates in Bending

As the second mechanical model for the verification of user material subroutine let us introduce the thin
plate problem. Analogously to the equations formulated for a beam we use the governing equations for a
thin plate using the Kirchhoff ’s assumptions and including geometrical nonlinear terms (von Karman’s
plate theory). The solution procedure for a plate in bending is based on the Ritz method and is similar
to that formulated for a beam. Details are presented in Altenbach and Naumenko (1997) and Altenbach
et al. (1997a)

In Figure 6 the timekdependent maximum deflection for a clamped square plate transversely loaded by
q = 10 MPa uniformly distributed on a square area is presented. The plate length is l = 800 mm and

mmm , mm

           

I I I I I I i I I I I I

    

10000 15000 20000 25000 30000

f, h

0 5000

Figure 6. Time Dependent Maximum Deflection of a Clamped Square Plate: 1 7 SHELL 43, 2 * SOLID
95, 3 — Solution Basing on the Ritz Method (Kirchhoff ’3 Theory)

the plate thickness - h 2 27 mm. The material constants are the same as in the foregoing examples
for beams. In the first example we set 0: 2 0 in equations (2) assuming the damage evolution to be
dependent on the von Mises stress only. This dependency assumes the same damage rate for the tensile
and compressive loading. The first solution (Figure 6, curve 1) has been obtained using the rectangular
shell elements and a 20 x 207element mesh for a quarter of the plate. The second solution (Figure 6,
curve 2) is based on 20—nodes solid element (3D) and 20 x 20—elements for a quarter of the plate and 3
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elements in the thickness direction. The third solution is obtained using the Ritz solution technique. All

solutions are in good agreement. In addition, the good agreement of these three solutions can be seen

on Figure 7 for time variation of the von Mises stress plotted in two Gauss points (in the middle of the

plate, bottom side and in the middle of the clamped edge, top side).
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Figure 7. Time Variations of the von Mises Stress in Two Points: a) Midpoint of the Bottom Side, b)

Midpoint of the Clamped Edge {Top Side), Curve Symbols see Figure 6

7 Conclusions

The standard FE—code AN SYS which allows elastic and inelastic analysis of thin—walled structures like

beams, plates and shells was used for the long-term predictions with respect to the creep behaviour

of materials at elevated temperatures. Due to the necessity of the simulation of the tertiary creep the

Norton creep law for secondary creep was extended with a scalar damage variable. The damage was

included in Kachanov’s and Rabotnov’s sense. This model is incorporated into the ANSYS code by

develOping a user creep material subroutine.

The accuracy of the creep—damage finite element predictions in thiniwalled structures was estimated

comparing with solutions based on the Ritz method. Various numerical tests Show the sensitivity of the

solutions to the mesh sizes and the element types. Solving the creep damage problem the mesh should

be adjusted using steady state creep solutions rather than elastic solutions. However, if the material

behaviour depends on the kind of loading (or the kind of stress state), the structure mechanics equations

for beams, plates and shells have to be based on refined cross sectiOn kinematics (eg, shear deformable

theories).

Further investigatiOns can be directed towards the use of enhanced finite elements for plates and shells.

In addition, the material model must be enlarged taking into account the damage induced anisotropy.
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