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Abstract: In this paper, we have examined the two-dimensional flow of hydromagnetic Williamson nanofluid over a stretching
sheet considering the effects of nonlinear thermal radiation, heat generation/absorption and chemical reaction.The governing
equations are converted into nonlinear ordinary differential equations by using similarity transformations and solved numerically
by the in-built function bvp4c in MATLAB software. Furthermore, the effects of the physical parameters such as Williamson
parameter, Lewis number, Schmidt number, Prandtl number, magnetic field parameter, Darcy number and nanoparticle parameters
(diffusivity ratio and heat capacities ratio) have been studied. The expressions for coefficients of skin friction, Nusselt number and
Sherwood number have been derived and computed. The influence of various physical parameters on the velocity, temperature and
concentration profile are presented with the help of graphs & tables and discussed.
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1 Introduction

A nanofluid is a fluid containing nanometer-sized particles (1-100nm), called nanoparticles. These fluids are engineered colloidal
suspensions of nanoparticles in a base fluid. The nanoparticles used in nanofluids are typically made of metals, oxides, carbides,
or carbon nanotubes. Common base fluids include water, ethylene glycol and oil. Nanofluids have novel properties that make
them potentially useful in many applications in heat transfer, including microelectronics, fuel cells, pharmaceutical processes and
hybrid-powered engines, domestic refrigerator, chiller, heat exchanger, in grinding, machining and in boiler flue gas for temperature
reduction. In recent years, the study of non-Newtonian fluids has received the attention of researchers around the world due to
its developments and their wide range of applications.The Williamson fluid is one of the most important non-Newtonian fluids
characterized by less viscosity and high rate of shear stress and very similar in its properties to that of polymeric solutions. It has
some real-life applications, such as simulating the extrusion and cooling of stretched sheets, which is crucial in the production of
polymers and plastics because of non-Newtonian behavior and surface heating. It replicates magnetically targeted drug delivery
and blood flow under chemical and thermal stimuli in biomedical engineering. The concept is extremely applicable to heat
exchangers and solar energy systems. These models help design advanced nanofluid coolants under strong magnetic fields and
thermal gradients in nuclear reactor cooling. Additionally, the interplay of heat sources, magnetic fields and chemical reactions in
chemical and catalytic reactors promotes enhanced reaction control and process optimization. Finally, such research helps the glass
and metal sectors better regulate heat in cooling and high-temperature sheet manufacturing operations.
In this advancement of technological world many researchers have been attracted by the flow and energy transfer of non-Newtonian
fluid due to its fast technological applications in the field of manufacturing engineering processes such as food mixing and chyme
movement in the intestine, flow of plasma, flow of mercury amalgams and lubrications with heavy oils and greases. Based on
these numerous applications many studies are focussed on non-Newtonians fluid flow and heat transfer. A model discovered by
Williamson (1929) introduce pseudoplastic materials and proposing a fluid model for non-Newtonian fluids, which was later known
by his name. Khan and Pop (2010) investigated boundary layer flow of a nanofluid past a stretching sheet. The Buongiorno’s
model has been employed by Kuznetsov and Nield (2010) to investigate the effects of thermophoresis and Brownian movement on
the natural convection flow in the presence of nanoparticles over a vertical plate. Ramesh et al. (2012) explained heat transfer in
MHD dusty boundary flow over an inclined stretching sheet with nonuniform heat source/sink. Nadeem et al. (2013) were the
first ones who developed the two-dimensional boundary layer equations for the flow of Williamson fluid past a stretching sheet.
Sheikholeslami and Ganji (2014) investigated the three-dimensional heat and mass transfer in rotating system using nanofluid.
Hussain et al. (2017) has studied the effects of viscous dissipation and Joule heating on MHD Sisko nanofluid over a stretching
cylinder. However, free convective heat and mass transfer of MHD non-Newtonian nanofluids over a cone in the presence of a
nonuniform heat source/sink was studied by Raju et al. (2016). Sajadifar et al. (2017) examined the fluid flow and heat transfer
of non-Newtonian nanofluid in a microtube considering slip velocity and temperature jump boundary conditions. Khan et al.
(2018) has studied viscosity of a Williamson nanofluid flow due to thermal and solutal stratification. Hayat et al. (2018) has
described the mixed convective three-dimensional flow of Williamson nanofluid subject to chemical reaction. Hamid et al. (2019)
has studied the multiple solutions for MHD transient flow of Williamson nanofluids with convective heat transport. Subbarayudu
et al. (2020) investigated the assessment of time-dependent flow of Williamson fluid with radiative blood flow against a wedge.
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The MHD flow properties of a Williamson nanofluid across an exponentially permeable stretching curved surface with varying
thermal conductivity have been investigated by Ahmed et al. (2021). A study by Yousef et al. (2022) examined the effects of
chemical reactions on MHD dissipative Casson-Williamson nanofluid flow through a porous medium over a slippery stretched
sheet. The Williamson nanofluid flow across an exponentially stretching sheet with slip velocity was examined by Khader et al.
(2023) using the spectral collocation approach. An MHD Williamson nanofluid flow across a nonlinear stretching sheet submerged
in a permeable medium was examined by Kumar et al. (2024) to examine the impacts of cross-diffusion. Rao and Deka (2024)
conducted a numerical simulation of the MHD hybrid nanofluid flow via a porous stretched sheet that emits heat radiation.
Motivated by above researches main objective of the present work is to examine the two-dimensional flow of hydromagnetic
Williamson nanofluid over a stretching sheet under the influence of nonlinear thermal radiation, heat generation/absorption and
chemical reaction effects. The distributions of velocity, temperature and concentration of Williamson nanofluids taking into
account. The similarity transformations are used to convert the partial differential equations into nondimensional variables.
Further, the governing system of ordinary differential equations has been solved numerically by the in-built function bvp4c in
MATLAB software. Further the effects of different dimensionless parameters like Brownian motion parameter, thermophoresis
coefficient, Williamson parameter, radiation parameter, Schmidt number, Prandtl number, magnetic field parameter, Darcy number
and nanoparticle parameters (diffusivity ratio and heat capacities ratio) have been studied. The expressions for coefficients of skin
friction, Nusselt number and Sherwood number have been derived and computed. The influence of various physical parameters
over a velocity, temperature and concentration profile are presented with the help of graphs & tables and discussed.

Nomenclature

𝜆 - Non-Newtonian Williamson parameter 𝑢 - Velocity in x-direction
𝜃 - Dimensionless temperature 𝜓 - Stream function
𝜏𝑤 - Shear stress along stretching surface 𝑣 - Velocity in y-direction
𝐷𝑇 - Thermophoresis diffusion coefficient 𝑢𝑤 - Surface velocity
𝑔 - Acceleration due to gravity 𝛼 - Thermal diffusivity
𝐿 - Characteristic length 𝑣𝑤 - Wall mass transfer velocity
𝐵0 - Constant applied magnetic field Γ - Time constant
𝑅∗ - Constructive reaction rate 𝑇 - Fluid temperature
𝑇𝑤 - Varying temperature of the surface 𝛼 - Thermal diffusivity
𝑇∞ - Free stream temperature 𝑆𝑐 - Schmidt number
𝜂 - Dimensionless similarity variable 𝜌 - Density of the fluid
𝛾 - Chemical reaction parameter 𝑁𝑡 - Thermophoresis parameter
𝑁𝑏 - Brownian motion parameter 𝐾 - Darcy permeability
𝑘-Thermal conductivity for fluid 𝜃𝑤 - Ratio temperature(
𝜌𝐶𝑝

)
𝑓

- Heat capacity of the base fluid 𝑃𝑟 - Prandtl number(
𝜌𝐶𝑝

)
𝑝

- Heat capacity of a nanoparticle 𝜈 - Kinematic viscosity
𝐷𝐵 - Brownian diffusion coefficient 𝐷𝑎 - Darcy number
𝐶 - Nanoparticle volume fraction 𝑅 - Radiation parameter
𝑀 - Dimensionless magnetic field parameter 𝐸𝑐 - Eckert number
𝜙 - Dimensionless concentration function 𝑅𝑒𝑥 - Local Reynolds number
𝐶𝑤 - Nanoparticle fraction at wall 𝑆ℎ𝑥 - Local Sherwood number
𝐶 𝑓 -Local skin friction coefficient 𝑁𝑢𝑥 - Local Nusselt number
𝑄 - Uniform volumetric heat source/sink parameter

2 Mathematical formulation

We consider the two-dimensional steady flow of an incompressible Williamson nanofluid over a stretching surface through a porous
medium. A cartesian co-ordinate system with 𝑋-axis oriented horizontally and 𝑌 -axis oriented vertically upward through the
origin is considered. According to the physical problem given in Fig. 1, 𝑢 and 𝑣 are the elements of velocity in 𝑥 and 𝑦 directions
of the fluid respectively. The plate is stretched along the 𝑥-axis with the velocity𝑈𝑤(𝑥)=𝐵𝑥, where 𝐵 > 0 is the stretching rate.
The fluid velocity, temperature and concentration of nanoparticle near surface are assumed to be𝑈𝑤, 𝑇𝑤 and 𝐶𝑤 respectively. The
governing two-dimensional boundary layer equations by following (Nadeem and Hussain (2014)) can be written as follows:

𝜕𝑢

𝜕𝑥
+ 𝜕𝑣

𝜕𝑦
= 0 (1)

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣 𝜕𝑢

𝜕𝑦
= 𝜈

𝜕2𝑢

𝜕𝑦2 +
√

2𝜈Γ
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2 −
𝜎𝐵2

0
𝜌
𝑢 − 𝜈

𝐾
𝑢 (2)
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Fig. 1: Geometrical configuration of the physical model for stretching surface

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣 𝜕𝑇

𝜕𝑦
= 𝛼

𝜕2𝑇

𝜕𝑦2 − 1
(𝜌𝑐𝑝) 𝑓

𝜕𝑞𝑟

𝜕𝑦
+
(𝜌𝐶𝑝)𝑝
(𝜌𝐶𝑝) 𝑓

[
𝐷𝐵

(
𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦

)
+ 𝐷𝑇

𝑇∞

(
𝜕𝑇

𝜕𝑦

)2
]
+

𝜎𝐵2
0

(𝜌𝐶𝑝) 𝑓
𝑢2 + 𝑄0

(𝜌𝑐𝑝) 𝑓
(𝑇 − 𝑇∞) (3)

𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣 𝜕𝐶

𝜕𝑦
= 𝐷𝐵

𝜕2𝐶

𝜕𝑦2 + 𝐷𝑇

𝑇∞

𝜕2𝑇

𝜕𝑦2 − 𝑅∗ (𝐶 − 𝐶∞) (4)

The associated boundary conditions are as follows:

at 𝑦 = 0, 𝑢 = 𝑈𝑤, 𝑣 = 0, 𝑇 = 𝑇𝑤, 𝐶 = 𝐶𝑤

as 𝑦 → ∞, 𝑢 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞
(5)

where𝑈𝑤(𝑥) = 𝐵𝑥 represent the stretching surface velocity and 𝐵 > 0 is the stretching rate. Using Rosseland approximation for
the radiative heat flux 𝑞𝑟 from Eq. (3) we have

𝑞𝑟 = −4𝜎∗

3𝑘∗
𝜕𝑇4

𝜕𝑦
= −16𝜎∗

3𝑘∗
𝑇3 𝜕𝑇

𝜕𝑦
(6)

where 𝜎∗ signifies Stefan-Boltzmann constant and 𝑘∗ symbolizes Rosseland mean absorption coefficient. The radiative heat flux
equation, then 𝑞𝑟 given in Eq. (6) can be written as:

𝜕𝑞𝑟

𝜕𝑦
= −16𝜎∗

3𝑘∗
𝜕

𝜕𝑦

(
𝑇3 𝜕𝑇

𝜕𝑦

)
(7)

substituting Eq. (7) into Eq. (3), we get the transform energy equation as follows:

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣 𝜕𝑇

𝜕𝑦
= 𝛼

𝜕2𝑇

𝜕𝑦2 + 16𝜎∗

3𝑘∗
(
𝜌𝑐𝑝

)
𝑓

𝜕

𝜕𝑦

(
𝑇3 𝜕𝑇

𝜕𝑦

)
+
(
𝜌𝑐𝑝

)
𝑝(

𝜌𝑐𝑝
)
𝑓

[
𝐷𝐵

(
𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦

)
+ 𝐷𝑇

𝑇∞

(
𝜕𝑇

𝜕𝑦

)2
]
+

𝜎𝐵2
0(

𝜌𝑐𝑝
)
𝑓

𝑢2 + 𝑄0(
𝜌𝑐𝑝

)
𝑓

(𝑇 − 𝑇∞) (8)

Introducing the following similarity transformation to non-dimensionlize the given equations:

𝑢 = 𝐵𝑥′ (𝜂), 𝑣 = −
√
𝐵𝜈 𝑓 (𝜂), 𝜂 =

√︂
𝐵

𝜈
𝑦, 𝜃 (𝜂) = 𝑇 − 𝑇∞

𝑇𝑤 − 𝑇∞
, 𝜙(𝜂) = 𝐶 − 𝐶∞

𝐶𝑤 − 𝐶∞
. (9)

where 𝜂 is the similarity variable, 𝑓 (𝜂), 𝜃 (𝜂) and 𝜙(𝜂) represents the dimensionless stream velocity, temperature and concentration
functions respectively of nanoparticles.
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Since, 𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = − 𝜕𝜓

𝜕𝑥
therefore the stream function 𝜓(𝑥, 𝑦) satisfies the continuity Eq. (1). The momentum and en-

ergy equations can be transformed into the corresponding ordinary non-linear differential equation by using non-dimensional
variable as given in Eq. (9), the Eq. (2), Eq. (4) and Eq. (8) transforms to the following equations:

𝑓 ′′′ − ( 𝑓 ′)2 + 𝑓 𝑓 ′′ + 𝜆 𝑓 ′′ 𝑓 ′′′ − 𝑀 𝑓 ′ − 𝐷𝑎 𝑓 ′ = 0 (10)

𝜃′′ + 𝑅 (1 + (𝜃𝑤 − 1)𝜃)3 𝜃′′ + 3𝑅(𝜃𝑤 − 1) (1 + (𝜃𝑤 − 1)𝜃)2 (𝜃′)2 + PrNb 𝜃′ 𝜙′ + PrNt (𝜃′)2 + PrMEc ( 𝑓 ′)2

+PrQ 𝜃 + Pr 𝑓 𝜃′ = 0
(11)

𝜙′′ + Sc 𝜙′ 𝑓 − Sc𝛾𝜙 + 1
𝑁𝑏

𝜃′′ = 0 (12)

where 𝑓 , 𝜃 and 𝜙 are function of 𝜂 and prime denotes derivatives to 𝜂.

The corresponding boundary conditions are given as

at 𝜂 = 0, 𝑓 (0) = 0, 𝑓 ′ (0) = 1, 𝜃 (0) = 1, 𝜙(0) = 1,
as 𝜂 → ∞, 𝑓 ′ (𝜂) → 0, 𝜃 (𝜂) → 0, 𝜙(𝜂) → 0

(13)

where 𝜆 = Γ𝑥

√︃
2𝐵3

𝜈
is the non-Newtonian Williamson parameter, 𝑀 =

𝜎𝐵2
0

𝜌𝐵
is the magnetic field parameter, 𝐷𝑎 = 𝜈

𝑘𝐵
is the

Darcy number, 𝑅 =
16𝜎∗𝑇3

∞
3𝑘𝑘∗ is the nonlinear thermal radiation parameter, 𝜃𝑤 =

𝑇𝑤
𝑇∞

> 1 is the ratio of temperature, Pr = 𝜈
𝛼

is
the Prandtl number, Nb =

(𝜌𝑐𝑝 )𝑝𝐷𝐵 (𝐶𝑤−𝐶∞ )
𝜈 (𝜌𝑐𝑝 ) 𝑓 is the Brownian motion parameter, Nt = (𝜌𝑐𝑝 )𝑝𝐷𝑇 (𝑇𝑤−𝑇∞ )

𝜈 (𝜌𝑐𝑝 ) 𝑓 𝑇∞ is the thermophoresis

parameter, Ec =
𝑈2

𝑤 (𝑥 )
(𝑐𝑝 ) 𝑓 (𝑇𝑤−𝑇∞ ) is the Eckert number, 𝑄 =

𝑄0
(𝜌𝑐𝑝 ) 𝑓 𝐵 is the heat generation (𝑄 > 0) or absorption (𝑄 < 0) parameter,

Sc = 𝜈
𝐷𝐵

is the Schmidt number and 𝛾 = 𝑅∗

𝐵
is the chemical reaction parameter.

3 Some important characteristics of flow field

3.1 Local skin friction coefficient

𝐶 𝑓 =
𝜏𝑤

𝜌𝑈2
𝑤

(14)

where 𝜏𝑤 is the surface shear stress along the stretching surface which is given by

𝜏𝑤 = 𝜇

[
𝜕𝑢

𝜕𝑦
+ Γ
√

2

(
𝜕𝑢

𝜕𝑦

)2
]
𝑦=0

(15)

The local skin friction coefficient in terms of transformed variables Eqs. (9), (14) and (15) can be obtained as

(Re𝑥)1/2 𝐶 𝑓 =

[
𝑓 ′′ + 𝜆

2
( 𝑓 ′′)2

]
𝜂=0

(16)

3.2 The dimensionless coefficient of heat transfer (Nusselt number)

The dimensionless expression for the local Nusselt number is given by

Nu𝑥 =

[
𝑥𝑞𝑤

𝑘 (𝑇𝑤 − 𝑇∞)

]
𝑦=0

(17)

where 𝑞𝑤 =

[
−𝑘 𝜕𝑇

𝜕𝑦
+ 𝑞𝑟

]
𝑦=0

and 𝑞𝑟 =

[
−16𝜎∗

3𝑘∗
𝑇3 𝜕𝑇

𝜕𝑦

]
𝑦=0

. (18)

The dimensionless expression for local Nusselt number in terms of transformed variables Eq. (9) and using Eq. (17) & Eq. (18)
turned out to be

(Re𝑥)−
1
2 Nu𝑥 = −

[
1 + 𝑅 (1 + (𝜃𝑤 − 1)𝜃)3] 𝜃′ (0). (19)
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3.3 The dimensionless coefficient of mass transfer (Sherwood number)

The dimensionless expression for local Sherwood number is given by

Sh𝑥 =

[
−𝑥

𝐶𝑤 − 𝐶∞

𝜕𝐶

𝜕𝑦

]
𝑦=0

(20)

The dimensionless expression for local Sherwood number in terms of transformed variables Eq. (9) and using Eq. (20) turned out
to be

(Re𝑥)−
1
2 Sh𝑥 = −𝜙′ (0) (21)

4 Results and Discussion

In this paper we have obtained the effects of non-linear thermal radiation heat generation/absorption and chemical reaction on
hydromagnetic Williamson nanofluid flow and a numerical solution for nanofluid velocity, temperature and concentration is
obtained to describe the nature of Williamson fluid flow towards a stretching surface. Keeping this in mind, we discuss the
numerical results in terms of non-dimensional velocity, temperature and nanoparticles concentration for different governing
parameters, non-Newtonian Williamson parameter (𝜆), magnetic field parameter (𝑀), Darcy number (𝐷𝑎), thermal radiation
field parameter (𝑅), Prandtl number (𝑃𝑟), Brownian motion parameter (𝑁𝑏), thermophoresis parameter (𝑁𝑡), Eckert number
(𝐸𝑐), heat generation/absorption parameter (𝑄), Schmidt number (𝑆𝑐), chemical reaction parameter (𝛾) and temperature ratio
parameter (𝜃𝑤). We use bvp4c solver in MATLAB software to obtain numerical solutions and plotted graphs.

4.1 Impact on velocity profile 𝒇 ′ (𝜂)

The influence of the magnetic field parameter (𝑀) on the dimensionless velocity 𝑓 ′ (𝜂)is shown in Fig. 2. It is observe that
increasing values of the magnetic field parameter retard the velocity at all points of the flow field. From Fig. 3. it is observe that for
a nanofluid the velocity as well as the boundary layer thickness reduces with increase in the non-Newtonian Williamson parameter
(𝜆). It is observed from Fig. 4. that the velocity decreases with large value of Darcy number (𝐷𝑎). When the Darcy number
increases, the inertial forces become more dominant and the viscous forces become less dominant. This results in a decrease in the
velocity of the fluid flow. Therefore, the velocity of the fluid flow decreases with an increase in the Darcy number.

Fig. 2: Velocity profiles 𝑓 ′ (𝜂) for various values of magnetic field parameter 𝑀 when 𝑁𝑏 = 0.5, 𝑁𝑡 = 0.5, 𝑃𝑟 = 5, 𝑆𝑐 = 2,
𝜆 = 0.2, 𝐷𝑎 = 0.5, 𝑄 = −0.1, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝜃𝑤 = 1.2, 𝛾 = 2.5.
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Fig. 3: Velocity profiles 𝑓 ′ (𝜂) for various values of non- Newtonian Williamson parameter 𝜆 when 𝑁𝑏 = 0.5, 𝑁𝑡 = 0.5, 𝑃𝑟 = 5,
𝑆𝑐 = 2, 𝑀 = 0.5, 𝐷𝑎 = 0.5, 𝑄 = −0.1, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝜃𝑤 = 1.2, 𝛾 = 2.5.

Fig. 4: Velocity profiles 𝑓 ′ (𝜂) for various values of Darcy number 𝐷𝑎 when 𝑁𝑏 = 0.5, 𝑁𝑡 = 0.5, 𝑃𝑟 = 5, 𝑆𝑐 = 2, 𝑀 = 0.5,
𝜆 = 0.2, 𝑄 = −0.1, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝜃𝑤 = 1.2, 𝛾 = 2.5.

4.2 Impact on temperature profile 𝜃 (𝜂)

Fig. 5. shows that with an increase in the Prandtl number (𝑃𝑟) the temperature 𝜃 (𝜂) decreases. An increase in the Prandtl number
reduces the thermal boundary layer thickness. When 𝑃𝑟 is small, heat diffuses quickly compared to the velocity. The impact of the
Brownian motion parameter (𝑁𝑏), on temperature 𝜃 (𝜂) has been shown in Fig. 6. From the figure we found that the enhancement
of Brownian motion parameter the dimensionless temperature increases. Brownian motion is caused by the random collisions of
the particles with other particles in the fluid. Physically, it is noted that the different nanoparticles have different Brownian motions,
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Fig. 5: Temperature profiles 𝜃 (𝜂) for various values of Prandtl number 𝑃𝑟 , when 𝑁𝑏 = 0.5, 𝑁𝑡 = 0.5, 𝐷𝑎 = 0.5, 𝑆𝑐 = 2, 𝑀 = 0.5,
𝜆 = 0.2, 𝑄 = −0.1, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝜃𝑤 = 1.2, 𝛾 = 2.5.

Fig. 6: Temperature profiles 𝜃 (𝜂) for various values of Brownian motion parameter 𝑁𝑏, when 𝑃𝑟 = 5, 𝑁𝑡 = 0.5, 𝐷𝑎 = 0.5, 𝑆𝑐 = 2,
𝑀 = 0.5, 𝜆 = 0.2, 𝑄 = −0.1, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝜃𝑤 = 1.2, 𝛾 = 2.5.

expansion of the Brownian motion parameter leads to an increase in kinetic energy of the particles. This increase in kinetic energy
leads to an enhancement of the thermal boundary layer thickness. The influence of the thermophoresis parameter (𝑁𝑡) on the
dimensionless temperature are shown in Fig. 7. It is clearly shown in the figure that thermophoresis parameter has significant effect
on the temperature profile. The fact behind this is that the thermophoretic forces is generated by the gradient of temperature which
produces a very high-speed flow far from the stretching surface. Considerably the fluid is more heated and away from the stretching
sheet, as a result when thermophoresis parameter rises the thermal boundary layer thickness increases. In the presence of viscous
dissipation, the effect of Eckert number (𝐸𝑐) on the temperature profile 𝜃 (𝜂) nanofluid is shown in Fig. 8. Here we observed that
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Fig. 7: Temperature profiles 𝜃 (𝜂) for various values of thermophoresis parameter 𝑁𝑡 , when 𝑃𝑟 = 5, 𝑁𝑏 = 0.5, 𝐷𝑎 = 0.5, 𝑆𝑐 = 2,
𝑀 = 0.5, 𝜆 = 0.2, 𝑄 = −0.1, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝜃𝑤 = 1.2, 𝛾 = 2.5.

Fig. 8: Temperature profiles 𝜃 (𝜂) for various values of Eckert number 𝐸𝑐 , when 𝑃𝑟 = 5, 𝑁𝑏 = 0.5, 𝐷𝑎 = 0.5, 𝑆𝑐 = 2, 𝑀 = 0.5,
𝜆 = 0.2, 𝑄 = −0.1, 𝑁𝑡 = 0.5, 𝑅 = 0.5, 𝜃𝑤 = 1.2, 𝛾 = 2.5.

with the increase of the Eckert number the temperature profile 𝜃 (𝜂) expand along the stretching sheet. This is due to the viscous
dissipation effects which is caused by the thermal reversal procedure in the boundary layer near the surface of the stretching. Fig. 9
shows the relation between nonlinear thermal radiation parameter (𝑅) with the temperature profile 𝜃 (𝜂). From figure it is observed
that the temperature profile increases with increasing value of thermal radiation parameter. The radiation parameter is a measure of
the intensity of thermal radiation. When 𝑅 increases, the intensity of thermal radiation increases, which leads to an increase in the
rate of heat transfer. Thus, in turn causes the temperature profile to increase. The impact in the ratio temperature parameter (𝜃𝑤)
on temperature profile is depicted in Fig. 10. From the figure it is noted that with increase in the ratio temperature parameter
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Fig. 9: Temperature profiles 𝜃 (𝜂) for various values of radiation parameter 𝑅, when 𝑃𝑟 = 5, 𝑁𝑏 = 0.5, 𝐷𝑎 = 0.5, 𝑆𝑐 = 2, 𝑀 = 0.5,
𝜆 = 0.2, 𝑄 = −0.1, 𝑁𝑡 = 0.5, 𝐸𝑐 = 0.4, 𝜃𝑤 = 1.2, 𝛾 = 2.5.

Fig. 10: Temperature profiles 𝜃 (𝜂) for various values of ratio temperature parameter 𝜃𝑤, when 𝑃𝑟 = 5, 𝑁𝑏 = 0.5, 𝐷𝑎 = 0.5,
𝑆𝑐 = 2, 𝑀 = 0.5, 𝜆 = 0.2, 𝑄 = −0.1, 𝑁𝑡 = 0.5, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝛾 = 2.5.

the temperature distribution profile increases. The ratio temperature increases the boundary layer temperature and increases
its thickness. The effect of heat generation/absorption parameter (𝑄) on the temperature profile is shown in Fig. 11. There is
significant extension in the distribution of the fluid temperature when the values of the heat generation/absorption parameter (𝑄)
increases. It is a physical phenomenon that in case of heat generation (𝑄 > 0) there is an enhancement in the transfer and thermal
spread of the fluids, which raises temperature of fluid and thickness of the boundary layer. However, an opposite relation occurs
in the case of the heat absorption (𝑄 < 0). But when moving upward from the state of heat absorption type to the state of heat
generation type, there is an improvement in the rate of thermal diffusion and the thickness of the boundary layer.
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Fig. 11: Temperature profiles 𝜃 (𝜂) for various values of heat generation/absorption parameter 𝑄, when 𝑃𝑟 = 5, 𝑁𝑏 = 0.5,
𝐷𝑎 = 0.5, 𝑆𝑐 = 2, 𝑀 = 0.5, 𝜆 = 0.2, 𝜃𝑤 = 1.2, 𝑁𝑡 = 0.5, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝛾 = 2.5.

4.3 Impact on concentration profile 𝜙(𝜂)

The impact of Brownian motion parameter (𝑁𝑏), on nanoparticle volume fraction 𝜙(𝜂) has been shown in Fig. 12. From figure,
we noted that the Brownian motion parameter has inverse behavior with nanoparticle volume fraction. The effect of the Darcy
number (𝐷𝑎), on nanoparticle volume fraction 𝜙(𝜂) has been shown in Fig. 13. From figure we find that for the enhancement of
Darcy number the nanoparticle volume fraction increases. It is found that there is an opposite relation occurs both in the case of
the Schmidt number (𝑆𝑐) and chemical relation parameter (𝛾) on the concentration profile which is shown in Fig. 14 and Fig. 15.
When describing the ratio of momentum to mass diffusivity, the Schmidt number is utilized. The concentration profile lowers as
the Schmidt number rises because a higher Sc value corresponds to a higher chemical molecule diffusivity (smaller values of
Scare). A higher Schmidt number consequently results in a significant reduction in the thickness of the concentration boundary
layer. The original species that was diffusing in the polymeric viscoelastic fluid is gradually destroyed by a chemical reaction that
occurs in a destructive situation. Thus, concentration magnitudes and concentration boundary layer thickness drop as a result of
suppressing molecular diffusion of the remaining species.

4.4 Validation of the present outcomes with the existing results in the literature

The results obtained above have been validated numerically by comparing it with the results obtained by Nadeem and Hussain
(2014) in the absence of nonlinear thermal radiation, heat generation/absorption, chemical reaction, magnetic and Darcy effects
and expressed through Figs. 16, 17 and 18. There is good agreement between the current findings and those of Nadeem and
Hussain. Hence the validity and accuracy of the current results have been established.

4.5 Impact on local skin friction Cf , local Nusselt number Nux and local Sherwood number Shx

The impact of various parameter on the local skin friction coefficient, local Nusselt number and Sherwood number is shown in
Tab. 1 and Tab. 2. The local skin friction coefficient decreases with the increasing values of magnetic field parameter (𝑀),
radiation parameter (𝑅), Darcy number (𝐷𝑎), Brownian motion parameter (𝑁𝑏), Schmidt number (𝑆𝑐), heat generation/absorption
parameter (𝑄), while it increases with increasing values of non-Newtonian Williamson parameter (𝜆), thermophoresis parameter
(𝑁𝑡), Eckert number (𝐸𝑐), Prandtl number (𝑃𝑟), ratio temperature parameter (𝜃𝑤). It is also shown that the rate of heat transfer is
a decreasing function of the 𝐷𝑎, 𝑁𝑏, 𝑁𝑡 and 𝑆𝑐. While it increases with increasing value of radiation parameter (𝑅). Sherwood
number increases with the increases of the Schmidt number (𝑆𝑐), chemical reaction parameter (𝛾) and the thermophoresis
parameter (𝑁𝑡). Whereas the decreasing behavior is shown with Brownian motion parameter (𝑁𝑏) and non-Newtonian Williamson
parameter (𝜆).
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Fig. 12: Concentration of nanoparticle profiles 𝜙(𝜂) for various values of Brownian motion parameter 𝑁𝑏, when 𝑃𝑟 = 5, 𝐷𝑎 = 0.5,
𝑄 = −0.1, 𝑆𝑐 = 2, 𝑀 = 0.5, 𝜆 = 0.2, 𝜃𝑤 = 1.2, 𝑁𝑡 = 0.5, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝛾 = 2.5.

Fig. 13: Concentration of nanoparticle profiles 𝜙(𝜂) for various values of Darcy number 𝐷𝑎, when 𝑃𝑟 = 5, 𝑁𝑡 = 0.5, 𝑄 = −0.1,
𝑆𝑐 = 2, 𝑀 = 0.5, 𝜆 = 0.2, 𝜃𝑤 = 1.2, 𝑁𝑏 = 0.5, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝛾 = 2.5.

5 Conclusions

The present research work analyzes the nonlinear thermal radiation heat generation/absorption and chemical reaction effects on
hydromagnetic Williamson nanofluid flow over a stretching sheet. The important findings of the paper are as follows:

• The velocity distribution 𝑓 ′ (𝜂) of the fluid is negatively affected by the impact of magnetic field parameter (𝑀), non-
Newtonian Williamson parameter (𝜆) and the Darcy number (𝐷𝑎).

• The enhacement in the value of the radiation parameter (𝑅), the ratio tempetuure parameter (𝜃𝑤), the heat genera-
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Fig. 14: Concentration of nanoparticle profiles 𝜙(𝜂) for various values of Schmidt number 𝑆𝑐, when 𝑃𝑟 = 5, 𝑁𝑡 = 0.5, 𝑄 = −0.1,
𝐷𝑎 = 0.4, 𝑀 = 0.5, 𝜆 = 0.2, 𝜃𝑤 = 1.2, 𝑁𝑏 = 0.5, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝛾 = 2.5.

Fig. 15: Concentration of nanoparticle profiles 𝜙(𝜂) for various values of chemical reaction parameter 𝛾, when 𝑃𝑟 = 5, 𝑁𝑡 = 0.5,
𝑄 = −0.1, 𝐷𝑎 = 0.4, 𝑀 = 0.5, 𝜆 = 0.2, 𝜃𝑤 = 1.2, 𝑁𝑏 = 0.5, 𝐸𝑐 = 0.4, 𝑅 = 0.5, 𝑆𝑐 = 2.

tion/absorption parameter (𝑄), darcy number (𝐷𝑎) and the Eckert number (𝐸𝑐) resulted in the enhancement of temperature
distribution 𝜃 (𝜂) of the fluid.

• It is found that the distribution of the concentration of nanoparticles 𝜙(𝜂) decreases under the influence of Brownian motion
parameter (𝑁𝑏), Schmidt number (𝑆𝑐) and chemical reaction parameter (𝛾).

• It is found that the enhancement of the values of thermophoresis parameter (𝑁𝑡) resulted in the enhancement in the
distributions of temperature 𝜃 (𝜂) profile.

• The distribution of the concentration of nanoparticles 𝜙(𝜂) increases with increasing value of the Darcy number (𝐷𝑎).
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Fig. 16: Velocity profiles 𝑓 ′ (𝜂) for various values of non-Newtonian Williamson parameter 𝜆, when 𝑃𝑟 = 5, 𝑁𝑡 = 0.5, 𝑁𝑏 = 0.5,
𝑄 = 0, 𝐷𝑎 = 0, 𝑀 = 0, 𝛾 = 0, 𝜃𝑤 = 0, 𝐸𝑐 = 0, 𝑅 = 0, 𝑆𝑐 = 2.

Fig. 17: Temperature profiles 𝜃 (𝜂) for various values of the Brownian motion parameter 𝑁𝑏, when 𝑃𝑟 = 5, 𝑁𝑡 = 0.5, 𝜆 = 0.2,
𝑄 = 0, 𝐷𝑎 = 0, 𝑀 = 0, 𝛾 = 0, 𝜃𝑤 = 0, 𝐸𝑐 = 0, 𝑅 = 0, 𝑆𝑐 = 2.

• The local skin friction coefficient has an inverse effect with the 𝑀,𝑅,𝐷𝑎 and 𝑁𝑏, while it is directly propertional to the
value of non-Newtonian Williamson parameter (𝜆), thermophoresis parameter (𝑁𝑡), Eckert number (𝐸𝑐), Prandtl number
(𝑃𝑟), ratio temperature parameter (𝜃𝑤).

• The rate of heat transfer is a decreasing function of the 𝐷𝑎, 𝑁𝑏, 𝑁𝑡 and 𝑆𝑐, while it increases with increasing value of
radiation parameter 𝑅.

• The rate of mass transfer is increasing function of Schmidt number (𝑆𝑐) and chemical reaction parameter (𝛾), while it has
inverse effect with the Brownian motion parameter (𝑁𝑏) and the thermophoresis parameter (𝑁𝑡).
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