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Complete Solution for Stresses in Terms of Stress Functions.
Part II: Modification of Variational Principles

I. Kozék, Gy. Szeidl

In the second part of the paper the authors consider the variational problem from which the general and complete
solution of equilibrium equations can be obtained as Euler equations. By deducing the dual pairs of the strain
boundary conditions the static-kinematic analogy has been made complete.

1 Introduction

1.1 The book by Abovski, Andreev and Deruga (1978), which we have also cited in the first part of the paper,
presents variational principles from which the solutions of equilibrium equations in terms of stress functions
are obtained as Euler equations. Contrary to the papers by Tonti (1967) and Stippes (1966) there is a step
ahead in the treatment of the boundary surface but all those terms needed for a complete solution on multiple-
bordered regions are missing. The reason for this is that the particular solutions of the equilibrium equations
are assumed to be known in advance therefore the difference between homogeneous and particular solutions,
i.e., self-equilibrated stresses, are given by the Euler equations mentioned above. It is a further problem that
the contradiction between the number of side conditions (six compatibility differential equations on the volume
V) and the number of necessary stress functions (although three stress functions are sufficient to describe any
stress condition the resulting Euler equations involve six stress functions) is also not resolved.

1.2 It is well known that the mathematical structure of the compatibility equations and the stress representations
found by Beltrami are the same. This similarity is often called as static-kinematic analogy. It is obvious that
the fulfillment of strain boundary conditions is the way to cause no incompatibility on S,. Recalling that
compatibility and equilbrium are dual concepts one can raise the question: under what conditions are there
no stresses due to stress functions on S;? In other words, is there a possibility to extend the static-kinematic
analogy to boundary conditions?

1.3 In view of the foregoing the aims in the second part of the paper are as follows:
— With regard to the previous ideas (completeness, number of necessary stress functions, transformations
of integrals on the boundary etc.) to modify and supplement the corresponding variational principles.
— If possible to extend the static-kinematic analogy to the boundary conditions on S;.
1.4 In section 2 we focus on the free variational problem and briefly show what equations follow from the
stationary condition. Section 3 is devoted to a modification of the principle of minimum potential energy and it
is proved that the dual counterparts of the strain boundary conditions are also stationary conditions . Conclusions

are presented in section 4 which is a short summary of the results. The last section is again an Appendix, i.e.,
a collection of some longer transformations.

2 Free Variational Problem

2.1 Notations and notational conventions are the same as in the first part. When citing equations of the first
part the equation number is followed by a comma and the roman number 1.

2.2 There arises the question in connection with equation (3.31,I) obtained from the general primal form of the
principle of virtual work whether it is possible or not to establish a free variational problem where
— vanishing of variations with respect to strain fields ez; of the corresponding functional ensures the
fulfillment of field equations (3.32,I) on the volume V' of body and that of boundary conditions (3.33,1)
on the part S; of boundary
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— furthermore vanishing of variations with respect to the displacements uy, yields the fulfillment of bound-
ary conditions (3.34a-b,I), consequently the fulfillment of stress boundary conditions on S;.

The functional sought can be derived from the functional of the total potential energy by applying the method
of Lagrange multipliers. The domain of the functional involves

the strain fields

ekl(x) reV
the displacements
uk(§) £eS;
and
the stress functions
Hy(z) zeV
as well as } }
Hen(§) and  Hias(€) £e S,

In the latter case, as we have assumed so far, the stress functions meet the preconditions
Hpap(X)=0 ze€Vand Hi3(é) = 0 £ €8,

NOTE 1: These preconditions are based on those results presented in section 2 of part I. We remind the
reader that there are three independent compatibility differential equations 7% = 0 and because of that three
multipliers Hrgs are needed to maintain the equilibrium on V.

2.3 Equations of linear elasticity in terms of the variables mentioned above consist of the field equations
CPlrse, = epykeldrHyd;kr -+ gqul.;q + gqu’_’;q - gPlB'f;,C zeV (2.1)
EkaESlpekl;mp =0 reV (22)

and boundary conditions

gn/\ e H&A =0 Hn)\;3 - Hm\;3 =0 £ € St (23)

exk — Uaw) = 0 £esS; (2.4-a)

(e3x — ugje)x + DS (ear — Uajk) — (Exr3 — exg) = 0 £es; (2.4-b)
exs — ey =0 Ee S, (2.5-a)

(e3n - ﬁ3|n)]|/\ gE bg\l(ean = aa|n) - (en')\;S - e/\3;l~:) =0 f €Sy (25'b)
P = egkﬁepd”ﬁ,\d;pg + a3qB’f;q + a"qBZ_};q - ag”B’ik Ee S, (2.6-a)
2 = N Hy g + 0® B3 + 6™ B — ¥ B, £es, (2.6-b)

associated with a continuity condition
W —w =0 £€ g (2.7)

Really, simultaneous fulfilment of equations (2.2), (2.4-a,b), (2.5-a,b) and (2.7) ensures that the strains e
are kinematically admissible. Recalling the assertion from the beginning of paragraph 3.10 in part I we can
conclude with regard to continuity conditions (2.7) that the integration of conditions (2.4-a) and (2.4-b) yields
the actual displacement u(£) on S;. If in addition to this, field equation (2.1) is satisfied then the equilibrium

on V is maintained while simultaneous fulfilment of (2.6-a) and (2.6-b) is equivalent to that of stress boundary
conditions.

NOTE 2: Here and in the sequel, with regard to its simplicity, we confine ourselves to Schaefer’s solution.
However, the line of thought presented herein can be applied with ease to Gurtin’s solution.

2.4 Now let B y
Iy = Mo (ext, ui, Hrs, Hony Hergg) = 1y 4 TI5* + TI5% + IS (2.8)
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be the functional sought in which

0 = [ [enCP™ers = By +4957, — P Bialepl dV + | E ey HindV (29:)
1%

I = [ [ @B + a8, - o B A
JS,

~/ n3e" 3 (exn — u(rpwy) Hnoss
5.

+[(€3n &= u3|n)||)\ =+ bg\t(ean = ua[n) = (em)\;S = CAI};K,) = bg(e)\rc - U(A|n))}Hn0+
[em\nﬁ + exglly — (U,\|n)1|19 - u3|)\b19h'.]gn3 — bys(exx — ua|x)) Haz} dA (2.9-b)

Hg“ - / 713((13qu_;(1 + aqu?;q - GSIB{C;IC) @ dA
Sai

Su

+(esn — tiap)ja + 05 (Cax — Gajn) — (exris — exsin) — Ug(exn — Gajn))| Hno
+lewao + exnpo — (Gaje) o — Usnbox] Hyz — byo(exx — Gajx)) Haa} dA (2.9-c)

Hg = — f‘ nge""‘?rﬂ{(um,ﬂ e '&ﬁln)ﬁn:} e (u3|,{ = ﬂgm)ﬁlmg} ds + ?{Tneldpﬁnd;p(ul = ’0,[) ds (2.10)
g 9

Observe that the functional contains all the stress functions including those regarded to be zero. When inves-
tigating what stationary conditions follow from equation 6II; = 0 as a variational principle we shall take into
consideration, as we did earlier, that Hy,(z) and Hy; (&) are of special structure — see NOTE 8 in part I and
paragraph 2.2 .

2.5 Vanishing of variation
61y = 6.I1p + 6,115 + 6115 + 51'{1_[2 =0 ] (2.11)

as a variational principle ensures the fulfilment not only of field equations (2.1) and (2.2) but also of the boundary
conditions (2.3), (2.4-a,b), (2.5-a,b), (2.6-a,b) and continuity condition (2.7).

In what follows we briefly outline the proof of the above assertion. Because of the independence of variations
taken with respect to distinct variables stationary condition (2.11) is equivalent to the equations

belly = 6,ITY + 6 115 + 6. II5% =0 (2.12-a)
6uIly = 6,115 + 6,11 =0 (2.12-b)
6ully = §I1Y + 65115 =0 (2.12c)
and
Tl = 85II0¢ 4 85115 =10 (2.12-d)

2.6 Equation (2.12-a) can be transformed into a suitable form if utilizing (3.26a-b,1) we substitute

— (3.30,]) into the expression 8.I1Y replacing first e, ep;3 and e,y by their variations be,, de,9,3 and
éepg

— the opposite of (3.29,I) for 6EH§‘ replacing first S, HK,\ and Hn)\;g by S;, 6I~L§A and 6151,1,\;3
and

— the opposite of (3.29,1) for 6EH§“ replacing first S, FIM and HK)\;g by Sy, 6H,x and 6Hyy.3 .
Upon a subsequent rearrangement we have

.10y = / [CP™eps — (P¥* e Hygiir + gPIB., + g'1BP, — gP' B, berp dV
1%

+ / n3€ P33~ (Hyw — Hae)0ep9,3 + (Hawiz — Haxia)0e,m]dA =0 (2.13)
Sy
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Since the variations e , §e,9,3 and e,y are arbitrary, this equation can only be satisfied when field equation
(2.1) and boundary conditions (2.3-a,b) are also fulfilled.

2.7 Observing that 6UH§' is the opposite of I3}, if in the latter S, uy and ug are respectively replaced by
Sy, 6uy and Sus, then utilizing (A.50) — in which S,, g, and ug are also to be replaced by S, ¢ and duz —
and (2.10) we obtain from (2.12-b)

6, Iy = —/ [£* - n3(637’“eld”f{”d;p,&. + a3qu';q + aqu?’;q - QBIB’f;k)} bupdA =0 (2.14)
St

Since in (2.14) no condition for §u; is set down it is arbitrary. Consequently, fulfillment of equation (2.14), or
what is the same thing, fulfillment of stationary condition (2.12-b) yields the boundary conditions (2.6-a) and
(2.6-b).

2.8 As regards equation (2.12-c) one should remember that condition (3.19,1) is not independent of (3.8a-b,I).
In the light of this circumstance it can easily be shown that the fulfillment of stationary condition (2.12-c) is
equivalent to that of field equation (2.2) — Hap = 0 on V, consequently, we assume that §Hsp = 0 — and
boundary conditions (2.5-a,b) even if §H,3 and §H33 are different from zero, otherwise arbitrary on S,.

2.9 Making use of the independence of variations 5191'[5’ and 6 TI$ we can replace (2.12-d) by the following
two conditions

67015 =0 and 65005 =0 (2.15)

Since IEIH3 = 0 we can cancel those terms in (2.15-a) — see (2.9-b) — which involve H',Qg and ﬁgg. In this

way we obtain from (2.15-a) with regard to the arbitrariness of 61{]7,19 and 5]517719;3 that the boundary conditions
(2.4-a,b) also hold.

2.10 Before investigating what equations follow from the stationary condition (2.15-b) we define two vector

fields 67! (¢) and 6w, (&) on the curve g separating boundary parts S, and S; in order to simplify the necessary

transformations. Let
d &7

ds
This equation always has a solution for the unknown vector field.

= '“Tneldpéﬁnd;p f €g (216)

s
677131 = -/ T"eldp(SHnd;pal ds
s

o

In addition to this

d &t 123 /¢ 7 ~ d 672 123 0 & -
T = —1"€ (6}:]773;2 + 6HTI2;3) da = le (6H773;1 2 (SHnl;S) 5 €g (217)
d &3 »
Lol _Tneaémans;ﬂ cecg (2.18)
ds
where with regard to (3.35a-b,I)
6Bl = 5151,\3|n = 6Hxz, — [}, 6Hy3 — %, 6Hy, te s (2.19-a)
61:1)‘“?%’ = 6ﬁAN|p = 6}?[)\n|[p - bAp6ﬁ3H - br{,pé-ﬁ-{)& 5 es (219—b)
Further let 25
w, . N
ds =17 (egn3b7 + §Hyy) ey (2.20)

It is clear that the latter equation also has a solution for the vector field §w,,.
NOTE 3: In view of (2.17), (2.20) and (2.19-a,b) we may write
67:] = 67:1(51;[772;3,...) 57:2 :57:2(61{[771;3,...) .f cg

and
by = 6y (6Hyy, .. .) 8y = 61ip(6Hay, - - ) feyg

where the variations of E{,ﬂ;g, fI,,l;g,, Hyyg and Hoyy are independent of each other and arbitrary. Consequently,
we may assume without any loss of generality that §7* and 6w, are independent and arbitrary on g. Later on
it will also turn out that 67 plays no role in the final form of stationary condition §5I1§ = 0.
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2.11 Now we can turn our attention to the stationary condition (2.15-b). Using (2.10), substituting (2.16) and
(2.20) for N )
T"eldpéHnd;p and 7'196ng

and entering into no details — these are presented in paragraph 5.1 — we have

d =
65105 = - [e""?’—d—(u;:,m — 3|, )| 6y ds + ?{[——(uh — 0, )]67"%ds =0 (2.21)
g ds g s

if we also bear in mind that because of the assumption f{”3 = 0 the corresponding term has been canceled in
(2.10).

It is obvious that the vanishing of 611§ for arbitrary 6w, and 67" is equivalent to the fulfilment of equations

d . d 5

%(USIK - u3|n) =0 and a;(un —dy) =0 £€g (2.22)
If the latter two equations hold then continuity condition (2.7) can always be satisfied by means of a proper
choice in respect of the initial values.

NOTE 4: When applying direct methods there is no need to utilize the line of thought presented in paragraphs
2.8 and 2.9 in order that one can prove the fulfilment of continuity condition (2.7).

NOTE 5: Functional defined by the equations (2.8), (2.9-a,b,c) and (2.10) corresponds to the last functional
published on p.224 in Abovski et al. (1978). There are, however, some significant differences detailed as
follows:

1. The functional presented in this paper does not imply any contradiction concerning the number of
compatibility differential equations and that of stress functions. Both are three and not six as it is the
case in Abovski et al. (1978).

2. The present formulation allows us to divide the boundary into parts S, and S; on which various boundary
conditions can be imposed.

3. The domain of functional Il involves stress functions defined on S; and this is the circumstance which
enables us to handle boundary conditions of various types.

4. It is also worthy of mention that the continuity of displacements on curve g is not a precondition but it
follows from the stationarity of functional II,.

3 Static-Kinematic Analogy

3.1 If preconditions are set down on some variables then functional Il can assume a much simpler form.
If the strains are kinematically admissible then (2.2) and (2.4-a,b) hold and both the displacements and their
derivatives on .S are continuous along the curve g. If in addition to this stress functions H,, » and H 3 satisfying

stress boundary conditions (2.6-a,b) are known then functional IT; — see equations (2.8) to (2.10) — reduces
to functional

I (exr, wi) = I} (exy) + T (wy) + C5 (3.1)
where 1
H}/(ekl) = ‘/v[geplcp”se"'s - (gqu{;q =+ gqu;.);q - gplB].c;k)ePl] av (32_3‘)
5% () = — / n3e e H, oty d A (3.2-b)
St
and
C3 = /S n3(a®B',, +a'B% —a¥B* )] 4, dA (3.2-c)

NOTE 6: The same functional can be obtained from that of the total potential energy

M(ew,w) = % / epCP e, dV — / b dvV — | tludA
\4 Vv S
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if one substitutes I, (equations (3.2-a,l) and (3.3,1)) and (2.6-a,b) for the second volume integral and t,
respectively, keeping in mind that u;(£) = 4,(&) on S,.

3.2 Functional (3.1) can be transformed further performing partial integrations in IS¢ in order that II; should
depend on ex; only. As regards the details we refer to paragraph 5.2 . Finally one has

I (egt) = I} (exs) + I3 (er) + 11T + CF + CT (3.3)
in which
H‘f"l(ekl) = / nge”"geldp(-—H,,d;pem + Hpgewp) dA (3.4-a)
Sy
I (ex)) = ?{ e (H,pes — Hyzeor) ds (3.4-b)
g
and
CFf = — f{ TP H, g ds — ?{ T (Hp oz — Hyals,s) ds (3.4-c)
g g

3.3 Functional (3.3) is subjected to subsidiary conditions which ensure that the strains eg; are kinematically
admissible. In contrast to the foregoing one has to choose those conditions of single-valuedness being given
in terms of strains eg;. Consequently, for strains to be kinematically admissible it is necessary that the field
equation (3.7-a,I), the kinematic boundary condition (2.5-a,b) and the boundary condition of compatibility

ngn® = Meldpe o = 0 £e S, (3.5)
should be fulfilled. Let }
Hps(z) = Hsg(z) zeV

Hu (§) =Hu (€) and Hpyos =Hoys £ €S,
and
wy(€) £eS;
be undetermined Lagrange multipliers.

In accordance with all that has been said when seeking what equations can be obtained from the stationarity of
functional II; one should supplement the functional by the sum of integrals

Mg =Y + 05 + I3 =0 (3.6)
where
Hg = -IIV(HR5) (37—&)
N3¢ = —I7 (Su, W, Hi, Hyos) (3.7-b)
and
Hg,, — ~/ ESnKEldpcnd;ple dA (3.7-¢)
S

As regards the notations the parameters that have been changed are marked in equations (3.7-a) and (3.7-b) —
see (3.21a,l) and (3.21b,I) for details.

It is also worthy of mention that integrals (3.7-a) and (3.7-b) are considered under the same assumptions as I’
and I were earlier, including the structure of multipliers as well as the not independent condition (3.19,1).

NOTE 7: For strains eg, to be kinematically admissible it is also necessary that some further conditions,
referred to as continuity conditions, should be satisfied on curve g. Joint fulfilment of the former and the latter
conditions — which are presented in the next paragraph — is not only necessary but also sufficient for strains
ex: to be kinematically admissible.

3.4 1t follows from the kinematic equations that

e = 7"912(7,;,9) E€yg (3.8-a)
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must hold. Using (A.25) it is immediately verified that

dw? .
= 71w = 713N =Qgan = T'€

rFr i 5 27 € i §€g (3.8-b)

This equation expresses that the rigid body rotation w® should be the same in both sides of curve g. As regards
the other two components of rigid body rotation one obtains from (A.25) and (A.26)

1 1 1
r _ o, rql/> = e _ .7rql
W.p=E¢€ (5utgp + 5 Ugitp 2“(1;!17) =" (eigp — eqip) zeV

2 2

Changing r and p to ¥ and n and decomposing the sums one may write after some manipulation that

dw?
=77 =77

ﬂBA(
dS Byl

193)\(

exsn — Uggan) = 77€7" (eanis — €ann) £E€y (3.8-¢)

The above line of thought implies the assumption that the displacements and their covariant derivatives taken
on the surface are continuous when one goes through curve g. Since neither 4y nor 4.,y can be varied freely

bty =0 and Sl rng =0 £eSu

from which in comparison with (3.8-a,b,c) it follows immediately that the variations fex; on g are subject to
the conditions

778ens = 0, 7N Gayg, s =D tcyg (3.9-a)
and

71" 6erg,y = T7€7 (Sern;a — Geann) ey (3.9-b)
Since i i

exs = -Q—(U/\;g +ug.y) = —2-('11,}\;3 + U3:2) E€yg (3.10)

it is easily seen that e,;3 can be varied freely on g.

Consequently, when varying the sum II; + ITg with respect to strains ex; in order to find what equations follow
from the stationarity condition one should keep in mind that ex; can be varied freely everywhere on V and S
except the curve g on which the variations deg; are to meet the preconditions (3.9-a) and (3.9-b).

3.5 Now we shall consider what equations can be obtained from the stationary condition
Selly + 6clls = IY + IS* + ISt + IS =0 (3.11)

in which II‘{ , Ig‘, I 5 and Ig denote respectively the integrals taken on V', Sy, S, and g when the transformations
aimed to bring 6.II; + 6.Ils into a suitable form have been completed. At present they are not known. It is,
however, obvious that each of the integrals I}Y, Ig“', Ig" and IS must vanish separately since the domains are
different. In what follows we shall utilize this circumstance without referring to it again.

3.6 Recalling (3.2-a), (3.7-a), (3.21a,]) and repeating the line of thought leading from (A.57) to (A.58a,b) and
(A.60) we have

Gl +6ITE = 6,11 4 IV (Segy, Hps) = 1Y 4 I§* 4 ID: (3.12)
where
1 = [ 10 e = (@ By + 1B + BT, — B BedV =0 (319
and
If“ + If" = ~—/S . nge"pge/“%(l:l,\n&emg;g - I{IM;;J,(Semg) dA (3.14)
Wt St

3.7 It is obvious that the integral Ig" consists of two parts.
Iﬁ‘u _ Ifu J 56ng (3.15)

As regards the variation 6H§“ let us consider the equations (3.7-b), (3.21b,1), (3.26a,I) and (3.29,I) from which
follows that :

5H§" = —I7 (Su, bext, Hi)la=o = ~I5(Su,Sen, Hu)
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since the variation is taken with respect to ex;. After performing the necessary letter changes one can substitute
(3.29,1) for 6eH§“ in (3.15). Keeping (3.14) also in mind we obtain

B = JJ¢ 45,13
= / n3€Np3€>‘ﬂ3[( ITIAK ~—H)\K)(5ep19;3 o ( f})\,{;g, —H,\,{;3)§6p19] dA =0 (3.16)
Su

3.8 Now we concentrate on the last two integrals Ig" and I§ whose sum will be separated into two groups
depending on whether they include Hyy, Hy, or v

I+ IS = (I + ISk) + (I, + IS.,) (3.17)

To begin with we shall consider those integrals containing H w1, Hyi. It is clear on the basis of (3.3), (3.4-a),
(3.4-b), (3.6), (3.7-a), (3.11) and (3.12) that

Iy + Iffy = 8II0 + I + 611 (H) (3.18)
Comparison of (3.4-a) to (A.58b) yields
8eTI7*! = I3 (St, Bewt, Hir) (3.19-a)

Next integral I f" will be considered. An appropriate result can be achieved in three steps.

1. We notice that the surface integral in (A.59) is equal to [ f ¢ provided that the following replacements
are made.

S, — S, H-— H e — de

2. Comparing (3.4-b) to (A.59) we also notice, that the line integral in (A.59) coincides with &, IT¢ if
further letter replacements are made.

go — ¢ H—H e — de
3. Then we solve the equation resulting for I f b

Finally we have 3 5
IfL = —IéSE(St,(Sekl,Hkl) = H?(éekl,Hkl) (319—b)

Upon substitution of equations (3.19-a) and (3.19-b) into (3.18) we obtain
IrSI'H + ISy = I35 (St, Sext, Hy — Hiy) + 1§ (Sexs, Hyy — Hiat) (3.19-t)

since the integrals are linear in Hy;. Let B )
Hyy = Hy — Hy (3.19-u)
With (A.58c¢), (3.4-b) and (3.19-u) it follows from (3.19-t) that

S G _ p3 03[ 3 ; =
Iy + Ity = / g™ e[ Hyc0€p9:3 — Hawbessy — Hauliesp:
St

—H 3000 + Hawjobeps + Hayepbepg] dA
—f- nge(1° H,96es — 7*8er, Hys) ds (3.19-v)
Jo

If in (3.19-v) we substitute

gkl for 6ekl
and

€kl for E[H
we arrive at (A.54). It immediately follows from this that the point of departure of those transformations leading
to (A.54), i.e., equation (3.26a,]), is the final form of (3.19-v) provided that ex; and Hy, are respectively replaced
by Hy; and dey;. In this way we have

ISy + Iy = /Sn3€“"3€Aﬂ3{ Hybengs + (Hnjo + Howjpo)beys

+(E’3,€“)\ + bgﬁom — _K)\;g + H)\3|K — bgl_{)\n)éenﬂ + bmgH)\K,(Segg} dA (323—&)

204



which means that
II?H =0 (3.23-b)

3.9 The last integral to be considered is the one which involves the multiplier w;. It is clear from (3.6),
(3.7-a,b,c) and the resolution (3.17) that

Ig:, + IR, = 6.3 = T3 (ex)) (3.24)

In the sequel it is our aim to make use of equations (A.50) and (3.25,I) in order to avoid carrying out long formal
transformations. Comparing (3.17) and the surface integral in (A.50) it becomes clear that after substituting
respectively N

S:, g, bex; and vy for S,, go, Hi and w;
in (A.50) and (3.25,1) one obtains an equation with the unknown Hg”(éekl) or since the two expressions are of
the same value of I3,. Consequently, one may write by separating surface and line integrals

I, = —/ n3e PN 3wy ) bens3dA
St
+/ n3e”7736’\‘93[—wk|,€”,95en3 — W )by dess + (bgwmn) — bYWy )0ens] dA
St
+/ n;;EKnBG/\ﬂB[-—w;;MH)\(SGmg — w3|/\b19,¢663n - IU3'Nb19A6€n3]dA (325)
Sy

and
Igw = ?{T"eldpéend;pwl ds — fn36“"37’9(w19|,¢6e,,3 — ws)Oeny) ds. (3.26)
g g

With respect to (3.17), (3.23-a,b) and (3.25) wc have

i = /S g (Hyn — w(ajny)Benss
(B = w315 + b (Fn = wape) — (Fons — Fne) — B — wiap)loens
+[Heexjo + Hawlo — (Wap) 9 — wapbow8ens — byg (A — waje))0esz} dA =0 (3.27)
Making use of (3.17), (3.23-a,b) and (3.26) it follows that
If = If,

Decomposing the sum involving e in the first line integral we obtain from (3.26)

Ig = IrGhu = ——j{T"e&\%elgn;)\wg ds — j{'r”e%)‘(ée,\mg — Oegp;x)wy ds
g 9

—I—?{T”Gﬂ:‘)\wnwét?)\g ds + ?{7063”"w3|n66nﬁ ds =0
g g
Substituting (3.9-a) and (3.9-b) then performing partial integration with respect to s we get

Ig = f’ri()ens)‘Q'LU(nm)b‘e,\;} ds = 0 (328)
g

Since in equations (3.13), (3.14), (3.27) and (3.28) no restrictions for

dey, zeV
6€p,9|3, 56[,19 £eS,
beng|3, Oeny, Oeys, bes3 § €S
and ‘
be3n §€yg

are set down they are arbitrary. Consequently, the vanishing of integrals I, I5*, I5¢ and IS yields
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— the field equation
CP'"%e,, = PR H yir + gP1B  + g"BP, — ¢" BY, eV (3.29)

as the Euler equation of the problem
— the boundary conditions

Haw= Hyx and I},\n;:s: Hyus £Ees, (3.30)

Hip — Hye = Hye =i Ee S, (3.31-a)

(H3'€ - w3IN)H)\ 5 bg(Hcm - wa\n) - (FIN/\;S = H/\B;n) =0 & Sy (331'b)
Hnjo + Hoxjlo — Wajxjjs — Wapabox = 0 £eS (3.31-c)

and
— the continuity condition
Twge =0  £€g (3.32)
The following notes arc aimed at interpreting equations (3.29) to (3.32) obtainced from the extremum condition
(3.11).

NOTE 8: Equation (3.29) is the general and complete stress function solution of equilibrium equations set up
in this form by Schaefer (1953). In other words the general and complete solution of equilibrium equations can
really be derived from the extremum of the total potential energy provided that the subsidiary conditions are
appropriately chosen.

NOTE 9: According to equation (3.30) multipliers defined on S, coincide with those defined on V. Conse-
quently, the stress function solution is valid on S,,.

NOTE 10: Equations (3.31-a,b,c) are the dual counterparts of kinematic boundary conditions (3.8a-b,I) and
supplementary condition (3.19) since {the former] (the latter) conditions can immediately be obtained from the
[the latter] (the former) ones if we substitute [e for A and u for w] (H for e and w for u). Since (3.19,I) is

not independent of (3.8a) nor is (3.31-c) of (3.31-a). Consequently, (3.31-a) and (3.31-b) are the substantial
boundary conditions.

NOTE 11: It follows from NOTE 8 and equations (3.33,]) that stress functions on V' and S; may differ from
each other in the symmetric part of the gradient of a vector field

H(€) — Ha(€) = W (€) ¢es (3.33)

In the light of this circumstance there arises the question whether boundary conditions (3.31-a) and (3.31-b)
contradict equation (3.33) or not. In what follows we shall prove that there is no formal contraciction between
(3.31-a), (3.31-b) and (3.33). Our point of departure is the equation

Hy (&) = Hu(€) = Hu(€) = wi () £e S, (3.34)

which is obviously equivalent to (3.33). The latter equation implies (3.31-a). However, in contrast to (3.34) no

derivatives taken along the normal to S; appear in W(xlx)- Proof of the second part of our statement requires
some preparations.

Let 7! be the axial vector of wg.. As it is well known

1
= Eelpqwq;p and Wp) = —€ppsT’ £€s (3.35)

In view of (A.2b) and (3.34) one may write

1 1
Wiplix = 5(“”:17)\ — Wpyr) = §(wl;p>\ + Waip — Wasip — Wpyin) £esS,
or
Wippx = Hinp — Hapy £E€ S5

After exchanging the left and right sides let us add (3.34) to the latter equation. With respect to (3.35b) we have

Wipx = W(gp)a — elps"'s,;x = -Hl)\;p - -FIAp;l + Hlp;)\ = £Ee s, (3.36)
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Now we shall prove that the latter equation, which is a consequence of (3.34), implies (3.31-b).

Because of the indices in (3.31-a,b) we shall confine ourselves to those equations obtained by setting { and p to
3 and «: B B B
W3:kX = w(3;n);)\ - GSHUT‘_J;,\ = HB/\;K = HAK;ZS + HSK;)\ € € St (337)

It can be shown readily by using (A.9) that
Hjwn = Hawyps + 0§ Haw — berHss £ €S
Substitution of the latter equation into the right hand side of (3.37) yields
I:Ig,{”,\ + b8 Hop — (Hers — Hagge) — beaHaz = wayy = W) — €3naT Tx £Ee S (3.38)
Using again (A.9) to transform the right hand side of (3.38) we have
W3ea = W3e|r + X Wax — braws;3 e s

With this equation it follows from (3.38) that

(Hzx — waje)n + b5 (Hawx — Was) — (Heas — Hagix) — bea(Hag —w3;3) = 0 £ S (3.39)

If H33 — w33 = 0 equation (3.39) reduces to (3.31-b). In this case no derivative of w; taken along the normal
to the surface appear in (3.39). In other words the principle of minimum potential energy ensures the fulfilment
of that part of equation (3.36) which does not involve the derivative of w; along the normal to S;.

NOTE 12: With regard to (3.30a) and (3.31-a,b) condition (3.33) is a continuity condition of the form

TP Hyg = 7% Haw Ee€yg

for those multipliers defined on S; and S, respectively.

4 Concluding Remarks

4.1 The most important functionals of Lagrange’s type have been presented in the second part of the article.
As a result of our modification the corresponding variational principles imply no contradiction concerning the
number of compatibility equations and that of stress functions in terms of which one obtains the general and
complete stress function solution of equilibrium equations from the stationary condition.

4.2 The variational formulation presented ensures more freedom in respect of the boundary conditions (both
strain and traction boundary conditions can be imposed on distinct parts of S).

4.3 The static—kinematic analogy has been supplemented by appropriate boundary conditions. Each of the strain
boundary conditions and the supplementary identity on S, has its dual counterpart on S; and vice versa.

5 Appendix

5.1 Transformation of integral ¢ gﬂg of equations (2.10) and (2.15b)

Canceling the term that involves § H,,3 and substituting €9 §H, g, and 798 H,p9 taken from (2.16) and (2.20)
into (2.15b) we obtain

51§'H§ = fn3enn37-19(u3ln - ﬁ3],€)5lffmg ds + ?{ n37'"5ldz)5ﬂ'nd;p(ul _ 111) ds
g g

déw

. ?{6'“73(?" + Tﬁénggé’ﬁg)(U3|H — Qigy) ds — %(ul — 1)
g g

d &7

ds =0
ds s

since ng = 1.
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Making use of the equation €3¢, 93 = —6/5 and performing partial integrations we arrive at (2.21).
5.2 Transformation of integral (3.2-b)
Applying the rule (A.20) of partial integration and observing that

c""%ldpu,\.,;,p =0 Ees,

one obtains

Hft (ekl) = Iis" + IIG = —/ ngemlséldp(—H”d;pu[;,,; + H,,du.K,;lp)dA s %T”eld”f[nd;pﬂlds (Bl)
St

Vg

where Ils‘ and I{ stand for the surface and line integral, respectively. It follows from the decomposttion theorem
(A.2) and the kinematic equation (2.6,1) that

Upw = €1 + Uy and Uy =+ Upy) £es, (B.2)
Upon substitution of (B.2) into the surface integral [ f * and comparing the result with (3.4-a,b,c) one has
B m= T 4 I (B.3)
where
Ig" = —‘/ 713E”n3€ldp(—fL,d;pU[l;H] + Ij{ndu[x;p]) dA
S
N —-/ n3€m}3€wz(—ﬁnﬁ;:3u[/\;'<l + HW'»"”?“[K;P] + ];'7717;/\“[3;'4]
St
+ﬁ1117“’[h‘,;)\];3 - }17]3u[K;A];19 + 1{770u{n;3];/\) dA
Since ‘
€N773€/\03Hm?u[m,\];3 =0 £e s, (B.4-a)
and i
6’61]35)\03[{771‘);31},[}\;,‘-‘} =0 £ = ‘Sr" (B4-b)

with the rule of partial integrations one obtains

Iﬁg‘ = I{}SL -+ Ilc = ——/ 71,36“7736/\03[—1;{,73 (u[)\;,{] -+ U,[K.‘)\]);ﬁ == l{[.,,g(u[;;m} -+ U/[K;gl);/\] dA
S

= 7(T77FK7’3([;,7g1L[3;,;‘] — ﬁ,lgu[gm]) ds

v g

in which the surface integral vanishes. In view of equation (2.6,1) and continuity condition (2.22) the assumption
is made that

U3ie] = €x3 — Uik and Ulgin] = Cox — Uiy feg (B.5)
Substitution of (B.5) and a subsequent comparison of the result with (3.4-a,b,c), (B.1) and (B.2) yields
| M = {4+ 17 + of

which proves the correctness of transformation mentioned in paragraph 3.2 .
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