TECHNISCHE MECHANIK Tech. Mech., Vol. 39, Is. 2, (2019), 220-228

an open access journal
Received: March 15, 2019
Accepted: April 3, 2019
journal homepage: www.ovgu.de/techmech Available online: April 11, 2019

Effective Coefficients of Isotropic Complex Dielectric Composites in a Hexagonal
Array

David Yafiez-Olmos., Julidn Bravo-Castillerol*, Ariel Ramirez-Torres? Reinaldo Rodrl’guez—Ramos3, and Federico J. Sabina'

! Universidad Nacional Auténoma de México, Instituto de Investigaciones en Mateméticas Aplicadas y en Sistemas, Alcaldia Alvaro Obregén,
01000 CDMX, México

2 Politecnico di Torino, Dipartimento di Scienze Mathematiche “G. L. Lagrange”,“Dipartimento di Eccellenza 2018-20227, 10129, Torino, Italy
3 Universidad de La Habana, Facultad de Matemadtica y Computacién, San Lazaro y L s/n, 10400 Vedado, La Habana, Cuba

Abstract: Based on the asymptotic homogenization method, the local problems related to two-phase periodic fibrous dielectric
composites with isotropic and complex constituents are solved. A hexagonal periodicity distribution of the fibers is considered.
Explicit formulas for the real and imaginary parts of the effective dielectric properties are derived. Such formulas can be
computed for any desired precision related to a truncation order of an infinite system of algebraic linear equations. Two simple
analytical expressions are specified for the first two truncation orders. Comparisons with results via other approaches show a good
concordance. Hexagonal periodic lattices of acoustic scatterers are useful structures for acoustic applications.
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1 Introduction

The effective conductivity tensor of two-dimensional complex dielectric composites consisting of a hexagonal periodic array of
circular inclusions embedded in a matrix is studied, where both matrix and inclusions have complex dielectric properties. Perfect
contact conditions at the interface between the matrix and the inclusions are considered. This problem is of interest, for instance,
in acoustic applications, see e.g. Guild et al. (2014).

The solution is based on the asymptotic homogenization technique combined with series expansions of elliptic functions. A similar
procedure has been used in recent works. For instance, Godin (2012) solved rigorously the problem for two-dimensional real
dielectric composites using series expansions of Weierstrass’ function and its derivatives depending on unknown real coefficients.
Then, the problem is reduced to an infinite system and found its solution as a convergent power series allowing to obtain analytical
formulas of the effective conductivity tensor for different lattice of inclusions. An analogous procedure was followed in Godin
(2013) for the determination of the effective complex permittivity of a similar two-dimensional composite but with complex
properties of the constituents. In that case the method of undetermined coefficients was used with complex coefficients allowing
the derivation of efficient formulas for the effective properties. Unlike the real case a non-monotonic behavior of the real and
imaginary parts of the effective tensor as function of area fraction of the inclusions is shown. This procedure has been extended
to investigate the macroscopic behavior of periodic tubular structures in Godin (2016) and the propagation of electromagnetic
waves through a two-dimensional composite material containing a periodic rectangular array of circular inclusions by Godin and
Vainberg (2019). These studies have been found relevance in some applications. For instance, the results of Godin (2013) have
been applied in Guild et al. (2014) to acoustics showing a good agreement with experimental data and inertial enhancement. In
Ren et al. (2016), the results of Godin (2013) were used for calculating eddy current losses in soft complex magnetic composites.
Recently, in Bravo-Castillero et al. (2018) the study of the effective behavior of complex dielectric composites was done by the
homogenization of the equivalent system of equations with real coefficients. Closed-form formulas for the effective coefficients
were obtained for a square periodic distribution of the inclusions which were employed to study gain-enhancement and loss
enhancement properties of the homogenized material. This procedure offers independent models to compute the real and imaginary
parts of the effective complex dielectric conductivity. In this work, based on the methodology in Bravo-Castillero et al. (2018),
the effective tensor of two-dimensional complex dielectric is determined for the case of a hexagonal periodic distribution of the
inclusions.

The work is organized as follows. After the Introduction, section 2 is devoted to the statement of the problem. A summary of the
homogenization process, and the models for the local problems and the effective coeflicients is presented in section 3. In section 4,
the solution of the local problems is described and the formulas for the real and imaginary part of the effective tensor are derived.
In section 5, some numerical examples are discussed. Finally, some concluding remarks are given in section 6.

2 Statement of the Problem

Let Q c R? be a two-dimensional domain with infinitely smooth boundary Q. The components of the complex dielectric
permittivity tensor of a two-phase fibrous reinforced composite (FRC) occupying Q are (a® +i%)d;; (j,I = 1,2) where i=-1,6
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is the Kronecker’s delta,  is a small geometric parameter that characterizes the periodicity and @® and 8° are the real and imaginary
part, respectively. The usual global or slow coordinates x € Q and local or fast coordinates y with y = x/& are introduced. A
hexagonal array of the periodic cell Y in global coordinates is considered so that it covers the domain Q = Qf U QF U I'* where
I* = c’)Qg and Q‘f N Qg =0, Q‘f represents the matrix or connected set, Qg denotes the fibers or disconnected set (an -periodic
distribution of circles of radius Re) and I'“ is the interface between Qf and QF. The boundary < is chosen so that it does not
intersect any fiber of QF (Fig. 1). Fig 1 also shows a blow-up of the periodic hexagonal cell cross-section ¥ R? referred as
y-coordinates with an embedded circle of radius R and boundary I'. Therein, ¥; denotes the matrix or connected set and Y, the
fiber or disconnected set. The regions Qf and QF are occupied with two homogeneous materials with different electric permittivity

Fig. 1: (Left) Domain Q with boundary dQ. (Centre) A blow-up domain contained in Q showing a FRC type of geometry in
global coordinates. (Right) Hexagonal cell in y-coordinates.

properties and the j/-components of the electric permittivity tensor are given by

aV +ipM inQF,
o +ip" = @ 4 :p@ O M
a +ip in QF.

The complex electric potential u® = ¢® + iy® in Q is sought as & tends to zero so that Maxwell’s equation in the quasi-static
approximation in absence of free conduction currents are satisfied in Q7 and QF together with continuity of electric potential and
normal component of electric displacement field across the interface I'*. The Dirichlet condition “u® = i} + iii,” is given on 9Q.
The related boundary value problem with complex coefficients is equivalent to the following system of two-coupled real partial
differential equations

0 ou®
— A =0 inQ\TI?, 2
0x; ( I ox ) in €2 22)
[U*]1=0 onT?, (2b)
ou®
l[(ﬂfla—xl) njﬂ =0 onTI?, (2¢)
U =0 ondQ, (2d)

where U? = (¢%,¢®)", U = (i, ii2)" and 0 = (0,0)7 is the null vector of R?. The superscript T means transposition and the
components of the 2 X 2 symmetric matrix-valued A® are given by

A =af, Ap=A; =-6° Ap=-a’ )

where Einstein repeated indexes summation convention is adopted. The j-th component of unit normal vector to ', denoted
with n;, is taken in the direction from Qf to Qf. The notation [[.] is used to denote the jump of the enclosed function across the
interface I'? in the direction of the normal n.

3 Homogenization, Effective Coefficients and Local Problems

Following Bravo-Castillero et al. (2018) a formal asymptotic solution of (2a)—(2d) can be constructed up to O(&?) as follows

AUO(x)

U® (x) = UV(x) + &Ny (Y)a—xk,

4)

with

wk(y) g"(y))

UOx) = (¢Vx), ¢ %x)" and Ni(y) = ( &y &)
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where the 2 X 2 matrices Ny are Y-periodic solutions of the local problems

ai (3{, (y )aN"(Y) +ﬂjk(y)) =0 inY\T. (50)
[Nx(Y)]=0O onT, (5b)
l[(ﬂﬂ( )8NkEY) +ﬂjk(y)) nj]l =0 onT, (5¢)

with (Nx(y)) = O. In (52)-(5c), O denotes the 2 X 2 null matrix.
The term U in (4) is the solution of the homogenized problem

~ %0 (x)
p——"=0 inQ
ik o0 0 inQ, (6a)
U© =0 indQ, (6b)

where the effective coefficients A ;; are constants and given by

Ay = <ﬂ,k(y) + Aj(y) ’;E”> )

The angular brackets represent the volume average per unit length over the unit periodic cell, i.e. (f(y)) = fY f(y)dy. The

components of the effective coefficient A are
An=a Ap=HAy=-B, An=-a. 8)
The effective coefficients & and E can be found by using the following formulas

<a>_%/rgldy2_ |y| /rf dy,, fork =1
@) + 15 I /r ghdyr + 7 fpfzdyl, fork =2
> <’8>_mfl“gdy2+|y|/rfdy2, fork =1

= 2 [e] 2 (9b)
<,8>+ 4 /1‘— dy; - m/{-f dy;, fork=2

@

(9a)

where (f) = fi |Y1| + f2 |Ya|, with |Y| = |¥;| + |Y2|. The local functions g* and &* are solutions of the local problems defined as
follows

Problem 3* :  Find the Y-periodic functions g%, £, such that:
k=0, Ak =0, inY \T, (10a)
[s]=0[&]=0 onT, (10b)
e )]
N =-lallnk onT, (10¢)
l[( 5)’1 3)’1 L]
ek 0
lgi _ i nj|=-[pln onT, (10d)
A%
with (g%) = 0 and (£¥) = 0. In (10a), A = 6‘9— 63—;2 is the two-dimensional Laplace operator in a Cartesian coordinate system.
2

4 Solution of the Local Problem 3* for Hexagonal Array

In order to solve the problem (10a)—(10d), let us consider a hexagonal lattice of inclusions of radius R (see Fig. 1). Particularly,
doubly-periodic harmonic functions that satisfy the given interface conditions and the null average condition over the hexagonal
cell are sought. Following Guinovart-Diaz et al. (2001), for k£ = 1, 2, the solutions of the local problems are sought in the form

o
gl = Re{ (acljzfq —A;ﬂ)}, g = Re{ cgqu}
glzzjm{ (af]z_q—Agzq)}, g%:fm{ cf]zq}
I
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and
& =Re {Z (b;z_q - B}{zq)}, & =Re {Z d;zq}
i n
&= Im{ (bgz‘q - Bflzq)}, &=1Im {Z djz‘f}
q=1 q=1

where Re and 7 m indicate the real and imaginary parts, respectively. The superscript o specifies that the sum is carried out over
odd indices, the unknown coeflicients afj, b’;, c]; and d’; are real and

00 0 00 0
k k. k k ko k
Ag = Zpap”pq’ By = Zpbpnpq’ (13)
p=1 p=1
with
] f/—%, p+tqg=2 i -, p+qg=2
k=1 g =9 (p+q-1) K=2) Mg =1 (p+q-1)!

Serq, p+q>2 Sprgr P+q>2

plq! plq!

and S; are the reticulate sums given by
Spea= D, ;
F+(] = - <p+a’
n2+m?2+0 (mwl + an)p+q

where w; = 1 and w, = 3" are the periods. As the cross-section of the inclusion is described by a circle of radius R, the interface
in the unit cell is defined by I' = Re'? with 0 < 6 < 27, then substituting (11)—(12) into the interface conditions (10b)—(10d), one
obtain the following infinite system of algebraic equations
I+ (_1)k+1/\/awk XEQI + (_1)k+1X[;awk Ak . Vl
= (=D (14)
V2

XE{]{I + (_l)kHX[;aWk _ (I + (_l)kHX(Iwk) B

where Lis the infinite identity matrix, AF = (af,a%, .. )", B* = (BX, B, .. )", al = @k R9 /g, bY, = BER? /\JG, V! = (xoR.0, .. )T,
V2 = (Xga RO, .. )T, and

%Rz, p+qg=2 -nR?, p+qg=2
— I _ _ 2 _
= W= :@j NPan R, p+q > 2. (=2 W= :Zj VPAM RPM, p+q>2.
Furthermore,
[a] . _ Y+ p? __ a1

Xa= 5 Xe= oo M Xse = Tm oo (5)

The matrix W¥, k = 1,2 is real, symmetric and bounded, and consequently the classical results from the theory of infinite systems
Kantorovich and Krylov can be used to solve (14). In this sense, the infinite linear system can be truncated into an appropriate
order p = g = 2n,, — 1, with n, € N. In this way, (14) is transformed into a linear system of order 2n,. Now, the use of (11) and
(12) into (9a) and (9b) leads to,

2n
~_ () k12T () ko, a() gk
a=a (-1 Y] (a a; +p bl), (16a)
—~ 2
_ p() _ (_qyk+l (), k _ (1)k
B=p (-1 ¥ (,8 ay —«a b1)- (16b)

For the particular case of real dielectric composites with isotropic constituents (i.e., for 81, B2 = 0), the formulas for the effective
coeflicients (16a)—(16b) reduce to formulas (3.15)—(3.16), p . 228 in Guinovart-Diaz et al. (2001).
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5 Analytical Formulas, Numerical Examples and Some Comparisons
5.1 Analytical Formulas

Following Bravo-Castillero et al. (2018), the system (14) can also be written as follows

(nz + (- l)k”mvk)( )—( D! (zi) a”

where

1 Xt
77=(+ _ﬁla)’

= k
=(x:x xﬁa) I:(I @) and Wk:(w @)
Xpa

Xpa —Xa)’ 0 I ® Wk

with @ denoting the infinite null matrix. After multiplication of (11) by A~! and noticing that \™'(V!, V2)” = Re;, where e, is the
infinite vector (1, 0,0,...)T. Then, equation (17) becomes

Ak _
(Bk) = CDOL, + CUWL )R, (8)
or equivalently
Kk 0L, + (=1)F+1Wk 0151 -
(1}%0) _ (_1)k+1 111, +(=1) To 1215, gn ’ 19)
Bno _‘912In0 Glllno + (_1)k+lwlr<l0 o

where the sub-index n,, represents the truncation order of the vectors Ak, BX , €1, and the matrices 7 and Wk, The matrix @ = X! n
has the form

11 62
- , 20
(—9 12 6 1) 20)
and its components are
Xo + XgoXpa XaXpo = Xpa
611 = and 6y = (21)

(Ko + (r5,)? (X + Oz P

Using the finite system (19), we find the unknowns Ak and Bk for different orders of truncation, which are then substituted into
the effective coefficients expressions (16a)—(16b). In ‘this way, ? formula (19) is helpful in finding closed-forms for the effective
coefficients.

1. If n, = 1, equation (19) takes the form

(a'f) = (-1 (Gn DR 012 )

blf —012 011 +(—1)k+1W{<1 0

R
) , (22)

where Wg q denote the elements of WX, Then,

(011 + (=DWE)OR

~k k+1
=(-1) ; (23a)
1 On + (1 WE 2 + 62,
= 012R
BE = (=1)k! . (23b)
! (011 + (_1)k+1W{(1)2 + 9%2
Substitution of equations (23a)—(23b) in the expressions for the effective coefficients (16a)—(16b) yields
2(aMoy; + pIO)Ys + 2aY?
NI ( 1n+p 12)22 2 (242)
(911 + Y2)2 + 012
1 1 Dy2
F=ph_ 2(8V011 — Vo)1 +280Y; (24b)

(911 + Y2)2 + 9%2
where V), is the volume fraction of the phase y. Particularly, Y| + Y, = ‘/; with ¥, = 7R2.
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2. If n, = 2, equation (19) takes the form

ay 11+ (=1 1wy 0 o 612 0 R
ay | kel 0 011+ (=1 waz 0 012 0
lé% - —612 0 1 + (=1 iy 0 0] o
b3 0 —012 0 911 + (—1)k+1W33 0

To find @}, aj, b! and E;, the above linear system (25) must be solved. Then, the coefficients @} and ! are substituted into the

effective coefficients expressions (16a)—(16b).

5.2 Numerical Examples

Now, we compare the effective coefficients (16a)—(16b) for successive truncation orders n, = 1,2, 3, 4. In particular, we fix
D =1-5 «? =30 -0.3i,

and denote by V), = 7 the percolation limit where the cylinders are in contact. Fig 2 and 3 displays the real and imaginary
parts of the effective complex dielectric coefficient £ as a function of the inclusion volume fraction V,,. It is observed that the
first approximation is a very good estimation of the complex effective dielectric coefficient for V,, < 0.7. Besides, the effective
coefficients for a truncation order at n, = 3 and 4 are quite similar. This agreement shows that the second order approximation is
good enough for higher orders of approximations. Therefore, in what follows, we restrict our analysis to first, second and third
approximation orders of the effective coefficients.

0.0 0.2 0.4 0.6 0.¢
Y2 Vp

Fig. 2: The real part of the complex effective dielectric coefficient k as a function of the volume fraction ¥, shown for successive
truncation orders n,, = 1,2, 3,4.

0.0 0.2 0.4 0.6 0.8
Y2 VP

Fig. 3: The imaginary part of the complex effective dielectric coefficient k as a function of the volume fraction ¥> shown for
successive truncation orders n, = 1,2, 3, 4.
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5.3 Comparisons
We compare our results with those obtained in Godin (2013) for
«kD=2-03i and «@ =1-8i.

The approximation to the real (imaginary) part of the complex effective coefficient reported in Godin (2013), are determined by

@ = Re (8*) and E: Im (g*)’ (26)
where
8* _ K(1)1+a/1f,
1 —aAdf
and
@ _ ’ )
K TK A N _ 202 pl2 2( 24 2) 24 (36)
a @D 1 f \/§7TR \/ng, A=1+5a"S;R* +a” (25a°S; + 11S;) R™* + O (R

and while the only non-zero real lattice sums are Sk, k = 1,2, ..., here

1 1
S;= ) ———— ~586303  Se= Y ———— ~600964.

T .
n2+m?#0 (m + ne?‘) n2+m?#0 (m + ne?’)

As it was pointed out in the previous section, it is sufficient to work up to a truncation order of n, = 3. Fig 4 and 5 show the
comparison between the results using the present approach and those from Godin (2013). In particular, we note that the second
order approximation of the effective coeflicients agrees with the result in Godin (2013), whereas the results using a first order
truncation is close to the data reported in Godin (2013). These comparisons assure the use of the obtained short formulas arising
from (19) to investigate the complex effective dielectric coefficient.

35}

30}
<3 ‘

25}

Godin YA (2013)

20}

‘0:0 0.2 0.4 0.6 0.8
Y2 Vo

Fig. 4: Comparison of the real part of the complex effective dielectric coefficient k depending on the volume fraction ¥, calculated
using (16a)—(16b) truncated at n, = 1,2, 3. Also plotted the results from Godin (2013).
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_2‘
«q |
4|
-6
| | Godin YA (2013)
.0.0 ' ' ' 0;2 ' ' ' 0;4 ' ' ' 0;6 ' ' ' 0.4

Y2 Vp

Fig. 5: Comparison of the imaginary part of the complex effective dielectric coefficient k depending on the volume fraction ¥,
calculated using (16a)—(16b) truncated at n, = 1,2, 3. Also plotted the results from Godin (2013).

6 Concluding Remarks

A system of two equations with real periodic and rapidly oscillating coefficients (2a)—(2d) is studied via asymptotic homogenization
for predict the macroscopic behavior of two-phase fibrous dielectric composites wherein the constituents exhibit complex dielectric
isotropy. Series expansions of complex potentials with unknown real coefficients (11)—(12) are used to solve the local problems
(10a)—(10d) for a hexagonal periodic distribution of the fibers. The unknown coeflicients are solutions of an infinity system of
linear algebraic equations (14). An explicit solution (19) of the infinite system was derived for any truncation order. Formula (19)
is useful in finding closed-forms expressions for the effective coeflicients. Therefore, two simple analytical formulas (24a)—(24b)
and (25) are specified for the two first truncation order. Numerical examples illustrated a very good concordance of such formulas
with those reported in Godin (2013). These results could be useful for acoustic applications wherein hexagonal periodic lattices of
acoustic scatterers structures are present Guild et al. (2014). Besides, these formulas can be used for estimating gain and loss
enhancement properties of active and passive composites in certain volume fraction intervals as in Bravo-Castillero et al. (2018).
Besides it is interesting to mention that results display for either the real part of the effective dielectric coefficient a monotonic
behavior and the imaginary part a non-monotonic one, or the opposite. Some examples show gain- or loss-enhancement properties.
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