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Asymptotic Methods in the Statics and Dynamics of Perforated
Plates and Shells with Periodic Structures

L. V. Andrianov, V. V. Shevchenko, E. G. Kholod

An analytical solution, describing homogenized coefficients Jor static and dynamic equations for periodically
perforated domains, has been obtained by asymptotic methods and two-point Padé approximants.

1 Introduction

The analysis of perforated plates and shells is of significant practical value: a lot of problems, arising in machi-
ne design, civil engineering etc., can be reduced to perforated plates and shells. The problems posed are often
solved using numerical methods such as finite element procedures. Nevertheless, a numerical approach does
not adequately fit the requirements of optimal structural design ideology. Then approximate analytical expres-
sions, if they are accurate enough, will be of great practical advantage for these needs.

The prescnce in the solutions of slow and fast varying parts is the main obstacle on the way of numerical inve-
stigation of perforated structures. In many physical problems, some variables vary slowly, others fast. It is natu-
ral then to pose the question whether it might not be appropriate first to study a global structure, digressing
from its local distinctive features, and then to investigate the system locally. It is the homogenization method
that is aimed at a division into fast and slow components of the solution. Without going into detail - the more
because the method has at present a lot of modifications - it will be noted only that it involves the introduction
of ,,slow” (macroscopic) and the ,fast* (microscopic) variables whose equations are separated and can be solved
independently, or sequentially.

This method was developed for and gained wide use in solving problems in celestial mechanics and in the non-
linear oscillation theory, which are characterized by common differential equations. At present, the method is
used with great advantage for solving variable coefficient partial differential equations in such disciplines as the
theory of composites, or the design of reinforced, corrugated, perforated, etc. shells (Andrianov et al., 1983,
1985, 1988, 1991; Bakhvalov and Panasenko, 1989; Bensoussan et al., 1978; Berdichevsky, 1983; Bourgat,
1979; Caillarie, 1984; Cioranescu and Paulin, 1979; Duvaut, 1977; Kalamkarov, 1993; Lewinsky and Telega,
1988; Lions, 1980, 1982; Mignot et al., 1981; Nazarov and Paukshto, 1984; Oleynik et al., 1986; Sanchez-
Palencia, 1980; Suquet, 1980; Vanninathan, 1981). An original nonhomogeneous medium or structure is redu-
ced to a homogeneous one (generally anisotropic) with some effective characteristics. The homogenization
method allows not only to obtain effective characteristics but also to investigate nonhomogeneous distributions
of mechanical stresses in different materials and structures, which is of great significance for evaluating their
strength. Then the main idea of the method is based on a separation of ,fast“ and ,,slow* variables. As a start, a
certain periodic boundary problem is formulated (,cell“ or , local® problem) and its solution, assuming periodic
continuation of boundary conditions, is obtained. For that purpose the local coordinates (,,fast“ variables, in the
case of the multiscaling method) are introduced. After that averaging upon local (,fast“) coordinates is perfor-
med. The approach presented fills the substantial gap between numerical methods of thin shell theory, which
methods lack generality and the possibility to grasp the common features of behavior of the structures con-
cerned, and approximate design schemes, based on heuristic hypotheses. Methods proposed are wideranging in
applications and lead to simple and clear design formulae, useful for practical analyses. The aforesaid opens
new prospects in the analysis of new important problems arising in modern engineering and not yet solved
fully and effectively enough.

The theory of homogenization has been developed for perforated media by many authors in recent years (see
above). Mathematical foundations of the method have already been established.

The main task in this field then is in solving the so-called cell (or local) problem. This problem has been
usually treated by numerical methods. We have used asymptotic methods (perturbation of the domain size and
perturbation of boundary conditions, singular perturbation) and two-point Padé approximants for solving the
cell problem and have developed the approach in this paper.
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The present paper covers the following problems:

+ Bending of rectangular plates with periodic square perforations

¢ Eigenvalue problem of perforated plates

e Analytical approach for a large hole

e Matching of asymptotic expansions by means of two-point Padé approximants
o The plane theory of elasticity in the perforated domain

e Perforated shallow shells

2 Bending of Rectangular Plates with Periodic Square Perforations

We consider the biharmonic cquation
DV*W = P(x,y) (1

in domain G which consists of a perforated medium with a large number of square holes which are arranged in
a periodic manner with period 2a (Figure 1).
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Figure 1. Perforated Element

Here D denotes the plate stiffness, D = En’/ (12(1—v2)), and V* = &*/ax*+0%/ay* is the Cartesian
form of the Laplace operator.

The study of such problems is important from a theoretical as well as a numerical point of view. Because of the
complicated structure of the perforated domain, any kind of calculation is difficult to perform. If we treat the
boundary value problem we have to impose the boundary condition on the boundary of the holes which are
many in number. So, we would like to approximate the given problem by a homogenized problem on a domain
without holes. By the method of asymptotic development, a problem on a periodically perforated domain is
reduced to solving problems in the basic cell and in the domain without holes. Let the boundary of holes 6G,
be free of stress, such that
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(Vi) - @=v)[os (m.-m,)sin20 — w,, cos26] w0, = © ¥)

VAW + (1-v) (W, sin26 ~ W,,sin’6 — W, cos? e)|aG =0 3)

(1

where O is the angle between axis OX and normal 7, . Boundary conditions (without loss of generality) along
the domain boundary 6G (Figure 1) may be formalized as follows:

W=W,,=0 ondG 4
We denote
€ = 2all (al <<1) € = s{lx n = el’ly

The method used here is a variant of multiscaling techniques used in Andrianov et al. (1983, 1985, 1988,

1991), Baker (1981), Bakhvalov and Panasenko (1989), and Bensoussan et al. (1978). Let us represent the
solution in the form of a formal expansion

W(x’y) = %(x»yaésn) + 81”[/1()5,)’,&771) + Slez(x:y,i,T]) o oo (5)

where x = x, y = y,.
Changeability period 1 in respect to variables &,n for the functions 7 (/= L2, --) is admitted. The opera-
tors 0/0x;, and &/dy, applied to a function W, become

ofox, = ofon, + 7' 0fcx d/oy, = 8oy, + &' §/on 6)

Substituting series (5) into boundary value problem (1) to (4), taking into account relations (6) and splitting it
with respect to the power of ¢, , one obtains the following recurrent sequence of boundary value problems:

M[W,] = [ —(l—v)sinZO] # Wm[l ~(1-v)cos? e] + (1= V)W, sinze]aGk = —M,[,) %)

A

—4[(V12W2)xi + (VZW)] ®)

LI[W3]aGk = ~L[W,] - 3%y, sine[l +(1-v)cos® 8]

~ (W60 + Wiy cos6t +(1-v) (1-3sin’ 0)]
~ Wyge cose[l +(1- v)sin® 6] ©
- (Zszgn +Wzy§§) sin9[l +(1-v) (1—3cos2 6)]
Mg, = =Wyl ~(1-v)sin’0] - 2, [1 ~(1-v)cos’0] = (1-v) (W +1, )sin20 (10)
VW, + VW, + 4 [(Vfﬂg)xé +(V12W3)yn} 43 [(Vsz)m +(V12W2)yy+ 2 (Wrysee +2Wsg +W2W)]
= P(x,y)/D (11)
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LW, = =3 (i + W) 050 [1 +(1=v)sin® 0] =3 (3, 41730 ) sin6 [t +(-v) (1-3c057)|
~ (W +2Ws e +205,,, +Wye) 0050 [1 +(1—v)sin26] (12)
x

Wases + Woame + W +W) sind [1 +(1-v)cos? 0]
Let us introduce parameter €, = b/a and consider the case &, <<1 (it means a small hole, casc g, = 1is
considered in section 4).
Then we can use asymptotic methods of perturbation of domain size and boundary form perturbation (Nayfeh,
1981; Guz and Nemish, 1989). For this purpose we neglect in the first approximation the outer boundary of the

cell and pass to polar coordinates. Then function W, is represented by an €, - based expansion in polar coor-
dinates.

W(p.@) = Wy(p.®) + 6.3 (p.0) + 3 (p, ) + -+ (13)
Then we can translate the boundary conditions from line p = R(1 + &, cos4¢) to circle p = R by Taylor’s
formula (Nayfeh, 1981; Guz and Nemish, 1989). Substituting equation (13) into the boundary value problem

(7) and splitting it into a recurrent system of similar boundary problems one obtains

VW, =0 (14)

La[WZO] - [WZOPPP +R;2W209q>q> _R_lWZOpP _ZR_SWzow

5)
R Mgy +(1-V) (R 050 —R‘3W20W)] =
p=R
Ma[Wzo] = [WZOpp +v (RizWZO(pq) —RilWZOp)] _ 16
=~V + 05 (1) [Wy(1-cos2¢) +,,, (1+c0s20) Wy sin20]
Here
& 0 &
2 s =1 > =2 ¥
\& o +p 3 6(p2

The solution of this problem may be written in Cartesian coordinates in the following form:
W(x,3,&,m) = 05 (CyplnN + DypoN1InN)+ N7 (BypM + 2B5,0) + N7 (Dyp M + 2D5,0)
+ sz[N*Z(BmM + 2B3,0) + N7/(DypM + 2D},,0)+ N™(Byy L + 2By,0M)  (17)

+ N7(DyL + 2D5,,0M) + N™°(B,, MK + 2B;,,0P) + N7 (Dyy MK + 2D2'14QP)]

where
N=8g+n’ M=g> -y’ Q=¢n
L=g"~6&"n"+n* P=38%—10&%n% +31* K=£*—148702 4+ 0*

Ca00> Dagos Bagy» -+ are very complicated coefficients, and are not given here.

Function W, does not satisfy conditions of periodicity (conditions on the outer boundary of the cell). For the

correction term W2H we obtain the following expressions, taking into account only the principal of the series
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[Wﬁ]ija = fi(n) [szé]zi = £,(n) [W{g’g]zjﬁ = /() [%Iggg]zi: = f:(n) (18)

L N I L N O R 8 A N AN R Rt
where

fl(n) = -4N'O0D fz(n) = ANnMD f3(n) = -8N'08D f4(n) = 24N*nL D
N=N §=8 Z:L@:E) a=g'a D = Dy, +2,D5, Wl(é) =f1(71) (ézﬂ)

Now we consider problem equations (18) and (19) in the simply connected domain (Ii] < s{la, [n] < sl’la)

ignoring the hole. One easily obtains the solution of equations (1 8) and (19)

>

wE = Z{(A&Zl)sinh@ + B cosh ™ 1 {2 sinn 1M1
=1 " a a
+Df,21)ncosh£7;—n] cosnalé + (A,(,ZZ) sinhnai§ + Bffz) cosh% (20

+ C£122)§sinhﬁ + D}gzz)gcosh—m—éjcos@:’

a a

Then one may satisfy boundary conditions on the boundary of the hole, ignoring conditions of periodicity, and

so on. This is the main idea of domain size perturbation (Neuman-Schwarz alternating method) (Kantorovitch
and Krylov, 1949).

The boundary value problems of equations (8) to (10) have been solved on the basis of the approach presented.

11
Wg,(x,y, n, é) = = 0~5{N(IHN - ?j (D200x§ +Dsp0,m) + Nﬁl[(Dzozx - DéOZy)iS - (D202y +D202x)n5'1 ]}

+ N_l[(csol +82Ce,11)§ + (C§01 +82C3’11)n] + O-SIHN[(D301 +82D311)§ +(D3'01 +52D3’11)T]]
+ Nﬁ3[(B301 +823311)§S + (B3’01 +8zB3,11)11S1] + Nkz[(Daol +82D311)§S +(D3'01 +82D3’11)n51]

- O'SSZ{N_l[(D212x _Déuy)és - (D2,12x +D212y)n31] w N_3[(D214x _Dél4y)§T _(D£14x +D214y)nT1]

_ , ; = .. nmn nmn .. nmn
+ N7°|(Dy160 = Diny JEH ~ (D216x+D216y)nH1]} 3 ZKA,(f%InhT + B3 cosh— +dj‘)nsmhT

n=1

+ D,(fl)n Cosh——mm) cosﬁ + (A,(,az) sinhﬁ +B,(,32) coshn—né + sz)é sinhﬁ + D,(fz)é Coshn—ng“'] cos—mmJ
a a a a a a a
@n
where
S =823y’ T=£*-10e"n* +5n*  H=85-21%? +35t2n* = 7n°
§ =8 h=T H =H(&=n)

Substituting solutions of cell boundary value problems (7) and (8) into equation (10) one obtains the homogeni-
zed equation

AWy + W) + 2BW, o = P(x,)/D 22)

where 4 and B are the very complicated coefficients, and not given here. The homogenized boundary conditi-
ons are

om =0 on oG (23)
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Coefficients 4 (curve 1) and B (curve 2) are calculated for ¢, =0.125, ¢, =-1/9, v=0 and v=03 (sec Figu-
res 2 and 3).
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Figure 2. Homogenized Coefficients A and B versus Ratio b/afor v = 0
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Figure 3. Homogenized Coefficients A and B versus Ratio b/afor v = 0,3

>

Now we examine the accuracy of the homogenized coefficient computations. Let us consider simply supported
square plates with stress-free circular and square holes, loaded by a uniformly distributed lateral pressure P. In
this case €, equals to 1, and it represents the worst case for our method. Calculated nondimensional deflections

and bending moments #and M '(W "=wD[Pa*, M" =M, (Paz)) are shown for circular holes at a point

(b,0) for various values of parameter b/a (see Figures 4 and 5, curve 2).
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Figure 4. Nondimentional Deflection at Point (b, 0) versus Ratio b/a
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Figure 5. Nondimentional Bending Moment at Point (b, 0) versus Ratio b/a

Coefficients # "and M" along the edges x =a for v=03 for squarc (32 = —1/9) holes are shown in Figures 6
and 7 (curve 2).
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Figure 6. Nondimensional Deflection along Edge x =a for v = 0 versus Ratio b/a
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Figure 7. Nondimensional Deflection along Edge x =a for v = 0,3 versus Ratio b/a

The results, obtained by the Fourier series method (Pickett, 1965), are presented in Figures 4 to 7 by curve 1.

The discrepancy for deflections does not exceed 5 % (for bending moments 10 %), which confirms an accepta-
ble accuracy of the method presented.
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3 Eigenvalue Problem for Perforated Plate

Our aim is to describe the asymptotic behavior of the various eigenvalues when the number of holes in the do-

main increases to infinity. Using the notations introduced in chapter 1 we consider the following ecigenvalue
problem

VW - AW = 0 (24)

where A = oph/D, and ® is the natural frequency. For equation (24) we may formulate boundary conditions
(2) to (4). We represent eigenvalue A and eigenfunction # in the following forms:

W(x,y) = Wo(x,y) + slez(x,y,é,n) + 8%%()(,}),5_),1]) + .- 25)

A= Ag + A + e, +EA, + o (26)
Substituting expansions (25) and (26) and boundary conditions (2) to (4) into equation (24) and splitting it into
powers of €,, onc obtains a recurrent system of boundary value problems. The first step in the solution process
is the same as that above. One can obtain ¥, =0, W, and I¥; (see formulas (19) - (20), (21)) . It means that the
boundary value problems (24) is quasi-static. The homogenized eigenvalue problem may be obtained by
applying the averaging operator defined by equations (6)

AWy +Wopppy ) + 2BWorgy, = Aoy = 0 @7

This equation must be supplied with the homogenized boundary conditions (23).

4 Analytical Approach for a Large Hole

Let us now consider g, =1 (case of large hole, Figure 8).

Figure 8. Parameters for Large Square Hole

In this case we can not use the previous approach, but the smallness of the parameter 8/b, where d is the

thickness of the wall between two holes (see Figures 1, 8), must be taken into account. Then we may construct
an asymptotic solution, using a singular perturbation technique, similar to that proposed in Christensen (1979)
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(this a variant of another singular perturbation technique, see Nayfeh, 1981). Let us denote
E=¢'8, mM=¢'6n. Then cell problem (7) to (10) may be formulated as a set of four strips

I, = {|§| £y } II, = {|n| &8s }, €3 =8/b <<1. Let us consider boundary value problem (7) for strip IT,

w2+ e = o 28
2 €3 25 T &3 2 (28)

)+ e2(2- W(l):l - 2

[ e +e3(2-v) oo Lo = 0 (29)
1 2,0 = _ 281

[WZF’E + edviny) L: = e 6(W0xx+onyy) (30)

For function W, we use the following asymptotic expansion

Wz(l) _ W2(10) 5 8ng(lz) n gng(n) P 3D

Substituting equation (31) into boundary value problems (28) to (30) and splitting it with respect to the powers
of &5, one obtains a recurrent system of boundary value problems. Restricting oneself only to systems of first
approximation, one has

)~ (2)
2323

[w@} -0 (33)
224 =
10) _ -2

[Wj@ L:m = =5, °0(W + VI (34)

Solving the one-dimensional boundary value problem (32) to (34), one obtains
Wz( ) = Gy + Cpf + (72352 i E (35)

Solutions of boundary value problem (7) for a strip have been constructed in the same way and have been ob-
tained from equation (35) by a change of variables

2 = s —
Wz( L Dy + Dy + Dy’ + Dy B4
Constants C,, Dy, have no influence on the homogenized coefficients of either bending moment, so we ne-
glect them. Constants C,,, D,, have been obtained from boundary conditions and additional conditions at

points 4, B, C, D (see Figure 8). Thus we have the following expressions:

Wz(lo)

Cy — 05 (WMWW;)W)gZ G37)

WZ(ZO)

Dy — 05 (WOW+on,C,C)n2 (38)

We have solved the cell boundary value problem (8) to (10) on the basis of the approach presented. The gover-
ning boundary value problem may be written in the form

w09 _ o (39)

&85
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{Wa(lo)l = 268 Wowe = (1-20)py, ] (40)
£= 1

e
e
% Je-u

The underlined term has been added into boundary conditions (41) for the sake of solvability. Solving the one-
dimensional boundary value problem (39) to (41), one obtains

+ 28;363[W0m ~(1-2v)Woy, | 1)

_ 1
Y =y + Cpede + 3o = (129, €3 (42)
Solving for the strip T1, one obtains from equation (42) by setting x = y, & =, G, =Dy,
. 1
W) = Dy + Dy + §[WOM— (I—ZV)WOW]n3 (43)

Solving for term F 2g, 3’83[1/1/0,@‘:,C - (1—2V)I’VOW] in the boundary conditions (41) one obtains the following
boundary problems:

Wogs + Wiy, + Wi, = 0 44)
[ Nl [MIH]H;I(M) =g (45)
30 ] s = [P0 vy = © (46)
[Wg = Fe;'s == “47
[Wslf rety = T 81 0(1=Voy, 48)

Boundary value problems (44) to (48) cannot be solved exactly, but we can use a variational Kantorovitch me-
thod (Christansen, 1979). Let us briefly present this method. First of all we must represent the solution for
equation (44) in a form satisfying boundary conditions (45) and (46).

2 2
W™ = y(&)o(n) o(n) = (n -&'a) - (s7'0)
Then we substitute this expression into equation (44), multiply with (p(n) and integrate over 1. Then we ob-

tain an ordinary differential equation with respect to x(i) , and after solving it and satisfying boundary condi-
tions (47) and (48) we may write

W = [(n—sfla)z— (s{lb)z} (41> cosh(oe:2/b)sin(Be,2/b) + B, sinh(o,/b) cos(Be, /b)) (49)

where
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ye 21815(1—v)WOW(a3 cosh?cosﬁbis - 3a23sinh9‘b§sin%§j
4b(oc2+[32) (ocsin? - Bsinh—zzgj

21e,8(1- V)W, (30432 cosh%cosﬁbj - g’ smh?sm[ﬂ
4b((x2+[32) (asm¥ - Bsinhz%ﬁj

) 21818(1—V)W0W(0c3cosh?cosﬁbj + 3a2Bsinh0;)—85in§)
e ” 4b(a2+[32) (asin? = Bsinh?)

21818(1—\/)%%(%[32 cosh%sicosﬁbis + B sinhafsinﬁfj
4b(a2+[32) @m@ = Bsinh@j

The solution for strip I1; has been constructed similarly and can obtained from equation(49).
2 2 . .
wH = |:(n—gl—1a) - (gl"lb) } (A22 cosh(ocsm/b) sm(len/b) + B,, smh(cxgm/b)cos(ﬁem/b)) (50)

Ay =4y, B, :Bzz(x:J’)
Substituting the solution obtained into equation (10), one obtains the coefficients of the homogenized equation
4 = 05(1-v)’ B = 07(1-v) (51)

For v = 03 we have 4 = 0455, B = 049. Approximately we may assume B = 0455, then the plate
bending equation may be written as follows

04555(Wy e + 2W, +Wop) = P(x.3)/D (52)

For large circular holes we obtain
- -1
A4 =M B = kB k= (1—82) (1— Egz] (53)
The homogenized eigenvalue problem may be obtained in the following form:
A(WOM + W) + 2BWy = Ay = 0
where coefficients 4, B are defined by expressions (51) (for large square holes) or (53) (for large circular holes).

5 Matching of Asymptotic Solutions by Means of Two-Point Padé Approximants

Practically any physical or mechanical problem, whose parameters include the variable parameter €, can be
approximately solved as it approaches zero, or infinity. How can this Hlimiting” information be used in the
study of a system at intermediate values of & ? This problem is one of the most complicated in asymptotic ana-

lysis. As yet there is no general answer, but in many instances it is alleviated by two-point Padé approximants
(Baker and Graves-Morris, 1981; Andrianov, 1991).
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The notion of two-point Padé approximants is defined by Baker and Graves-Morris (1981). Let

F(g) = Zaisi when -0 (54)
i=0

Fle) = D B¢ when &1 (55)
i=0

The two-point Padé approximant is represented by the function

F(e) = [iaksk] [HZT:B,;:"J

in which m+1 coefficients of expansion in the Taylor series when € — 0 and m coefficients of expansion in
the Taylor series when £ — 1 coincide with the corresponding coefficients of the series (54) and (55).
In our case we have the following expressions (v = 0.3) for a square hole:

Il

4 = (1 - 06504e,) (1 - 023178,)" B = (1 - 0.74668,) (1 - 0.4432¢,)"

and for a circular hole:

4 =(1-g)(1 - 05785%,)" B=(1-g)(l - 0670k,

Figure 9 shows the numerical results for 4 and B for square holes for €, = 0125 and v = 03.

1.0

]
0.8 \ 5
R

0.4 \

Figure 9. Homogenized Coefficients A and B for Square Hole and v = 0,3

>

The values of coefficients 4 and B for circular holes are compared to theoretical results, obtained by a two-

periodic elliptic functions method (Grigoluk and Phylshtinsky, 1970) (curve 1 for coefficient 4 and curve 2 for
coefficient B in Figure 10).

152



1.0
53 ‘%\

0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 b/a
Figure 10. Homogenized Coefficients A and B

Experimental results for coefficient 4 (Grigoluk and Phylshtinsky, 1970) are displayed in Figure 10 by dots.
The accuracy of the method proposed is apparent.

6 The Plane Theory of Elasticity in Perforated Domain

The governing boundary value problem for the perforated domain (sce Figure 1) may be obtained as follows
(boundaries of holes are free of stress):

Viy = 0 (56)
) 2 5 o

[\,um sin”6 + y,, cos”0 - \yxysm2e]aGk =0 67

(05 (wy, = war)sin20 + cos20| =0 (58)

k

where v is the potential function. Let us introduce expansion

W) = wo(x.p) + stwo(x, 1,6m) + edys(x, p.E,m) + - (59)

Substituting this expansion into boundary value problem (56) to (58) and splitting with respect to powers of ¢,
one obtains cell boundary problems for the whole domain.

ViWa = Waggg + QWaggyy + Wamyy = 0 (60)

L3[\y2] = [‘sz_,&_, sin® @ + Yo cos’ 0 — Waen sin26]aG = — . sin®0 - Wy cos’ 0 + Yoy SIN20 1)
k

Mi[w] = [05 (Wagy = Wage )sin20 + v, c0520] = 05 (Wo, ~ W )Sin20 ~ s, c0520 (62)
k

iy, = —4[(V?w2) K (V?wz)m} (63)
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[L3[W2]]ack = -2 [\VZxﬁ sin’0 + Wapm cos?6 - 05 (q/h,n —\yzyé)sinze] (64)

[M3[W2]]ac;k = _(Wzyq‘\l’zxg)smze - (szn ‘\Ifzyg)cosze (65)

Vo + Vi, +4 |i(V12\V3)xé +(V12\V3)yn}+2 [(Vlz‘l’z)xx +(V12W2)yy +2 (\lfogocgg T Wosmn +2W0xy§n)] =0 (66)

where V, = V(x =&, y= n) . The homogenized equation can be easily obtained by applying the average opera-
tor defined by equation (6).

Viyo + 2 |G£‘_1”{2[(V12\v3)x; +(vi w3)m}+(Vf\vz)ﬂ+(Vﬁvz)w+2 (Voncz +Woppm +2wmn)}df dn = 0

k

The cell problem has been solved on the basis of the approach presented in section 2. We obtain

wz(x,y,ﬁ, Tl) = Ay + 05 Gy InN + N—Z(Bzon + ZBéon) + Nﬁl(Dzon £ 2D502Q)
+ &[N (BoaM + 2B3,0) + N (DyuM + 2D},,0) + N (ByrglL + 4B.ys0M) + N (Dyral. + 4D3,,0M)

+ N*(BuMK + 4B31,0P) + N™(DygMK + 4Dj,0P) + ZKAE,ZI)sinhnaﬂ + BV cosh ™1 c{nsinh 1

n=1

+ fol)ncosh%nj COS% + (A,(fz) sinhﬁzlE + B&zz) coshnaig + C,(,zz)é sinhnaig + D,(,zz)é cosh)cosm}
(68)

w3(x,y,§,n) = ‘0~5N71[(D202x = Dﬁozy)éS = (DZOZy + Dﬁozx)’flsl]

+N*1(Cam§ + C3’0171) + 05 1HN(D301E,~ i Dzrom) + N73(3301‘:S + B3’017151)

+ N_Z(DsoléS + D3’0171S1) + € {—O‘SN_I[(DZle - DélZy)és - (D212y = D:Qle)nsl]

~ 05K~ (D214x +Dél4y) e = (D214y - D£14x)nT1] = QB (D216x - Déle)E-rH

- (D216y - DélGx)nHl] - NY(Cyig + Cym) + 05 InN(Dy; € + Diym) (69)

+ N_3(3311§S+Ba’1mS1) +N_2(D311§S+D3’11n51)}

; Z{(Aggw sinh 7+ 5 cosh ™2 4 ¢ msinh ™+ pf¥ncosh ™ cos 222
a a a a a
n=1

+ (A,(fz)nsinhim—§ + B coshﬁ + (7,(,32)§sinhn—na + D Cosh@jcos—mm}
a a a a a
where
N=£+7’ M=g-v Q= L=g-6+q" P=3£'-10&"+3"
K:§4—14 §2n2+n4 S e §2_3n2 P = 54_105-}21,12_‘_51]4
H=£-21E*" +35&™* ~7® 5 =8 T =T H, = H(g =)

Cs015 G301, ++-are complicated coefficients,which are not given here.
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Substituting cell problem solutions (68) and (69) into equation (67) one obtains
C(W0m+ Wom) + 2y, = 0 (70)

where C and F are very complicated coefficients,which are not given here. Figure 11 shows the homogenized
coefficients C (curve 1) and F (curve 2) for &, =0.125, ¢, =-1/9.

C,F e |
] \ \\

1
0.9 - \

\
0.8 \2 \

0.7

0.6 |
0 0.1 0.2 b/a

Figure 11. Homogenized Coefficients C and F versus Ratio b/a’

7 Perforated Shallow Shells

For perforated shallow shells the governing equations are

Viy + DV = P(x,y) (ER)'Vhy - VI = 0 1)
i Ca
where Vi=k— + k25x7 k =R B = R

and Ry, R, are principal curvature radii. If hole boundaries are free of stresses, we have Kirchhoff’s boundary
conditions for a free boundary

:\yn sin’6 + Yoy cos’0 — Wiy sze]ac,, =0 (72)
.05.(\|JW —\yxx)sin29 + Yy cos29]aGlt =0 (73)
:(V2w)nk - (1=v)] 05( - W, 5in20 - cosZGLk LGk =0 (74)
:vzw = (1=v) (~Wsin®0 = W, cos>0 + i, sinze)]ﬁgk -0 (75)

We assume (without loss of generality) the boundaries of shells simply supported. We obtain the asymptotic
expansions (5) and (59). Substituting this expansions into equations (71) and boundary conditions (72) to (74)
and splitting with respect to the powers of &, one obtains recurrent systems of cell boundary value problems
and boundary value problems for the whole domain. Cell boundary value problems consist of boundary value
problems of plate bending and plane theory of elasticity. Then we can use the solutions obtained above.
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8 Conclusions
The asymptotic method proposed may be used for an analytical investigation of the static stress-strain state and

the investigation of oscillations of perforated rectangular plates and shallow shells.
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