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Abstract: The present paper is dedicated to study the nonlinear ultrasonic waves in a magneto-flexo-thermo elastic armchair
single-walled carbon nanotube with mass sensors resting on polymer matrix. Here the small-scale effect is captured by Eringen’s
nonlocal elasticity theory. After developing the formal solution of the mathematical model consisting of partial differential equations,
the frequency equations have been analyzed numerically by using the nonlinear foundations supported by Winkler-Pasternak model.
The solution is obtained by ultrasonic wave dispersion relations. Parametric work is carried out to scrutinize the influence of the
nonlocal scaling, magneto-flexoelectric mechanical loadings, foundation parameters, attached mass, various boundary condition
and length on the dimensionless frequency of nanotube. It is noticed that the boundary conditions, nonlocal parameter, attached
mass and tube geometrical parameters have significant effects on dimensionless frequency of nanotubes.
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1 Introduction

The advancement of nano structures has been enhanced through the coupling of magneto-flexo-thermo-elasticity in armchair
single-walled carbon nanotube(SWCNT). Using MFT based nano materials in polymer matrix as surrounding medium to generate
better efficiency of embedded nano structures has been attracting great research attention in recent years (Ebrahimi and Dabbagh
(2018)). Due to the arrival of nonlocal continuum theory, the nonlocal Euler-Bernoulli and Timoshenko beam models enable the
assessment of scaling effect on a carbon nanotube’s(CNT’s) dispersion relations. Wang (2005), H. Heireche (2008), Eringen (2002),
A. C. Eringen (1972) and Eringen (1983) elaborated the nonlocal continuum field theories and validated in different nano materials.
L. Wang (2006) carried out the nonlocal continuum models to investigate the small scale effect on elastic buckling of CNTs and
referred the impact of small scale effect on vibration modes. B. Fang (2013) has discussed the nonlinear free vibration of double
walled CNTs based on the nonlocal elasticity theory. They found that the surrounding elastic medium plays an important role in
the nonlinear propagation and the amplitude development. Z. Saadatnia (2017) investigated the nonlinear harmonic vibration of a
piezoelectric-layered nanotube conveying fluid flow and concluded that the effects of small scale parameter is quite considerable in
the frequency responses of the system in the presence of fluid environment. H. Askari (2017) presented the forced vibration of
fluid conveying CNTs considering thermal effect and nonlinear foundations. B. Gheshlaghi (2011) read the forced vibration of
fluid conveying CNTs considering thermal and nonlinear vibrational behaviour of homogenous nanobeams.

M. Sadeghi-Goughari (2017) studied the vibrational behaviour of a CNT conveying magnetic fluid subjected to a longitudinal
magnetic field. Y. Zhen (2019) verified the free vibration of viscoelastic nanotube under longitudinal magnetic field and indicated
the fact that the first natural frequency increases slightly with the increase of the nonlocal parameter, while higher natural
frequencies decrease significantly with the increase of the nonlocal parameter. H. Dai (2018) explored the exact modes for
post-buckling characteristics of nonlocal nanobeams in a longitudinal magnetic field. Ebrahimi and Barati (2017b) investigated
the propagation of waves in nonlocal porous multi-phase nano crystalline nanobeams via longitudinal magnetic field effect.
They pointed out the concept that the wave frequencies and phase velocities may increase or decrease with the reduction in the
inhomogeneity magnitudes. L. Li (2016) illustrated the wave propagation in viscoelastic SWCNTs with surface effect under
magnetic field based on nonlocal strain gradient theory and concluded with the importance of damping coefficient. A. G. Arani
(2016) discussed the longitudinal magnetic field effect on wave propagation of fluid-conveyed SWCNT using Knudsen number
and surface considerations. D. Zhang (2016) studied the vibration analysis of horn-shaped SWCNTs embedded in viscoelastic
medium via a longitudinal magnetic field. A two scale coefficient model is developed to study the propagation of longitudinal
stress waves under a longitudinal magnetic field by Güven (2015) via a unified nonlocal elasticity theory. Q. Wang (2006) validated
the nonlocal elastic shell model for studying longitudinal waves in SWCNT and found that the microstructure and the coupling of
the longitudinal wave and radial motion play a vital role in the dispersion of waves. Azarboni (2019) explored the magneto-thermal
primary frequency response analysis of CNT considering surface effect under different boundary conditions. They inferred that the
increase in longitudinal magnetic field leads to shifting the backward jumping at higher excitation amplitude values for different
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boundary conditions. S. Pradhan (2009) utilized the nonlocal continuum models to analyse the small scale effect on vibration of
embedded multi-layered graphene sheets.

Thermal buckling properties of zigzag SWCNTs using a refined nonlocal model are investigated by A. Semmah (2014). They
inferred that the thermal buckling properties of SWCNTs are strongly dependent on the scale effect and additionally on the chirality
of zigzag CNT. M. Naceri (2011) presented the wave propagation in armchair SWCNTs under thermal environment. H. Baghdadi
(2014) noted the thermal effect on vibration characteristics of armchair and zigzag SWCNTs using nonlocal parabolic beam
theory. They indicated the significant dependence of natural frequencies on the temperature change as well as the chirality of
armchair and zigzag CNT. The thermal effect on vibration of SWCNTs using nonlocal Timoshenko beam theory is investigated by
A. Benzair (2008). It is concluded that the effects lead to a decrease in frequencies when compared with those obtained by the
Euler beam model. A. Besseghier (2011) presented the thermal effect on wave propagation in double-walled CNTs embedded in a
polymer matrix using nonlocal elasticity. Y. Q. Zhang (2007) studied the thermal effects on interfacial stress transfer characteristics
of single/multi-walled carbon nano tubes/polymer composite systems under thermal loading by means of thermoelastic theory
and conventional fiber pullout models. P. Lata (2019a) and P. Lata (2019b) despite several researchers, worked on different
theory of thermoelasticity. P. Lata (2016) and R. Kumar (2017) studied the deformation in transversely isotropic material using
thermoelasticity.

S. Narendar (2011) predicted the nonlocal scaling parameter for armchair and zigzag SWCNTs through molecular structural
mechanics, nonlocal elasticity and wave propagation technique. W. A. Bedia (2015) contributed the study on the thermal buckling
characteristics of armchair SWCNT embedded in an elastic medium. M. Zidour (2014) developed the buckling analysis of chiral
SWCNTs by using the nonlocal Timoshenko beam theory. T. Bensattalah (2016) investigated the thermal and chirality effects
on vibration of SWCNTs embedded in a polymeric matrix using nonlocal elasticity theories. J. C. Hsu (2008) presented the
resonance frequency of chiral SWCNTs using Timoshenko beam theory. Aydogdu (2012) studied the axial vibration of SWCNT
embedded in an elastic medium and concluded with the fact that the axial vibration frequencies of SWCNT embedded in an elastic
medium highly over estimated by the classical rod model because of ignoring the effect of small length scale. R. Ansari (2012)
pointed out the dynamic stability of embedded SWCNTs including thermal environment effects and inferred the result that the dif-
ference between instability regions predicted by local and nonlocal beam theories is significant for nanotubes with lower aspect ratios.

Nano-scale structures coupled with mass sensors have been studied by scientist in recent years. D. H. Wu (2006) analysed the
resonance frequency of a SWCNT via a continuum mechanics-based finite element method(FEM). H. Lee (2009) modeled CNT
nano-mass sensors with molecular structural mechanics method. Another similar study on the application of this theory to examine
the frequency shift behavior of plate-type nano-mass sensor made of FG nano structures was presented by M. R. Barati (2017).
For example, the potential of SWCNT as a mass sensor is investigated using continuum mechanics theory by R. Chowdhury
(2009). M. Arda (2020) have referred the effect of stiffness and mass ratios; attach point of the detected elastic mass, nonlocal
parameter to non-dimensional frequency of the nano-mass sensor. H. Liu (2020) investigated a unique nanoscale mass sensor
manufactured from clever FG-MEE core included with graphene layers in its pinnacle and backside surfaces. H. Lee (2010)
developed the frequency shift and sensitivity of carbon nanotube based sensor with an attached mass using nonlocal elasticity theory.

K. Wang (2018) proposed an array of flexoelectric layered nanobeams for vibration energy harvesting. F. Ebrahimi (2019)
investigated the surface effect on scale-dependent vibration behaviour of flexoelectric sandwich nanobeams and they found that
contribution of flexoelectricity on the natural frequencies. R. Basutkar (2019) stated the static analysis of flexoelectric nanobeams
incorporating surface effects using element free Galerkin method. M. A. Nematollahi (2019) discussed and developed to predict
the mass ratio and fluid velocity of a piezoelectric nanotube conveying fluid. M. Aydogdu (2011) found an advanced elastic rod
version and carried out to investigate the small-scale impact at the axial vibrations of SWCNTs with attached mass. R. Selvamani
(2020) and R. Selvamani (2018) studied the dynamics of coated piezoelectric rod and nonlocal strain gradient buckling behaviour
of single-layer graphene sheets in the hygro-thermal environment resting on the elastic medium. To the best of the author’s
knowledge, there has been no record regarding the nonlinear ultrasonic waves in a magneto-flexo-thermo elastic armchair SWCNT
with mass sensors resting on polymer matrix via Eringen’s nonlocal elasticity theory. Therefore, there is a strong scientific need to
understand the nonlinear ultrasonic vibration behaviour of the armchair SWCNT with mass sensor resting on elastic substrate in
magneto-thermo elastic environment.

In this paper, we considered the nonlinear magneto-flexo-thermo-elastic waves in an armchair SWCNT resting on polymer matrix
is studied via Euler beam theory by considering the elasticity of attached mass sensors. The analytical formulation is developed
based on Eringen’s nonlocal elasticity theory to account small scale effect. The solution is obtained by ultrasonic wave dispersion
relations. Parametric studies are conducted to scrutinize the influence of the magneto-electro-mechanical loadings, attached mass,
nonlocal parameter and aspect ratio on the deflection characteristics of nanotube. The influence of each parameter is highlighted
through a group of diagrams and tables.
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2 Mathematical Formulations

2.1 Eringen nonlocal theory of elasticity

This theory assumes that stress state at a reference point 𝑥 in the body is regarded to be dependent not only on the strain state at 𝑥
but also on the strain states at the all-other points 𝑋 ′ of the body. The general form of the constitutive equations in the nonlocal
form of elasticity contains an integral over the entire region of interest. The integral contains a nonlocal kernel function, which
describes the relative influences of the strains at various locations on the stress at a given location. The constitutive equations of
linear, homogeneous, isotropic, nonlocal elastic solid with zero body forces are given by Eringen (2002), Eringen (1983) and
A. C. Eringen (1972) as follows

𝜎𝑖 𝑗 ,𝑖 + 𝜌( 𝑓 𝑗 − ¥𝑢 𝑗 ) = 0 (1)

𝜎𝑖 𝑗 (𝑋) =
∫
𝜈

𝜋( |𝑋 − 𝑋 ′ |, 𝜏)𝜎𝑐
𝑖 𝑗 (𝑋 ′)𝑑𝜈(𝑋 ′) (2)

𝜎𝑐
𝑖 𝑗 (𝑋 ′) = 𝐶𝑖 𝑗𝑘𝑙𝜀𝑖 𝑗 (𝑋 ′) (3)

𝜀𝑖 𝑗 (𝑋 ′) = 1
2
(𝑢𝑖, 𝑗 + 𝑢 𝑗 ,𝑖) (4)

Eq.(1) is the equilibrium equation, where 𝜎𝑖 𝑗 ,𝑖 , 𝜌, 𝑓 𝑗 , ¥𝑢 𝑗 are the stress tensor, mass density, body force density and displacement
vector at a reference point 𝑥 in the body, respectively at the time 𝑡. Equation (3) is the classical constitutive relation where 𝜎𝑐

𝑖 𝑗
(𝑋 ′)

is the classical stress tensor at any point 𝑋 ′ in the body, which is related to the linear strain tensor 𝜀𝑖 𝑗 (𝑋 ′) at the same point. Eq.(4)
is the classical strain displacement relationship. The kernel function 𝜋( |𝑋 − 𝑋 ′ |, 𝜏) is the attenuation function which incorporated
the nonlocal effect in the constitutive equations. The volume integral in Eq.(2) is over the region 𝜈 occupied by the body. It is
clear that, the only difference between Eqs.(1)-(4) and the corresponding equations of classical elasticity in Eq.(2) replaces the
Hooke’s law in Eq.(3) by Eq.(2). Eq.(2) consists the parameters which correspond to the nonlocal modulus has dimensions of
(length)−3 and so it depends on a characteristic length (lattice parameter, size of grain, granular distance, etc.). Therefore the
nonlocal modulus can be written in the following form:

𝜋 = 𝜋( |𝑋 − 𝑋 ′ |, 𝜏), 𝜏 =
𝑒0𝑎

𝑙
(5)

where 𝑒0 is a constant corresponding to the material and has to be determined for each material independently. Here 𝑎 and 𝑙 are
internal and external characteristic length of the system (wavelength, crack length, size or dimensions of sample, etc.). Then, the
integro-partial differential Eq.(2) of nonlocal elasticity can be simplified to partial differential equation as follows

(1 − 𝜏2𝑙2∇2)𝜎𝑖 𝑗 (𝑋) = 𝜎𝑐
𝑖 𝑗 (𝑋) = 𝐶𝑖 𝑗𝑘𝑙𝜀𝑖 𝑗 (𝑋) (6)

where ∇ denotes the second-order spatial gradient applied on the stress tensor 𝜎𝑖 𝑗 and 𝜏 = 𝑒0𝑎/𝑙, 𝐶𝑖 𝑗𝑘𝑙 is the elastic modulus
tensor of classical isotropic elasticity and 𝜀𝑖 𝑗 is the strain tensor. Eringen proposed 𝑒0 = 0.39 by the matching of the dispersion
curves via nonlocal theory for place wave and born-Karman model of lattice dynamics at the end of the Brillouin zone (𝑘𝑎 = 𝜋)
where 𝑎 is the distance between atoms and 𝑘 is the wave number in the phonon analysis. A. C. Eringen (1972) proposed 𝑒0 = 0.31
in his study for Rayleigh surface wave via nonlocal continuum mechanics and lattice dynamics.

2.2 Atomic structure of carbon nanotube

CNTs are considered to be tubes formed by rolling a graphene sheet about the −→
𝑇 . A vector perpendicular to −→

𝑇 is the chiral vector
denoted by

−→
𝐶ℎ. The chiral vector and corresponding chiral angle define the type of CNT, i.e., zigzag, armchair and chiral.

−→
𝐶ℎ can

be expressed with respect to two base vectors −→𝑎1 and −→𝑎2 as under

−→
𝐶ℎ = 𝑛−→𝑎1 + 𝑚−→𝑎2 (7)

where 𝑛 and 𝑚 are the indices of translation which decide the structure around the circumference. Figure 1 descripts the lattice
of transition (𝑛, 𝑚) along with the base vectors −→𝑎1 and −→𝑎2. If the indices of translation are such that 𝑚 = 0 and 𝑚 = 𝑛 then the
corresponding CNT are categorized as zigzag and armchair respectively. Considering the chirality diameter and the chiral angle of
the CNT, the chiral vector for each nanostructure is calculated. The diameter of armchair SWCNT for (𝑛 = 𝑚) is given by Yamabe
(1995):

𝑑 =
3𝑛𝑎
𝜋
. (8)

Based on the link between molecular mechanics and solid mechanics, Y. Wu (2006) developed an energy-equivalent model for
studying the mechanical properties of SWCNT. Using the same method, the equivalent Young’s modulus of armchair nanotube are
expressed as
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𝐸𝑆𝑊𝐶𝑁𝑇 =
4
√

3𝐾𝐶
9𝐶𝑡 + 4𝐾𝑎2𝑡 (𝛾2

21 + 𝛾
2
22)

(9)

where 𝐾 and 𝐶 are the force constants. 𝑡 is thickness of the SWCNT and the parameters 𝛾21 and 𝛾22 are given by:

𝛾21 =
−3

√
4 − 3 cos2 (𝜋/2𝑛) cos(𝜋/2𝑛)
8
√

3 − 2
√

3 cos2 (𝜋/2𝑛)
(10)

𝛾22 =
12 − 9 cos2 (𝜋/2𝑛)

16
√

3 − 4
√

3 cos2 (𝜋/2𝑛)
. (11)

Letting 𝑛→ ∞ the expressions of Young’s modulus of a graphite sheet is given by:

𝐸𝑔 =
16
√

3𝐾𝑡
18𝐶𝑡 + 𝐾𝑎2𝑡

. (12)

Fig. 1: (From left)(a) Geometric properties of SWCNT; (b) Graphene structure of carbon nanotube

2.3 Basic equations of magnetic field force

The CNTs appear in a hollow structure formed by covalently bonded carbon atoms, which can be imagined as a rectangular graphite
sheet rolled from one side of its longest edge to form a cylindrical tube (shown in Fig. 2). A cylindrical coordinate system (𝑋, 𝜃, 𝑍)
is shown in Fig. 2. Here 𝑋 expresses the longitudinal direction of shell, 𝜃 expresses the circumferential direction of uniform shell
and 𝑍 expresses the radial direction, the surface defined by 𝑍 = 0 is set on the middle surface of the shell. Assuming that the
magnetic permeability, 𝜂 of CNTs equals the magnetic permeability of the medium around it, the Maxwell equations are given by

𝑓 = ∇ × 𝑠, ∇ × 𝑒 = −𝜂 𝜕𝑠
𝜕𝑡
, 𝑑𝑖𝑣 𝑠 = 0, (13)

𝑠 = ∇ × (𝑈 × 𝐻), 𝑒 = −𝜂
(
𝜕𝑠

𝜕𝑡
× 𝐻

)
(14)

𝑓 , 𝑠, 𝑒 and𝑈 represents the current density, strength vectors of electric field, displacement vectors of magnetic field and the vector
of displacement respectively, ∇ is the Hamilton arithmetic operator of shell ∇ =

(
𝜕
𝜕𝑋

®𝑖 + 𝜕
𝜕𝜃

®𝑗 + 𝜕
𝜕𝑅

®𝑘
)
. Applying a longitudinal

magnetic field vector 𝐻 (𝐻𝑥 , 0, 0) exerted on the 𝑖 layer CNT with the cylindrical coordinate (𝑋, 𝜃, 𝑅) and the displacement vector
𝑈 = (𝑢𝑖 , 𝑣𝑖 , 𝑌𝑖) of the 𝑖 layer CNT to Eq.(13), yields

𝑠 = ∇ × (𝑈 × 𝐻) = −𝐻𝑥

(
𝜕𝑣𝑖

𝜕𝜃
+ 𝜕𝑌𝑖
𝜕𝑍

)
+ 𝐻𝑥

(
𝜕𝑣 𝑗

𝜕𝑋

)
+ 𝐻𝑥

𝜕𝑌

𝜕𝑋
𝑘, (15)

𝑓 = ∇ × 𝑠 =
(
𝐻𝑥

(
−
𝜕2𝑣®𝑖
𝜕𝑋𝜕𝑅

+
𝜕2𝑌®𝑖
𝜕𝑋𝜕𝜃

)
− 𝐻𝑥

(
𝜕2𝑣 ®𝑗

𝜕𝜃𝜕𝑅
+
𝜕2𝑌®𝑗

𝜕𝑋2 +
𝜕2𝑣 ®𝑗

𝜕𝑅2

)
+ 𝐻𝑥

(
𝜕2𝑣®𝑘
𝜕𝑋2 +

𝜕2𝑌®𝑘
𝜕𝑋2 +

𝜕2𝑣®𝑘
𝜕𝑅2

))
. (16)

The Lorentz force 𝑞 induced by the longitudinal magnetic field can be written as

𝑞(𝑞𝑥 , 𝑞𝜃 , 𝑞𝑧) = 𝑓 × 𝐵 = 𝑓 × 𝜂𝐻 = 𝜂

(
0®𝑖 + 𝐻2

𝑥

(
𝜕2𝑣 ®𝑗

𝜕𝑋2 +
𝜕2𝑣 ®𝑗

𝜕𝜃2 +
𝜕2𝑌®𝑗

𝜕𝜃𝜕𝑅

)
+ 𝐻2

𝑥

(
𝜕2𝑌®𝑘
𝜕𝑋2 +

𝜕2𝑌®𝑘
𝜕𝜃2 +

𝜕2𝑣®𝑘
𝜕𝜃𝜕𝑅

))
(17)
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Fig. 2: Single-walled carbon nanotube subjected to axial magnetic field

where 𝑞𝑥 , 𝑞𝜃 and 𝑞𝑧 express the Lorentz force along the 𝑋 , 𝜃 and 𝑅 direction as follows (Fig.3):

𝑞𝑥 = 0 (18)

𝑞𝜃 = 𝜂

(
𝐻2

𝑥

𝑅2
𝜕2𝜈𝑖

𝜕𝑥2 + 𝐻2
𝑥

𝜕2𝜈𝑖

𝜕𝑥2

)
(19)

𝑞𝑧 = 𝜂

(
𝐻2

𝑥

𝜕2𝑌

𝜕𝑋2

)
(20)

The external force 𝑞𝑚𝑎𝑔 consists of the Lorentz force 𝑞𝑧 due to the longitudinal magnetic field and the distributed transverse force
𝐹𝑠 due to the effect of surface tension. Then we get,

𝑞𝑚𝑎𝑔 = 𝑞𝑧 (𝑥) + 𝐹𝑠 (21)

where the Lorentz force 𝑞𝑧 is defined in Eq. (20) (L. Li (2016)) and the distributed transverse force 𝐹𝑠 can be defined as(X. Lei
(2012))

𝐹𝑠 =

(
𝐻𝑠

𝜕2𝑌

𝜕𝑋2

)
(22)

Here 𝜂 is the magnetic permeability, 𝐻𝑠 is a constant, defined as

𝐻𝑠 = 2𝜇(𝑑 + ℎ) (23)

where 𝜇 denotes the residual surface tension 𝑑 is distance of CNT and ℎ is the effective thickness of SWCNTs. The term 𝑞𝑧 is the
magnetic force per unit length due to Lorentz force exerted on the tube in 𝑍-direction considered form when considering the effect
of surface elasticity, the effect bending stiffness 𝐸𝐼 should be modified as (X. Lei (2012), Z. Yan (2011)).

𝐸𝐼∗ = 𝐸𝐼 +𝑄𝑠𝐸𝑠 (24)

where 𝑄𝑠 =
𝜋
8 (𝑑 + ℎ)

3. Here 𝐸𝑠 denotes the surface Young’s modulus, ℎ is the effective thickness of SWCNTs and 𝑑 is already
denoted in Eq.(8).

3 Euler Bernoulli Beam Theory (EBT) based on Nonlocal Relations

The partial differential equation which governs the free vibration of nanotube under the influence of flexo-thermal and Lorentz
force can be expressed as

𝜕Π

𝜕𝑋
+ 𝑁𝑡

𝜕2𝑌

𝜕𝑋2 + 𝑞 (𝑚𝑎𝑔) + 𝛽𝑦 + 𝑓 (𝑥) = 𝜌𝐴𝜕
2𝑌

𝜕𝑡2
(25)
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Fig. 3: From left (a) Geometry of SWCNT in flexoelectric with polymer matrix (b) Geometry of SWCNT in nonlinear foundation

where 𝑓 (𝑥) is the interaction pressure per unit axial length between the nanotube and the surrounding elastic medium. 𝐴 is the
cross section of CNT.

𝛽 =
𝑓

1 −
( 𝛼
𝐿2

)
𝑓

(26)

𝑓 =
𝑚𝜔2𝐿2

𝐸𝐴
, 𝛼 =

𝑀𝑝

𝑚𝐿
(27)

where 𝑓 is the non-dimensional frequency parameter and 𝛼 is the mass ratio (attached mass/mass of CNT). 𝑚 is the mass per
unit length for nonlocal elasticity. The resultant shear force Π on the cross section of the nanotube is defined in the following
equilibrium equation.

Π =
𝜕𝑀

𝜕𝑋
(28)

𝑁𝑡 denotes the temperature dependent axial force with thermal expansion coefficient 𝛼. This constant force is defined as(S. Narendar
(2010))

𝑁𝑡 = −𝐸𝐴𝛼𝑇 (29)

where 𝐴 is the cross section of nanotube and 𝑇 is the temperature change. The longitudinal magnetic flux due to Lorentz force
exerted on the tube in 𝑍 direction is represented by the term 𝑞𝑍 and is read from

𝑞𝑍 = 𝜂𝐴𝐻2
𝑥

𝜕2𝑌

𝜕𝑋2 − 𝐸𝐴𝛼𝑇 (30)

where 𝐻𝑥 is the magnetic field strength and 𝜂 is the magnetic permeability. For the Euler-beam theory the resultant bending
moment 𝑀 in Eq.(28) can be taken as follows

𝑀 =

∫
𝐴

𝑧𝜎𝑥𝑥𝑑𝐴 (31)

where 𝜎𝑥𝑥 is the nonlocal axial stress defined by nonlocal continuum theory. The constitutive Eq.(6) of a homogeneous isotropic
elastic solid in nonlocal form for one-dimensional nanotube is taken as

𝜎𝑥𝑥 − (𝑒0𝑎)2 𝜕
2𝜎𝑥𝑥

𝜕𝑋2 = 𝐸𝜀𝑥𝑥 (32)

where 𝐸 is the Young’s modulus of the tube, 𝜀𝑥𝑥 is the axial strain, (𝑒0𝑎) is a nonlocal parameter which represents the impact of
nonlocal scale effect on the structure and 𝑎 is the internal characteristic length. The nonlocal relations in Eq.(32) can be written
with temperature environment as follows

𝜎𝑥𝑥 − (𝑒0𝑎)2 𝜕
2𝜎𝑥𝑥

𝜕𝑋2 = 𝐸𝜀𝑥𝑥 − 𝐸𝛼𝑇. (33)

In the context of Euler-Bernoulli beam model, the axial strain 𝜀𝑥𝑥 for small deflection is defined as
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𝜀𝑥𝑥 = −𝑧 𝜕
2𝑌

𝜕𝑋2 (34)

where 𝑧 is the transverse co-ordinate in the positive direction of deflection. By using Eqs. (33)-(34), in Eq.(31), the bending
moment 𝑀 can be expressed as

𝑀 − (𝑒0𝑎)2
[
𝜕2𝑀

𝜕𝑋2

]
= 𝐸𝐼∗

𝜕2𝑌

𝜕𝑋2 (35)

Π − (𝑒0𝑎)2
[
𝜕2𝑀

𝜕𝑋2

]
= 𝐹𝑆

11
𝜕𝑌

𝜕𝑋
− 𝐶𝑆

11
𝜕2𝑌

𝜕𝑋2 (36)

where 𝐼 =
∫
𝐴
𝑧2𝑑𝐴 is the moment of inertia. By substituting Eq.(36) and (35) into Eq.(25), the nonlocal bending moment 𝑀 and

shear force Π can be expressed as follows

𝑀 − (𝑒0𝑎)2
[
(𝜌𝐴) 𝜕

2𝑌

𝜕𝑡2
+ 𝑞 (𝑚𝑎𝑔) − 𝑓 (𝑥) + 𝐸𝐴𝛼𝑇

]
= 𝐸𝐼∗

𝜕2𝑌

𝜕𝑋2 (37)

Π − (𝑒0𝑎)2

[
(𝜌𝐴) 𝜕3𝑌

𝜕𝑋𝜕𝑡2
+
𝜕2𝑞 (𝑚𝑎𝑔)

𝜕𝑋2 − 𝜕 𝑓 (𝑥)
𝜕𝑋

+ 𝐸𝐴𝛼𝑇
]
= 𝐸𝐼∗

𝜕3𝑌

𝜕𝑋3 + 𝐹𝑠
11
𝜕𝑌

𝜕𝑋
− 𝐶𝑠

11
𝜕2𝑌

𝜕𝑋2 . (38)

For the transverse vibration, the equation of motion (25) can be expressed that vibration of an elastic beam under distributed
transverse pressure and thermal interaction with surrounding polymer elastic medium as

𝑓 (𝑥) =𝐸𝐼∗ 𝜕
4𝑌

𝜕𝑋4 + 𝐸𝐴𝛼𝑇 𝜕
2𝑌

𝜕𝑋2 + (𝜌𝐴) 𝜕
2𝑌

𝜕𝑡2
+ 𝑞𝑧 (𝑥) + 𝐹𝑠

𝜕2𝑌

𝜕𝑋2

− (𝑒0𝑎)2
(
𝐸𝐴𝛼𝑇

𝜕4𝑌

𝜕𝑋4 + 𝑞𝑧 (𝑥) + 𝐹𝑠
𝜕4𝑌

𝜕𝑋4 − 𝜕2 𝑓 (𝑥)
𝜕𝑋2 −

(
𝐹𝑠

11
𝜕𝑌

𝜕𝑋
− 𝐶𝑠

11
𝜕2𝑌

𝜕𝑋2

))
(39)

In addition, the pressure per unit axial length acting on the surface of the tube due to the surrounding elastic medium can be
described by a Winkler-Pasternak type model(Barati (2017))

𝑓 (𝑥) = −(−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙) (40)

where 𝐾𝑤, 𝐾𝑝 and 𝐾𝑛𝑙 are Winkler, Pasternak and nonlinear constant foundation. Substituting Eq.(40) into Eq.(39) yields

𝐸𝐼∗
𝜕4𝑌

𝜕𝑋4 + 𝐸𝐴𝛼𝑇 𝜕
2𝑌

𝜕𝑋2 + 𝜌𝐴𝜕
2𝑌

𝜕𝑡2
+

(
𝜂𝐴𝐻2

𝑥

𝜕2𝑌

𝜕𝑋2 + 𝐻𝑥

𝜕2𝑌

𝜕𝑋2

)
(41)

− (𝑒0𝑎)2 ©­«
𝐸𝐴𝛼𝑇 𝜕4𝑌

𝜕𝑋4 + 𝜌𝐴 𝜕2𝑌
𝜕𝑋2 +

(
𝜂𝐻2

𝑥
𝜕4𝑌
𝜕𝑋4 − 𝐻𝑥

𝜕4𝑌
𝜕𝑋4

)
−(−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙) 𝜕

2𝑌
𝜕𝑋2 +

(
𝐹𝑠

11
𝜕𝑌
𝜕𝑋

− 𝐶𝑠
11

𝜕2𝑌
𝜕𝑋2

) ª®¬ = −(−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙) (42)

The surface piezoelectricity rigidities along the cross sectional area is modelled as

𝐹𝑆
11 =

(
𝛿𝑆11 +

𝑒31𝑒
𝑆
31

𝑘33

)
𝑏ℎ2

4
(43)

𝐶𝑆
11 =

(
𝛿𝑆11 +

𝑒31𝑒
𝑆
31

𝑘33

𝑏ℎ2

4

)
(44)

The flexoelectric nanotube is made PZT-5H where 𝐶𝑆
11 is the elastic stiffness constant. The elastic properties are considered as 𝐶11

and the piezoelectric and dielectric coefficients are assumed as 𝑒31, 𝑘33(W. Yang (2015)). The flexoelectric coefficient as also
considered as 𝑓31]. The flexoelectric coefficient as also considered as 𝑓31 (W. Yang (2015)). The surface elastic and piezoelectric
constants for PZT-5H can be considered as 𝛿𝑆11 and 𝑒𝑆11(Ebrahimi and Barati (2017a)).

4 Ultrasonic Wave Solution

Eq. (39) can be transformed in to frequency domain using Fourier transformation(S. Narendar (2010)):

𝑌 (𝑥, 𝑡) =
𝑁∑︁
𝑛=1

𝑌 (𝑥)𝑒− 𝑗 (𝑘𝑛−𝜔𝑛𝑡 ) (45)
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where 𝑌 is the amplitude of the wave motion, 𝑗 =
√
−1, 𝑘 is the wave number, 𝜔𝑛 the circular frequency of sampling point and 𝑁

is the Nyquist frequency. The sampling rate and the number of sampling points should be sufficiently large to have relatively good
resolution of both high and low frequencies respectively. Substitution of Eq.(45) into Eq.(40), we get

𝑁∑︁
𝑛=1

[(
𝐸𝐼∗

𝜕4𝑌

𝜕𝑋4 + 𝐸𝐴𝛼𝑇 𝜕
2𝑌

𝜕𝑋2 + 𝜌𝐴𝜕
2𝑌

𝜕𝑡2
+

(
𝜂𝐴𝐻2

𝑥

𝜕2𝑌

𝜕𝑋2 + 𝐻𝑥

𝜕2𝑌

𝜕𝑋2

)
− (𝑒0𝑎)2 ©­«

𝐸𝐴𝛼𝑇 𝜕4𝑌̂
𝜕𝑋4 + 𝜌𝐴 𝜕2𝑌̂

𝜕𝑋2 +
(
𝜂𝐻2

𝑥
𝜕4𝑌̂
𝜕𝑋4 + 𝐻𝑥

𝜕4𝑌̂
𝜕𝑋4

)
−(−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙) 𝜕

2𝑌̂
𝜕𝑋2 +

(
𝐹𝑠

11
𝜕𝑌̂
𝜕𝑋

− 𝐶𝑠
11

𝜕2𝑌̂
𝜕𝑋2

)
+ 𝐸𝐴𝛼𝑇 𝜕2𝑌̂

𝜕𝑋2

ª®¬ª®¬ + (−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙)
 𝑒𝑖𝜔𝑛𝑡 = 0

(46)

This equation must be satisfied for each 𝑁 and hence can be written as the ordinary differential equation in single variable 𝑋 as,

𝑁∑︁
𝑛=1

[(
𝐸𝐼∗

𝜕4𝑌

𝜕𝑋4 + 𝐸𝐴𝛼𝑇 𝜕
4𝑌

𝜕𝑋4 + 𝜌𝐴𝜕
2𝑌

𝜕𝑡2
+

(
𝜂𝐴𝐻2

𝑥

𝜕2𝑌

𝜕𝑋2 + 𝐻𝑥

𝜕2𝑌

𝜕𝑋2

)
− (𝑒0𝑎)2 ©­«

𝜌𝐴 𝜕4𝑌̂
𝜕𝑋2𝜕𝑡2 −

(
𝜂𝐻2

𝑥
𝜕2𝑌
𝜕𝑋2 + 𝐻𝑥

𝜕2𝑌
𝜕𝑋2

)
−(−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙) 𝜕

2𝑌̂
𝜕𝑋2 −

(
𝐹𝑠

11
𝜕𝑌̂
𝜕𝑋

− 𝐶𝑠
11

𝜕2𝑌̂
𝜕𝑋2

) ª®¬ª®¬ + (−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙)
 𝑒𝑖𝜔𝑛𝑡 = 0 (47)

The above equation must be full filled for each values for small 𝑛 and can be written in the following with single variable 𝑋 .
Eq.(46) can be reduced as


𝐸𝐼∗ 𝜕4𝑌̂

𝜕𝑋4 + 𝐸𝐴𝛼𝑇 𝜕4𝑌̂
𝜕𝑋4 +

(
𝜂𝐴𝐻2

𝑥
𝜕2𝑌̂
𝜕𝑋2 + 𝐻𝑥

𝜕2𝑌̂
𝜕𝑋2

)
− 𝜕2𝜌𝐴

𝜕𝑡2
(𝜌𝐴 − (−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙) + 𝐸𝐴𝛼𝑇)

(
𝜂𝐴𝐻2

𝑥
𝜕2𝑌
𝜕𝑋2 − 𝐻𝑥

𝜕2𝑌
𝜕𝑋2

)
(𝑒0𝑎)2 𝜕2𝑌̂

𝜕𝑋2

+
(
𝐹𝑠

11
𝜕𝑌̂
𝜕𝑋

− 𝐶𝑠
11

𝜕2𝑌̂
𝜕𝑋2

)  + (−𝐾𝑤 + 𝐾𝑝 + 𝐾𝑛𝑙)


= 0 (48)

The dimensionless variables are defined as

𝑋

𝐿
= 𝑥,

𝑌

𝐿
= 𝑦, 𝛼𝑖 =

𝐼𝑖

𝑙
, 𝜏 =

𝑒0𝑎

𝑙
, 𝐾𝑤 =

𝑘𝑤𝐿
4

𝐸𝐼∗𝐷
,

𝐹33 = 𝐹𝑆
11

𝐿4

𝐸𝐼∗𝐶𝑆
11
, 𝐷 =

1
12
𝐶𝑆

11𝑏ℎ
3, 𝐾𝑝 =

𝑘 𝑝𝐿
4

𝐸𝐼∗𝐷
(49)

𝐾𝑛𝑙 =
𝑘𝑛𝑙𝐿

4

𝐸𝐼∗𝐷
, 𝜂 =

1
1 + 𝐸𝐴𝛼𝑇 , 𝑁̄𝑇 =

𝑁𝑡𝐿
2

𝐸𝐼∗
, 𝛿𝑆11 =

𝐿4

𝐸𝐼∗

Substituting 𝑌 (𝑥) = 𝑌𝑒−𝑖𝜔𝑥 into Eq.(49) employing Eq.(48) yields,

(
1 + 𝐸𝐴𝛼𝑇 − 𝜂𝐴𝐻2

𝑥

) 𝜕4𝑌

𝜕𝑥4 + [𝐸𝐴𝛼𝑇− 𝜂𝐴𝐻2
𝑥 − (𝑘𝑤 + 𝑘 𝑝 + 𝑘𝑛𝑙) + 𝜏2 (𝐹33)

] 𝜕2𝑌

𝜕𝑥2

+ 2𝑖𝜌𝐴
𝜕𝑌

𝜕𝑥
− [𝜌𝐴 + (𝑘𝑤 + 𝑘 𝑝 + 𝑘𝑛𝑙)] = 0 (50)

For non-trivial solution of the wave amplitude 𝑌 implies that,

𝑌 (𝑥, 𝑡) = 𝑦𝑒𝑖𝑘𝑛𝑥 (51)

Substituting Eq.(51) into Eq.(50), the following equation is obtained for non-trivial solution of the wave amplitude 𝑦

(
1 + 𝐸𝐴𝛼𝑇 − 𝜂𝐴𝐻2

𝑥

)
𝑘4
𝑛 +

[
𝐸𝐴𝛼𝑇 − 𝜂𝑎𝐻2

𝑥− (−𝑘𝑤 + 𝑘 𝑝 + 𝑘𝑛𝑙) + 𝜏2 (𝐹33)
]
𝑘2
𝑛

+ 2𝑖𝜌𝐴𝑘𝑛 − [𝜌𝐴 + (−𝑘𝑤 + 𝑘 𝑝 + 𝑘𝑛𝑙)] = 0 (52)

which represents the characteristic equation for a continuum structure (ECS) coupled with surrounding medium of an SWCNT.

5 Boundary Conditions

Here, an analytical solution of the governing equations for vibration of Nano beam having simply-supported (S-S) and clamped-
clamped (C-C) boundary condition is presented which are given as below:
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5.1 Simply supported SWCNT

The boundary conditions for the simply supported problem are (𝑋) = (0, 𝐿),

𝑌 (𝑋) |𝑋=0 = 0,

𝑀 (𝑋) =
(
−𝐸𝐼∗ 𝜕

2𝑌 (𝑋)
𝜕𝑋2 + (𝑒0𝑎)2

[
(𝜌𝐴) 𝜕

2𝑌 (𝑋)
𝜕𝑡2

+ 𝑞 (𝑚𝑎𝑔)
𝜕2𝑌 (𝑋)
𝜕𝑋2 − 𝑓 (𝑥) 𝜕

2𝑌 (𝑋)
𝜕𝑋2 + 𝐸𝐴𝛼𝑇 𝜕

2𝑌 (𝑋)
𝜕𝑋2

] )
𝑋=0

= 0,

𝑌 (𝑋) |𝑋=𝐿 = 0

𝑀 (𝑋) =
(
−𝐸𝐼∗ 𝜕

2𝑌 (𝑋)
𝜕𝑋2 + (𝑒0𝑎)2

[
(𝜌𝐴) 𝜕

2𝑌 (𝑋)
𝜕𝑡2

+ 𝑞 (𝑚𝑎𝑔)
𝜕2𝑌 (𝑋)
𝜕𝑋2 − 𝑓 (𝑥) 𝜕

2𝑌 (𝑋)
𝜕𝑋2 + 𝐸𝐴𝛼𝑇 𝜕

2𝑌 (𝑋)
𝜕𝑋2

] )
𝑋=𝐿

= 0,

𝑌 (𝑋) |𝑋=0 = 0,

Π(𝑋) =
(
−

(
𝐸𝐼∗

𝜕3𝑌 (𝑋)
𝜕𝑋3 + 𝐹𝑆

11
𝜕𝑌 (𝑋)
𝜕𝑋

− 𝐶𝑆
11
𝜕2𝑌 (𝑋)
𝜕𝑋2

)
+ (𝑒0𝑎)2

[
(𝜌𝐴) 𝜕

3𝑌 (𝑋)
𝜕𝑋2𝜕𝑡

+
𝜕2𝑞 (𝑚𝑎𝑔)

𝜕𝑋2 − 𝜕 𝑓 (𝑥)
𝜕𝑋

+ 𝐸𝐴𝛼𝑇
])

𝑋=0

= 0,

𝑌 (𝑋) |𝑋=𝐿 = 0,

Π(𝑋) =
(
−

(
𝐸𝐼∗

𝜕3𝑌 (𝑋)
𝜕𝑋3 + 𝐹𝑆

11
𝜕𝑌 (𝑋)
𝜕𝑋

− 𝐶𝑆
11
𝜕2𝑌 (𝑋)
𝜕𝑋2

)
+ (𝑒0𝑎)2

[
(𝜌𝐴) 𝜕

3𝑌 (𝑋)
𝜕𝑋2𝜕𝑡

+
𝜕2𝑞 (𝑚𝑎𝑔)

𝜕𝑋2 − 𝜕 𝑓 (𝑥)
𝜕𝑋

+ 𝐸𝐴𝛼𝑇
])

𝑋=𝐿

= 0,

(53)

5.2 Clamped - Clamped SWCNT

Assume the case where both the ends of the beam are clamped and are subjected to axial compressive load. The boundary
conditions for this case are given as

𝑌 (𝑋) |𝑋=0= 0,
𝜕𝑌 (𝑋)
𝜕𝑋2

�����
𝑋=0

= 0,

𝑌 (𝑋) |𝑋=𝐿= 0,
𝜕𝑌 (𝑋)
𝜕𝑋2

�����
𝑋=𝐿

= 0.

(54)

6 Numerical Results and Discussion

In this section, the armchair SWCNT embedded in a polymer matrix subjected to magneto-thermo elastic forces is considered as an
example for the nonlinear vibration analysis. The geometrical and material parameters taken for the numerical verification is
shown in Table 1. Table 2 present the comparative study between the numerical results of maximum transverse deflection of C-C
CNT with and without surface effects. Results predict the reasonable agreement with the literature.

Tab. 1: Material properties H. Lee (2009), P. Lata (2019a) and Ebrahimi and Barati (2017a)

Materials PZT
𝐸𝐼 1.1122 × 10−25Nm9

𝛼0 −1.5 × 10−6C−1

𝜌 2.3g/cm3

𝑒0 0.31nm
𝑎 0.142N/m
𝐸𝑠 35.3N/m
𝜇 4𝜋 × 10−7N/m
𝐻𝑥 2 × 108A/m
𝑓31 10−7C/(Vm)
𝑐11 102Gpa
𝛿𝑆11 102N/m
𝑒𝑆31 −3 × 10−8C/m
𝑘33 1.76 × 10−8C/(Vm)
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Tab. 2: Comparison of maximum transverse deflection in C-C nanotube incorporating surface effects(S.E) R. Basutkar (2019)

BASUTKAR, et al. Author

(𝐿/ℎ) (𝑆.𝐸 = 0) (𝑆.𝐸 ≠ 0) (𝑆.𝐸 = 0) (𝑆.𝐸 ≠ 0)
10 0.6343 0.6334 0.6396 0.6363
15 0.9472 0.9459 0.9450 0.9432
20 1.2550 1.2530 1.2934 1.2914

Figs.4 and 5 investigated the effect of dimensionless frequency versus non dimensional amplitude for various nonlocal parameters
through 𝐿/ℎ = 10 and 𝐿/ℎ = 20, 𝑉 = 0, 𝐾𝑝 = 20, Δ𝑇 = 20 and 𝛼 = 0.5 respectively and it is found that increasing value of
amplitude caused increase of dimensionless frequency. When nonlocal parameter arises the magnitude of frequency decreases, and
we understand from this subject that nonlocal values has significant role under frequency. But a softening behaviour is observed in
frequency due to the rise in slenderness in Fig.5.

Fig. 4: Graph of dimensionless frequency versus dimensionless amplitude for various Pasternak foundation values(𝐿/ℎ = 10,
𝑉 = 5, 𝐾𝑝 = 20, Δ𝑇 = 20, 𝛼 = 0.5)

Fig. 5: Graph of dimensionless frequency versus dimensionless amplitude for various Pasternak foundation values (𝐿/ℎ = 10,
𝑉 = 5, 𝐾𝑝 = 20, Δ𝑇 = 30, 𝛼 = 0.5)

Variation of dimensionless frequency of nanotube with respect to non-dimensional amplitude via various voltage values with
𝐿/ℎ = 10 − 20, 𝛼 = 0.5, 𝐾𝑝 = 𝐾𝑤 = 20 − 30 and Δ𝑇 = 20, are presented in Figs.6 and 7. It is found, rise in non-dimensional
amplitude caused that increasing of dimensionless frequency of nanotube through various voltage values. So the axial tensile and
compressive forces produced in the nanotubes via the constructed positive and negative voltages, respectively. In addition, it is
lightly observed that the dimensionless frequency is lightly dependent on slenderness ratio and foundation parameter for constant
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temperature value (Δ𝑇 = 20).

Fig. 6: Graph of dimensionless frequency versus dimensionless amplitude for various nonlinear foundation values (𝐿/ℎ = 10,
𝑉 = 0, 𝐾𝑤 = 𝐾𝑝 = 10, Δ𝑇 = 10, 𝛼 = 0.5)

Fig. 7: Graph of dimensionless frequency versus dimensionless amplitude for various nonlinear foundation values (𝐿/ℎ = 20,
𝑉 = 0, 𝐾𝑤 = 𝐾𝑝 = 20, Δ𝑇 = 20, 𝛼 = 0.5)

Fig. 8: Graph of bending moment versus length for various modes (𝐿/ℎ = 10, 𝑉 = 0, 𝐾𝑤 = 𝐾𝑝 = 20, Δ𝑇 = 20, Δ𝐻 = 10, 𝛼 = 0.5)

Figs.8 and 9 demonstrates the variation of bending moment along the first three modes versus length of the nanotube for 𝐿/ℎ = 10,
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𝑉 = 0, 𝛼 = 0.5, 𝐾𝑤 = 𝐾𝑝 = 20, Δ𝑇 = 20, Δ𝐻 = 10. It is referred from these figures that as the length grows the bending moment
is attaining tensile and compressive nature while growing through higher modes. Also, the influence of magnetic field effect is
observed in the wave trend.

Fig. 9: Graph of bending moment versus length for various modes (𝐿/ℎ = 10, 𝑉 = 0, 𝐾𝑤 = 𝐾𝑝 = 20, Δ𝑇 = 20, Δ𝐻 = 20, 𝛼 = 0.5)

Fig. 10: Graph of dimensionless frequency versus attached mass ratio(𝐿/ℎ = 10, 𝑉 = 0.2, 𝐾𝑤 = 𝐾𝑝 = 20, Δ𝑇 = 10, Δ𝐻 = 10)

Fig. 11: Graph of dimensionless frequency versus attached mass ratio(𝐿/ℎ = 10, 𝑉 = 0.2, 𝐾𝑤 = 𝐾𝑝 = 20, Δ𝑇 = 20, Δ𝐻 = 20)

Figs.10 and 11 presents the variation of dimensionless frequency versus attached mass ratio through 𝐿/ℎ = 10, 𝑉 = 0.2,
𝐾𝑤 = 𝐾𝑝 = 20 for different environmental conditions (Δ𝑇,Δ𝐶) = (10, 10), (20, 20). It is seen that the frequency parameter
decreases as the attached mass ratio values increases. It should be pointed out that thermal and hygro-thermal environment
degrades the plate stiffness via increasing attached mass ratio. It is found that effects of temperature and moisture concentration
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rise are more prominent at lower values of mass ratio. Generally, by attaching a particle to the dynamics of SWCNT, the total mass
of the system amplifies but stiffness remains unchanged and as a result frequency decreases. The effect of nonlocality can also be
seen from the figure. Increasing the nonlocal parameter decreases the frequency parameter.

Fig. 12: Variation of phase velocity versus wave frequency for different Winkler coefficients

Fig. 13: Variation of phase velocity versus wave frequency for different Pasternak coefficients

Now, the effect of Winkler and Pasternak coefficients are going to be investigated by plotting the wave frequency versus phase
velocity in Figs.12 and 13. It is clearly visible that both of the Winkler (linear) and Pasternak (nonlinear) coefficients have
enough potential to amplify wave frequency values. Moreover, it is significant to point that the most mentionable change in the
wave frequency responses can be observed once Winkler coefficient is changed from 𝑘𝑤 = 0 to 𝑘𝑤 = 2.5. To make it simply
understandable, the first change in the Winkler or Pasternak coefficient’s value from zero to the first nonzero value has the highest
efficiency in making wave frequency bigger.
The variations of the flexoelectricity versus the wave number via various Pasternak and Winkler parameters are shown in Figs.14
and 15, respectively. It is found from this figure that regardless of the magnitude of foundation parameter, the flexoelectricity
amplifies its magnitude in higher values of wave number, from this it is referred that the stiffness of the nanotube is hardening
through this type of coupling effect. It must be mentioned that at a variable foundation parameters, the increase of flexoelectricity
with wave number has been experienced oscillating behaviour in energy transfer.

7 Conclusion

This paper presents the study of nonlinear magneto-flexo-thermo elastic waves in an armchair SWCNT resting on polymer matrix
via Euler beam theory. The analytical formulation is developed based on Eringen’s nonlocal elasticity theory to account small scale
effect. This medium is embedded in a nonlinear foundation supported by Winkler-Pasternak model. The solution is obtained by
ultrasonic wave dispersion relations. Parametric work is introduced to scrutinize the influence of the magneto-electro-mechanical
loadings, nonlocal parameter, and aspect ratio on the deflection characteristics of nanotube. The findings are summarized as
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Fig. 14: Variation of flexoelectricity versus wave number for different Pasternak coefficients

Fig. 15: Variation of flexoelectricity versus wave number for different Winkler coefficients

• It is observed that the increase in the foundation constants raises the stiffness of the medium.
• The result also shows that as the dimensionless amplitude enhances the non-dimensional frequency via nonlinear foundation

parameter.
• It was observed that embedding the structure on an elastic foundation is able to improve the dynamic behavior of the

armchair nanotube. Moreover, it was understood that the Pasternak parameter can affect the structure more than the Winkler
parameter.

• It is found that the vibration modes of SWCNT are softened with attached mass and small length scale values.
• Present assessment reveals that adding Winkler or Pasternak parameter may be answered by a reduction in the magnitude of

phase velocity.
• Also, numerical investigations predict amplification in flexoelectricity via raise in wave number values once foundation

parameter is enhanced.
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