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Abstract: The effect of transformation induced plasticity (TRIP) describes the coupling of plastic deformations and solid/solid
phase transformations in steel. A result of this complex microstructural evolution is an improved ductility and strength of the
so-called TRIP-steels, which is the reason for their attractiveness for industrial applications, e.g., in the automobile industry.

Modeling of the mentioned effects is an important aspect for enhancing the knowledge about the challenging processes that
evolve in TRIP-steels. To this end, we present a variational material model that is based on the principle of the minimum of
the dissipation potential. Considering kinematic hardening, the model describes the simultaneous evolution of an overall plastic
strain and of the volume fractions of austenite and of several martensitic variants. Compared to our previous work Waimann et al.
(2015), the polycrystalline structure is considered by an evolving orientation distribution function, which results in a much faster
computation compared to our former investigations. Our analysis also covers the implementation into a finite element algorithm
as well as the presentation of numerical results, which show the model’s ability to give a first estimation for the complex material
behavior.
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1 Introduction

The eponymous effect of transformation induced plasticity (TRIP) in steel describes a simultaneous phase transformation and
plastic deformation. The literature related to the particular modeling of the individual microstructural effects - the plastic deforma-
tion and the phase transformation - is huge. A good overview of plasticity is given in Lubliner (2008). Plasticity models based on
variational concepts are exemplary given in Han et al. (1995); Lubliner (1984); Mühlhaus and Alfantis (1991) and for the case of
crystal plasticity in, e.g., Svendsen and Bargmann (2010); Hackl et al. (2014); Conti et al. (2009). To mention but a few modeling
concepts for martensitic phase transformations, we would like to refer to Govindjee and Hall (2000); Auricchio and Petrini (2004);
Govindjee and Miehe (2001); Turteltaub and Suiker (2006b); Babaei et al. (2019). In the past, also, a lot of works have been
related to the modeling of the special material behavior of TRIP-steels. Besides earlier works which couple the martensitic phase
transformation with plastic deformation by ,e.g., Greenwood and Johnson (1965), Leblond et al. (1986), Leblond et al. (1989),
Fischer (1990). The model of Levitas (1998) also examined the martensitic transformation at interfaces and thus at discontinuities
of the displacement field in an inelastic material. The model by Olson and Cohen (1975) is the basis for the later studies Iwamoto
and Tsuta (2000, 2002): the martensitic transformation is driven by a shear band intersection and a stochastic ansatz is used for
the formation of a nucleus. The extension Iwamoto and Tsuta (2000) accounts for a dependence on the austenitic grain size and
furthermore, a high fracture toughness is examined in Iwamoto and Tsuta (2002). A study on the change of material properties
related to hardening due to the TRIP effect based on Iwamoto and Tsuta (2000) is given in Dan et al. (2008). Another promising
approach based on stochastic considerations is presented in Ostwald et al. (2011) for one-dimensional problems; its 3D-extension
and finite-element-implementation is given in Ostwald et al. (2012). The models are based on the probabilistic approach for phase
transformations by Govindjee and Hall (2000) which may not only be applied for modeling the TRIP effect, but also for shape
memory alloys. Also the work Bartel et al. (2011) of the same group presents an energy relaxation based approach, which uses a
classical J2-vonMises-type plasticity. In this work a special focus lies on the inheritance of the plastic strain. Another energetic
approach to predict the transformation induced plasticity is presented in Bhattacharyya and Weng (1994), wherein the phase
fractions evolve depending on the reduction of the Gibb’s energy. Fischer et al. (2000) the TRIP-effect is experimentally and
theoretically examined and a constitutive material model is presented. The works of Suiker and Turteltaub (2005), Turteltaub and
Suiker (2006a) and Tjahjanto et al. (2007) are based on the idea of a critical driving force. Representing the basic model, in Suiker
and Turteltaub (2005) the material is divided into a transforming and a stable ferritic part. In its extensions in Turteltaub and Suiker
(2006a) and Tjahjanto et al. (2007), the influence of both the material parameters, which characterize the microstructure, and the
crystal sizes are studied. A rather phenomenological approach but thus computationally very fast ansatz was presented in Thibaud
et al. (2006), in which an evolution equation for the martensitic volume fraction is assumed which depends on the plastic strain rate.

In this work, we present a variational material model which is based on our previous approach presented in Waimann et al.
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(2015). Using the principle of the minimum of the dissipation potential (PMDP), we derived coupled evolution equations for the
plastic deformation and phase transformation. Now, we present a computationally improved model: instead of accounting for the
polycrystalline character by discretizing the orientation distribution function using a large number of distinct orientations for which
calculating the grain-wise phase transformation was necessary, we make use of an ansatz for an evolving orientation distribution
function, given by Junker (2014). This approach takes into account the polycrystalline structure and thus different oriented grains
of the examined material by Euler angles that parameterize the “effective” orientation of transforming grains. The material model
is then equipped with evolution equations for the Euler angles. Although evolution equations for the volume fractions, the plastic
strains, and the Euler angles have to be solved, the numerical effort is smaller by orders of magnitude as compared to the origi-
nal ansatz with volume fractions and plastic strains for a large number of individually discretized grains as in Waimann et al. (2015).

In the first chapter, we introduce the variational concept and present the micromechanical model describing the TRIP effect. In
the following section we show the results of a material point calculation with prescribed strain and a finite-element-simulation for
a plate with a hole. Our article is completed by a conclusion and an outlook on further investigations.

2 Variational modeling of TRIP-steel

Our material model is based on the so-called principle of the minimum of the dissipation potential (PMDP) [cf. Carstensen et al.
(2002); Hackl and Fischer (2008)] and it represents an extension of the model for phase transformation in shape memory alloys
Hackl and Heinen (2008). As presented in Junker (2016), the PMDP represents a special case of the well-known Hamilton’s
principle presented in Hamilton (1834, 1835) which allows to derive evolution equations that have a field function character. The
variational concept is based on the idea of formulating a Lagrange function L which includes the rate of the Helmholtz free
energy ψ as well as a dissipation function D. The energy ψ depends on primary variables, e.g., the symmetrized gradient of the
displacement field ∇symu = 1

2 (∇u + u∇) =: ε, indicating the strains, and/or the temperature θ, and a set of internal variables Λ
which describe the microstructure. The dissipation function denotes the energy which dissipates due to the microstructural change
and thus, depends at least on the rate of Λ. Assuming that every material prefers a state of minimum energy, the minimization of
the Lagrangean with respect to ÛΛ directly results in evolution equation for the internal variables. The minimization problem reads

L = Ûψ (ε, θ,Λ) +D( ÛΛ) → min
ÛΛ

. (1)

During the later minimization a further summand is added to the Lagrange function, which enables the consideration of the
constraints to be observed. We will show this in the following sections.

2.1 Internal variables

To describe the microstructure of the polycrystalline TRIP-steel, we make use of four internal variables:

• the volume fractions of the austenite and the martensites λ

• the plastic strain εp

• the kinematic hardening variable av

• a set of Euler angles α = {ϕ, ϑ, ω},

consequently: Λ = {λ, εp, av, α}. The vector λ contains the individual phase fractions which are related to the transformation
process: the austenitic (i = 0) and the n different martensitic (1 ≤ i ≤ n) phases. It has to fulfill the constraints of non-negativity
and mass conservation. In contrast to our material models for shape memory alloys [cf. Waimann et al. (2019)], where the
complete material is able to transform, we consider here that only a small amount of the material at the observed material point is
able to show the phase transition between austenite and martensite. The rest of the material is ferritic or bainitic and has a fixed,
time- and load-invariant volume fraction of λBF. Due to mass conservation, the sum of all evolving fractions must be equal to the
volume fraction of the transforming area:

n∑

i=0

λi = 1 − λBF , (2)

see also the sketched material point in Figure 1. When the condition (2) is fulfilled for the initialization, it is sufficient to guarantee
that the sum of changes of λ is zero. The two constraints, which are considered later in the model, thus read:

λi ≥ 0 ∀i ,
n∑

i=0

Ûλi = 0 . (3)

The second and third internal variables, εp and αv, account for the plastic deformation with kinematic hardening. We make
the assumption that the formed dislocations which are related to the plastic strain are spatially fixed and do not move with the
phase fronts. Therefore, the plastic strain state of the entire polycrystal is described by only one plastic strain tensor. We also
want to point out that there are works in the literature which take into account a phase-wise plastic strain and thus, also consider
the problem of inheritance of plastic strains [e.g., Bartel et al. (2011), Ammar et al. (2014)]. Following our - in a sense -
more homogenized description and thus an averaged plastic strain and kinematic hardening variable comes along with a reduced
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Fig. 1: Schematic transforming austenitic/martensitic (white and black) and non-transforming feritic/bainitic (grey) regions at the
material point.

computational effort. Furthermore, we have to consider the volume preservation during plastic deformation. Hence,

Ûεp : I = 0 and Ûαv : I = 0 (4)

hold. Based on classical linear kinematic hardening rules [e.g., Lubliner (2008); Wriggers (2008)], we additionally fulfill:

Ûεp = −Ûav . (5)

Up to here, the current model substantially corresponds to our former model Waimann et al. (2015). However, one remarkable
difference is the consideration of the polycrystalline structure. In our previous work Waimann et al. (2015), we assumed a coupled
Voigt-Reuß-energy and modelled the austenitic/martensitic phase-transformation and plastic deformation for each particular grain.
Thus, we used the volume fraction of transforming phase i in the grain j λ j

i and the plastic strain in the grain j εpj as internal
variables. To get rid of such a numerically expensive grain-wise computation of the internal variables, we are now calculating
an averaged volume fraction of the austenitic and martensitic phases as well as an overall plastic strain for the whole material
point. To this end, let us introduce the set of Euler angles α which describes the averaged orientation of the transforming grains
[see Junker (2014)]. The set of Euler angles allows us to take into account the orientation by use of a rotation tensor Q = Q(α).
Thereby, we significantly decrease the numerical effort of the new model.

2.2 Helmholtz free energy

Using the internal variables defined in the last section, we can formulate our Helmholtz free energy, which describes the energy
of the examined TRIP-steel. We use a Reuss energy bound and thus, assume a constant stress at the material point:

ψ =
1
2

(
ε − η̄R − εp) : Ē :

(
ε − η̄R − εp) + c̄+

1
3
av : H̄ : av . (6)

In Equation (6), the variable ε is the total strain. As a result of the applied Reuss bound, the effective quantities of the phase-wise
transformation strain ηi , stiffness tensor Ei , hardening tensor Hi , and the caloric energy ci can be calculated by

η̄R = QT (α) ∙
n∑

i=0

λiηi ∙ Q (α) c̄ =

n∑

i=0

λici

Ē =

(
n∑

i=0

λiE
−1
i + λBFE

−1
BF

)−1

H̄ =

(
n∑

i=0

λiH
−1
i + λBFH

−1
BF

)−1

. (7)

Assuming isotropy for stiffness and hardening tensor, only the transformation strain is rotated in the orientation given by the set
of Euler angles. Of course, other (and less) assumptions on the stress in the material point are possible. However, such much
more sophisticated mixture energies stand in contrast to our goal of presenting a material law which can be implemented using a
computationally more efficient algorithm compared to our previous model Waimann et al. (2015). We therefore stick to the rather
simplified assumption of a constant stress in all crystallographic phases.

For the use of the Lagrange function (1), we need to calculate the rate of the Helmholtz free energy. Therefore, we are introducing
the thermodynamical driving forces

PTi = −
∂Ψ

∂λi
= QT ∙ ηi ∙ Q : σ +

1
2
σ : (Ei)

−1 : σ − ci +
1
3
av : H̄ : H−1

i : H̄ : av

PP = −
∂Ψ

∂εp = σ

PV = −
∂Ψ

∂av =
2
3
H̄ : av

PR =
{
Pϕ, Pϑ, Pω

}T
= −

∂Ψ

∂α
= 2η̄ ∙ Q ∙ σ :

∂Q

∂α
, (8)
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whereby σ describes the stress tensor, which is calculated by

σ = Ē :
(
ε − η̄R − εp) . (9)

By use of the chain rule, we can calculate the rate of the Helmholtz free energy by

Ûψ = −PT ∙ Ûλ − PP : Ûεp − PV : Ûav − PR ∙ Ûα . (10)

2.3 Dissipation function

As mentioned before, the dissipation function describes the energy which is dissipated during microstructural evolution. For
the simultaneous phase transformation and plastic deformation, we use a coupled dissipation function based on Waimann et al.
(2016) which will result in rate-independent evolution equations. For the change of the Euler angles, we use the approach given
by Junker (2014) which is homogeneous of second order and will result in evolution equations of viscous type. The dissipation
function reads

D = rT

√√
n∑

i=0

Ûλ2
i + a2 Ûεp : Ûεp +

√
2 rR

2

(
Ûϕ2 + Ûϑ2 + 2 Ûϕ Ûω cos ϑ + Ûω2

)
, (11)

wereby rT is the dissipation parameter which describes the amount of energy necessary for the microstructural change and rR is
the viscosity parameter for the dynamic orientation distribution function. The parameter a is a coupling factor which accounts for
the different amount of energy for the plastic deformation compared to the transformation. It is calculated in dependence of the
plastic yield limit Y0 by a = Y0/r T . Considering now a pure plastic deformation and thus Ûλ = 0, the dissipation function reduces
to its classical form used for plasticity. Note that the part for the rates of the Euler angles ensures objectivity.

2.4 Lagrange function, evolution equations and related yield function

Inserting now the rate of the Helmholtz free energy (10) and the dissipation function (11) into the Lagrangean (1) results in the
minimization problem

L = − PT ∙ Ûλ − (PP − PV) : Ûεp − PR ∙ Ûα + rT

√√
n∑

i=0

Ûλ2
i + a2 Ûεp : Ûεp +

√
2 rR

2

(
Ûϕ2 + Ûϑ2 + 2 Ûϕ Ûω cos ϑ + Ûω2

)

+ κT

n∑

i=0

Ûλi −
n∑

i=0

γTi Ûλi + κP Ûε
p : I → min

Ûα, Ûλ, Ûεp
, (12)

whereby the constraints (3) and (4) are considered by the Lagrange parameters κT and κP and the Kuhn-Tucker parameter γT. The
fourth constraint (5) is directly inserted.
By solving the minimization problem, we can now directly calculate the evolution equations for the internal variables. The
viscous evolution equations for the three Euler angles read

Ûϕ =
1

√
2rR

1
1 − cos2 ϑ

(
Pϕ − Pω cos ϑ

)

Ûϑ =
1

√
2rR

Pϑ

Ûω =
1

√
2rR

1
1 − cos2 ϑ

(
Pω − Pϕ cos ϑ

)
. (13)

The rate-independent evolution equations for the volume fractions and the plastic strain have the form

Ûλi = β devAPTi ∀i ∈ A

Ûεp = −Ûav =
β

a2
dev (PP − PV) (14)

with the active and the plastic deviator

devAPTi = PTi −
1

nA

∑

k∈A

PTk (15)

dev (PP − PV) = (PP − PV) −
1
3
((PP − PV) : I ) I . (16)

Introducing the set of nA active phases A = {i |λi > 0} ∪ {i |λi = 0 ∧ Ûλi > 0}, the active deviator compares the driving force of a
single phase with the averaged driving force of the active phases. The parameter β in (14) is called consistency parameter. It is

a scalar function β =

√∑n
i=0

Ûλ2
i + a2 Ûεp : Ûεp/rT, which couples the evolution equations of the simultaneous phase transformation
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and plastic deformation. For closing the system of equations, we apply a Legendre transformation of the dissipation function for
the simultaneous processes

D∗
T = sup

Ûλ, Ûεp

{

devAPT ∙ Ûλ + dev (PP − PV) : Ûεp − DT

�
�
�
� A

}

, (17)

which directly results in the yield function

ΦT = devAPT ∙ devAPT +
1
a2

dev (PP − PV) : dev (PP − PV) − r 2
T (18)

and the Karush-Kuhn-Tucker conditions

β ≥ 0, ΦT ≤ 0 βΦT = 0 , (19)

which enable us to quantify β. With the evolution equations (14) and (13), the yield function (18) and the Karush-Kuhn-Tucker
conditions (19) our model is set. Note that the coupled approach for the dissipation function in (11) gives one single yield function
that indicates the onset and offset of the coupled evolution of volume fractions, plastic strains, and back stress. The evolution of
the “effective” orientation, indicated by the Euler angles, is not constrained and is determined solely by the driving forces PR , 0.
This case is present as soon as martensitic variants are present, i.e., λi>0 , 0 for any variant i .

3 Numerical results

In the following subsections, we used the material parameters presented in Ostwald et al. (2011) and thus six different martensitic
phases with the transformation strains (in Voigt notation):

η1 = −η4 = η̂{1,−ν̂,−ν̂, 0, 0, 0}T

η2 = −η5 = η̂{−ν̂, 1,−ν̂, 0, 0, 0}T

η3 = −η6 = η̂{−ν̂,−ν̂, 1, 0, 0, 0}T (20)

with ν̂ = 0.3 [-] and η̂ = 0.04 [-]. We choose the austenite as the reference phase for the transforming part of the material.
Therefore, the transformation strain of the austenite is zero. In addition, we also set the transformation strain of the bainitic/ferritic
phases to zero and interpret the two phases as the reference phases for the non-transforming part of the material. However, the
constant phase composition leads to a constant energy contribution which has no influence on the performed minimization. For
the stiffness tensors of all the individual phases, we choose an elasticity modulus of 160 GPa and a Poisson’s ratio of 0.3 [-]. The
hardening tensor is for the austenitic phase H0 = E/4 and for the other phases Hi>0 = HBF = E/12. We neglect any temperature
dependence, i.e. we set the caloric energy ci = 0. The plastic yield limit is chosen to be Y0 = 1.00 GPa and the non-transforming
volume fraction λBF = 0.8 [-]. Additionally, the initial set of Euler angles is randomly generated: α0 = {2.6260, 1.8406, 5.9814}
[-].

For the implementation of our problem, we choose a broken Taylor series for the descretization of the stress and the internal
variables, see also Junker and Hempel (2017):

Λn+1 ≈ Λn +
∂Λ

∂t

�
�
�
�

n

Δt . (21)

Therein, Λ is a general discretized variable, n is the former and n+ 1 the current load step. The partial derivative
∂Λ

∂t

�
�
�
�

n

is the rate

of the individual quantity at the previous load step. For the update of the internal variables this exemplary means

λn+1 = λn +
∂λ

∂t

�
�
�
�

n

. (22)

The update of the volume fraction is thus performed using the already calculated, and thus fixed, quantities of the previous step.
Applying the explicit scheme also on the stress evolution

σn+1 = σn +
∂σ

∂ε

�
�
�
�

n

:
(
εn+1 − εn

)
+
∂σ

∂λ

�
�
�
�

n

:
(
λn+1 − λn

)
+
∂σ

∂εp

�
�
�
�

n

:
(
εp,n+1 − εp,n

)
+
∂σ

∂α

�
�
�
�

n

:
(
αn+1 − αn

)
(23)

results in the material tangent

∂σ

∂ε

�
�
�
�

n

= Ē
�
�n (24)

for the performed implementation in a finite element setting. The explicit scheme results in a very stable and robust algorithm
which can be easily implemented.
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3.1 Material point level

In our first simulation, we use a step-wise loading in form of a prescribed strain tensor (in Voigt notation):

ε = ε̃{1,−0.45,−0.45, 0, 0, 0}T (25)

with ε̃ ∈ [−0.03, 0.03]. The results of the tension/compression cycle are presented in Figure 2. We choose the dissipation param-
eter and the time-dependent discretized viscous parameter to be rT = 0.05 GPa and ΔtR = Δt/(

√
2rR) = 0.01 1/GPa, respectively.
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Fig. 2: Material point calculation: stress/strain diagram (upper left), austenitic volume fraction (upper right), norm of the plastic
strain (lower left), relative change of the Euler angles (lower right).

As can be seen in the stress/strain diagram in Figure 2 (upper left), the material behaves linear elastic until reaching a critical stress,
where the transformation and, simultaneously, the plastic deformation is initiated: the originally austenitic material transforms
into martensite, see Figure 2 (upper right). Unloading leads again to a linear relation between stress and strain, until the transform
starts again and the material transforms into the martensitic variants which are energetically favored for the unloading and
afterwards compression. Unloading from the compressed state, leads again to a linear relation and a following transformation.
After the load cycle, the material is not austenitic again. As can be seen in Junker and Hempel (2017), this is an effect of the
plastic deformation within the model and reflects the experimentally observed behavior. Due to the coupled evolution equations,
the transformation is accompanied by the evolution of the plastic strain, see Figure 2 (lower left). The relative change of the
Euler angles in Figure 2 (lower right) show a permanent update of the orientation. Summarily, the variational model is able to
qualitatively show the experimentally observed material behavior.

In Figure 3, the calculation is compared with results of the former model which is presented in Waimann et al. (2015). We
used 100 randomly oriented grains for the grain-wise calculations of the polycrystalline material. The calculation time of the
previous model Waimann et al. (2015) is 2.87042 s. The approach presented in this work and based on Junker (2014) needs
only 1.56001 10−2 s. The outstanding speed-up factor of 184, show the high improvement of the approach’s efficiency by the
dynamically evolving orientation distribution function. Nevertheless, although the plateau stress are in good accordance, the
stress/strain curve shows a smoother initiation of the transformations, which results in a smooth transition between the elastic
part and the stress plateaus. The reason for that is that some of the 100 grains start to transform earlier than others. Both models
show a good first estimation for the expected material behavior and a good qualitative accordance to simulations performed, e.g.,
by Ostwald et al. (2012). However, an experimental comparison is necessary to further quantitatively examine the two modeling
approaches.
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3.2 Finite element simulation of a a plate with a hole

For our finite element simulation, we implemented an explicit solution scheme for the used internal variables, see Junker and
Hempel (2017); Waimann et al. (2019). The boundary value problem of the loaded plate with a hole is presented in Figure 4
(left). The resulting force/displacement diagram of the applied tension/compression cycle is presented in Figure 4 (right). This
global structure reaction shows similarities to the local behavior at the material point observed in the last section. The austenitic
volume fraction as well as the absolute plastic deformation and the xx-component of the plastic strain are presented in Figures
5, 6 and 7, which show the simultaneous evolution of the coupled internal variables. Whereby the first and third plateaus in the
force/displacement diagram are a result of the transformation from austenite to martensite, the major cause of the second plateau
is a transformation between the martensitic variants. Finally, we showed that the implemented finite element algorithm using
the explicit scheme is able to show the simultaneous microstructural evolutions, whereby a comparison with experiments is still
pending.

4 Conclusion and outlook

We presented a variational material model, which is able to show a first estimation for the simultaneous plastic deformation and
phase transformation in TRIP-steels. Compared to our previous model Waimann et al. (2015), we improved the computational
effort by introducing an evolving orientation distribution function. The presented simulations for the material point level and a
finite element calculation show the expected macroscopic behavior and are in good accordance with simulations by Ostwald et al.
(2012). However, no experimental comparison and validation is done so far. Our next step is a more detailed examination of our
model: by use of more simulations and an experimental validation, we will investigate the applicability of our model and calibrate
the material parameters. In addition, the two different approaches for the polycrystalline structure - a grain-wise computation of
the microstructural change presented in Waimann et al. (2015) and the here presented use of a dynamically evolving orientation
distribution function - need a detailed examination and comparison based on experiments.
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