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A Hybrid WKB-Galerkin Method and its Application

V. Z. Gristchak, Ye. M. Dmitrijeva

An asymptotic approach presupposing the use of the hybrid WKB-Galerkin method is employed for the solution
of some applied mathematics and mechanics problems. The extension of this methodology to some complicated
mechanical problems with mixed boundary conditions and to nonlinear problems is possible.

1 Introduction

The analysis of complex mechanical models of nonhomogeneous structures necessitates the solution of systems
of differential equations that contain variable coefficients and some small or large parameters. In these cases we
cannot obtain, in general, the exact analytical solution. One of the possibilities is using approximate asymptotic
methods. Geer and Anderson (1982, 1989, 1990, 1991) have discussed a two-step hybrid perturbation-Galerkin
method for the solution of some types of differential equation and applied mechanical problems that involve a
parameter.

The WKB(Wentzel-Kramers-Brillouin) method for numerous mechanical problems was discussed e.g. by Steele
(1971, 1989). It was shown by Gristchak (1979, 1988), that the WKB-method can be used for some linear me-
chanical problems as well as for nonlinear buckling and vibration problems of nonhomogeneous structures as
an inner expansion in the double asymptotic-perturbation procedure.

In the spirit of Geer and Anderson a hybrid WKB-Galerkin method for some applied mathematical problems
that arise, the description of the behavior of mechanical structures under external loading is discussed. The
results from the hybrid WKB-Galerkin method are compared with solutions obtained by purely numerical me-
thods and with exact solutions where available.

A hybrid WKB-Galerkin technique is especially useful for approximate solutions of differential equations with
the parameter near the higher order derivative. The main features of this approach include fully explored
WKB-terms in final solutions as well as possibilities to take into account singularities. In this paper we will
discuss some of them.

2 Description of the Method

The method we describe is a two-step hybrid analysis technique for the solution of linear differential equations.
The technique of this approach includes two steps of solution: in the first step of the procedure the WKB-
method determines the approximate solution of the initial equation; in the second step we use asymptotic coef-
ficients as trial functions in the standard Bubnov-Galerkin method.

Suppose we are seeking an approximate solution u(x, s) to the boundary problem
LJu(x.€).x.e] = 0 ' @

where L is some linear differential operator of n-th order (in the general case with variable coefficients), ¢ is a
parameter near the highest derivative, x is located in some interval [a,b], and u(x,¢) is satisfied by the given
boundary conditions.

In the first step we present the problem solution u(x,e) in correspondance with the WKB-procedure in the
form
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u(x,€) = exp“xz:ui(x)yi(e) dx) V)]

a

\"* 0
where v,(g) is an appropriate asymptotic sequence (Y,-(e) = ei'l) and each #;(x) can be determined by a stan-

dard WKB-method. The approximate functions ui(x) are chosen as coordinate functions for the Bubnov-

Galerkin technique and an approximation #(x,e) for u;(x,€) is sought in the form

ii(x.€) = exp[":ﬁ u(x)8;(¢) dxj 3

where the unknown parameters 8,-(8) are complex functions of ¢ and all u,-(x) are approximate coordinate

functions that were found in the previous step. To determine the unknown coefficients 9; (i =0,N ) we substitu-

te equation (3) into equation (1). Thus we obtain a product of the right hand side of an expression (3) and some
expression in which a leading derivative of functions ui(x) is one less than the leading derivative in equation

(1).

N
L]ii(x.e). x.e] = eXP[J 25,-(8)u,»(x)dxj R(So,---SN,uo,---uN,u{)---u](G'_l),x,e) “)

i=0

It is necessary to satisfy the right hand side of the governing equation (1), that is
R(So,---SN, Uy, Uy, u(’),---ug','_l), x,e) — 0 ®)

therefore we demand that the residual R be orthogonal to the N +1 coordinate functions over the interval
la,b], ie.

d ) -
JR Bgsr Oy gy, Ul Uy ,x,s)u,-(x)dx =0 (6)

a

with i=0, . N

Equation (6) represents a set of N +1 equations for the N +1 unknown coefficients §;(¢). If each & re-
presents a complex form as 3 =&, +id;, , we obtain a set of 2(N +1) equations (i.e. N+1 real and N +1

imaginary parts) for the 2(N +1) unknown coefficients. While equations (6) must generally be solved numeri-
cally, their solutions are simpler than a direct numerical solution of equation (1).

For example, we will illustrate the hybrid WKB-Galerkin method for the next two-point boundary problem
g%l + f(x)u = 0 , @)
with u(a) =u, and u(b) =u,, f(x)>0 over[a,b], which arises in some mechanical problems.

Step one. Following the WKB-procedure we represent the solution of equation (7) in the form
A 1
u(x,e) = exp{jﬂ (— Uy +1ity + €Uy + --jdx} (8)
€

For our example we shall take into account only the first term in the WKB-expansion (8) and after the substi-
tution of equation (8) into equation (7) we obtain
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uy = *iyf(x) 9)
Step two. Now, following Geer and Andersen, we represent the approximation of u(x, s) in the form

it(x,g) = epr (601(8) + 802(3)) uo(x)dx} (10)
After the substitution of sequence (10) into equation (7) we obtain the residual, i.e.

R=c¢ [(8014-!802) ul (501+1602)u0] + f(x) 11)

Then we apply the Bubnov-Galerkin criterion (6) in order to obtain a set of equations

[

3 _(831 - 8%2) Lb(‘JFfm(x)) dx— 602% ij'(x) dx} + Lb(if3/2 (x)) dx = 0

12)
1 ¢t
&2 + 28085 ) (f”( )) dx—380, 5 j £(x) dx} =0
In this case
2
5 o (1)2_ 1 (b)-1(a)
#h € b s
4f £ (x) dx
(13)

6, - 1+ L0-1)
4J.a % (x) dx

Now we obtain the hybrid WKB-Galerkin solution of the initial equation in the form

i(x,e) = exp ﬁ%jﬂ 7 (x) dx) (cl cos(AJ:fl/z(x)dxj +e sin(AJ.:fm(x)dxj (14)

_ (Y | LB)=1(a) : . y

where A= || —| —|—5——"|,and ¢, ¢, are determined from the given boundary conditions.
€ 4 J‘ 3 ( x)dx

a

If the function f(x)<O0 within the interval [a,b], our hybrid solution becomes

ii = (x,g) = exp jf(T-—J- FY2(x) dx) (cl cos(AJ- F ) +¢ sin(ijfllz(x)dx) (15)
4| 1 *
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We note here that for the turning point problem of the initial differential equation when
f(x)<0 at —a<x<0, f(x)>0 at 0<x<b, and f(0)=0, we can use a special presentation of the WKB
approximation through Airy functions.

Now we consider the general case where the coefficients of the initial equation are complex functions. Suppose
an approximate solution in the form

u(x,e) = Reu(x,e) + iImu(x,e) (16)
to the boundary problem
e’ — f(xju =0 (17)

where f(x)=Re f(x)+ilm f(x), with u(a)=u, and u(b)=u,.
Step one. Following the WKB procedure the solution of equation (16) can be represented in the form

Uy = im = tReu, = ilmuy, (18)
Step two. We represent the function #(x,€) in an approximate form, such as

i(x,e) = epr:SO(e)u(,(x)dx} (19)
After the substitution of equation (19) into equation (17) we obtain the residual

R = (85 +30u5) - /(x) (20)

or, from equation (18),

= e a2r () + 8—L | fix
R (sofu b f(x)J £ e

We apply the Bubnov-Galerkin criterion (6) and after that we obtain a quadratic equation for §, .

5%‘[:82 (if3/2(x)) dx + SOJ:EZ[I,Z(_)C)J dic — J-:(i‘fm(x)) de = 0 )

The solutions of this equation are

si2 = 3 LW)-rla) 23)

284



Thus, finally we obtain the hybrid WKB-Galerkin solution of equation (17) as

Cs0)-sla) |1 | (el
a4J‘u(f3/2(x))dx £ 4Ja(f3/2(x)>dx

ii(x,e) = exp

(24)

The solutions for equations (14) and (15) can be obtained by substitution of corresponding functions f (x) into

equation (23).

3 A Hybrid Approximate Solution of the Euler Equation

For the case of Euler's equation, when the function f (x) =—, the initial equation (7) has an exact solution for
X

parameter £ <4.

u(x,€) = x cos(lnx) + { — cot m} Vx sin(alnx)

1
J;sinm
where 0 =,|———

We take into account the boundary conditions as

Function (25) has singularities at

8_(_1_+l 172 (LJrl]m 1 1Ll)1/2
o 4) "\ 4) 7 T\t 4)

After the substitution of equation (8) into equation (7) we obtain

{1
exp U“ (E Uy +u1)dx} (ug +2¢eugy +e2ut +euwy+ € +%j =0

Equating the coeficients in equation (28) of the same power of £ we find that

3

U, = =+
0 2x

i
- and W =
X

For this type of equation the two term WKB approximation becomes

ii(x,€) = Jx cos (élnx) + {%sinl —cotl}/;sin(llnx)
e € £ €

25

(26)

@n

(28)

29)

(30)

Following the approach that we have discussed above, the approximation to function u(x,¢) can be written in

the form (10). Substituting equation (10) into Euler's equation we obtain the residual R.

. . . 1
R = 82[(6014-1802)2“5 +(801+1802)MO] + ?
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The set of equations (12) for the coefficients 3, and 5,, becomes

§2(705, £33, +85;) + (£1) = 0

(32)
From equations (32) it follows that
1 1
8oy = T‘Z
¢ (33)
_1
By = +5

After the substitution of equation (33) into equation (10) and taking into account the boundary conditions (26)
we obtain the hybrid WKB-Galerkin first approximation solution of Euler's equation.

#(x,e) = vxcos(olnx) + { }/? sin(olnx) (34)

——=—— —cotw
Jesino

where © =9,.

We can obtain the solution (34) at once if we substitute the function f (x) =— into equation (14). It is easily
X

seen, that the function ﬁ(x, 8) coincides with the exact solution (16) using the one-term hybrid WKB-Galerkin
method.

The two-term WKB approximation in equation (30) is not exact but it is accurate up to some distance from the
singularity points. In Figure 1 we compare the calculations for the two-term WKB approximation with the
exact (or with the oneterm hybrid WKB-Galerkin method) solution for parameter

1 1 1
Z >, 4n*+— when —=628.
£ 4 €

u 200
A |
—— Uv - two-terms WKB-approx.
- one-term hybrid
100 1 : U WKB-Galerkin method
exact solution
0 -
— 1/e=6.28
‘200 T T T
1 2 3

>» X
Figure 1. Solution of Euler’s Equation by Hybrid WKB-Galerkin Method
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Some of the reasons why the hybrid WKB-Galerkin method provides a good enough approximation for problem
(16) we will discuss in the next section.

For comparison, in Figure 2 are represented the results of calculations according to the perturbation-Galerkin

5 : ’ 1
method in the spirit of Geer and Andersen for this problem, with parameter i 06.

u 2
A R —+— Uhi - two-terms hybrid solution
——— Uh2 - four-terms hybrid solution
14 —a— | - exact solution
O...
-1
-2 -
-3 . . :
1 2 3

> X
Figure 2. Hybrid Regular Perturbation-Galerkin Solution

4 Application of the Hybrid WKB-Galerkin Technique for the Stress Strain State of an Orthotropic
Cone under an Axisymmetric Loading

Let an orthotropic shell of revolution be given an axis of rotation z. Suppose that the shell is loaded axisymme-
trically with respect to this axis.

X = X(s) Z = Z(s) Y=0

The boundary conditions shall also be axisymmetric. The shell is an orthotropic body with an anisotropy of
rotation (Figure 3).

We consider the stress-strain state of the orthotropic conical shell given by a differential equation in complex
form (Ambartsumian, 1974).

. | 1 ik*ctga, _
G = == [X(s'—s)z - h(s,_s)}s = @(s) (35)
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Figure 3. Geometry of the Orthotropic Cone

The boundary conditions for this problem are

o(s,) = o(sy) = 0 (36)
where
2
o(s) = w(s) - i%r/(s) (37)

A
and W (s) and ¥'(s) are the functions to be determined, ®(s) is the surface load function, 2 = 2—22— = A—Zz  his
11 11

Q
il

the shell thickness, k* = . Q=116 —Chy, and ¢1,¢9,612,Ay;,A4, are corresponding parameters of

rigidity of the cone. One obtains

F, ik’ dF, R
D(s) = - 2 — Sinct SR WSl
(5) (s’ —s)sinad (s'- 5)sino, {c”‘ s 2y s:! B

where F(s) are the functions of surface loading.

s PO
Fy = sina (s~ s)sino E,ds + = -
i = sino| (s'-s)sinaE,ds cosoc[27t

So So

s

(s’ - s) sinonEzdsJ

(39)
s PO s
—cos OLLO (s’ = s) sina E,ds + sina i - J‘ (s’ - s) sina E,ds

So

1)

The quantities E, and £, are the components of the surface loading with respect to the » and z directions re-

spectively, on is the value of the main vector of an external force applied to the circle s=1s, with the radius
7y, as shown in Figure 4.
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Figure 4. Relations between the Components of Surface Loading

From Figure 4 it follows that

E

, = Zcoso. — Xsino

&
Il

, = Zsina, + X cosa

P (TlO coso. — N° sinoc)an0

(40)

Considering this problem for large values of the parameter 4> the solution obtained by Ambartsumian (1974)

has the form

Wy(s) = (Eycosp —FsinBle® + (E,cosp +F, sinp)e”

g p] _ 12(5)
Va(s) = nk [(E sinp +F cosB)e ” - (E,sinp - F, cosp)e ] c;soc

where

, Js Cc)t1/2

In order to construct the hybrid WKB-Galerkin solution we consider the initial equation (35) as

& = { 4 -1 Ly cot(ot) }(p - ®,(s)

4k* (s' - s)2 h(s )
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where

®,(s) = cp(s)exp(—l S—ds—j (44)

2 E) e N
with the boundary conditions
o(so) = o(s) = 0 (45)

where

o(s)

G(S)eXp(—l ) ﬂj

25, 8-
, 8 =5 46)
3
g = k—z
The partial solution of differential equation (43) is
I ith o i @7
— —_—— S w = j—_—
¥ P72), v s Q, cos(o)
where F, is an external loading function. For example, we may assume the function F, in the form
5 ZO ’ p()
F, = s1n0c(~7(s—so) (s+sy-25") +2—nj (48)
where z, and p,, are parameters.
The WKB approximation of the homogeneous equation that corresponds to initial equation (43) is
Wka(s) = (E, cosB, —Flsinﬂl)e(“l”) + (E, cosp; +F, sinBl)e(_“‘”)
(49)
Q ) b F (s
Viks(5) = ——5 [(E1 sinB, + F cosB, )el®*7) — (E,sinB, — F, cosBl)e( “1”)] _ Bl
i1 - cosol
with
1 s 1ps 1ps 1
= = R = == R = == ™
B = 2 Ralo)as o = o R v- 5 o
R = Reyf R, = Im,[f
Now we consider an approximation of ¢(s) as
ou(s) = exp[ Sogo(s)ds 51)

Following the Bubnov-Galerkin method we obtain a quadratic equation in the form (21). The solutions of this
equation for our problem are
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32 = 7 f(s1)= (%) 1 f(s1)= £ (s0)

R e
5 = € 5
4j f2(s)ds 4J f2(s)ds
where
450 -1 coto
f(s) = - i— (53)
Y a3 (s' -5y h(s'-9)

Thus we have obtained two solutions for the function @ (s)

9o(s) = {7(5) = Ri(s) + ImR(s)

(54)
o(s) = —y/7(s) = ~Ri(s) - mR(s)
Finally the hybrid WKB-Galerkin solution of the initial equation (43) can be written as
Wy(s) = (E cosB,, —Flsian)e(“Zl”) + (E,cosB,, +F, sinBzz)e(—“ﬂ”)
(55
Q . . . L F,(s
Vu(s) = _cul(iz [(Elsmﬁu + 171905521)6( St (EysinBy, + F COSBzz)e( L"H)} - Cé£03
where
By = 5%)1L Ry(s)ds + 6}12L Ry(s)ds
1 [f I
Oy = —SmL R (s)ds — SOZL Ry(s)ds
0 0 (56)

ﬁ?,Z = _631,[; Rz(s)ds = 6%2,[3 RI(S)dS

Q
N
|

= =85 [ R(s)ds + %[ Ru(s)as

(5]

6})1 — Re f(so)—f(sl) 1 f(Sl)—f(So)

— 8 FJaFF 3
& = € LI
4J; 2 (s)ds 1 4j f2(s)ds

S0

5 = fin f(so)‘af(sl) _ L f(sl);f(s())
a2 s 1 [ (s
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_ -
82, = Re f(SO);f(Sl) iz % f(sl);f(s())
4| " £2(s)ds [ 4] ' £2(s)ds

- 2‘
632 = T f(iO);f(sl) _ 8_12 " f(il)_?’f(so)
4J 1fi(s)ds ‘ 4J lfi(s)ds

The coefficients Ej, E,, F;, F, in the solution (55) can be determined from the boundary conditions. The exact
solution (Ambartsumian, 1974) of the problem is

_ , icota , icota i cuk2
c = Cllm[2 —W.Xj + Czl_m[2 —WX.J + lQ—OmFZ (57)

where I,(z), I_,(z) are Bessel functions.

9

To illustrate the accuracy of the hybrid method we consider the case when p == . In this case the Bessel

functions can be expressed as elementary functions. We compare our hybrid WKB-Galerkin approximation (55)
with the exact solution (57) as well as with the one-term WKB approximation, with Ambartsumian’s solution
(41) and with the purely numerical solutions for small parameters ¢ . In the Figures 5 to 7 are presented the

25
results of calculations for the same parameters ¢ andfor A T s =10, azg, h=05, ¢; =11,

Q,=09, x,=8,p) =7, X=0, Z=4.

1000
W B
(VI -
J numerical
——  hybrid
-1000 4 —8&—  solution [13]
—o— WKB
-2000 - £=0.2
-3000 v T T T T T T T T
0 2 4 - 6 8 10
>» t

Figure 5. Hybrid WKB-Galerkin Solution for the Parameter € = 0.2

292



w —{F— numerical
A i —e&—  hybrid
—&—  solution [13]

WKB
exact

10
» t
80
Vv —— numerical
A —e—  hybrid
—&—  solution [13]
10
» t

Figure 7. Hybrid WKB-Galerkin Solution for the Parameter & =20

We note that the hybrid WKB-Galerkin method is accurate up even to large values of parameter ¢ in compari-
sation with the one-term WKB-solution.
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5 Concluding Remarks

Special attention is paid in this paper to the analysis of mechanical systems whose behavior is described by
differential equations in complex form. Various mechanical problems of buckling and vibrations of structures,
especially with variable configuration and rigidity, may be solved effectively on the basis of the approximate
analytical-numerical approach presented. The proposed WKB-Galerkin method can also be used for more
complicated problems such as linear systems with mixed boundary conditions or investigations into the initial
postbuckling behavior of nonhomogeneous system.
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