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Abstract: This study investigates the non-spherical dynamics in acoustically driven microbubbles using two modeling approaches:
a Reduced-Order Model (ROM) and Direct Numerical Simulations (DNS) performed with the ALPACA multiphase flow solver.
The ROM couples the radial dynamics, described by the Keller–Miksis equation, with axisymmetric surface-mode oscillations,
resulting in a computationally efficient framework for describing the non-spherical oscillations of bubbles. The DNS approach
directly solves the governing compressible Navier–Stokes equations with interface-capturing making this approach computationally
more expensive. Accurate interface-capturing and capillary calculations are critical for surface-mode oscillation in the DNS; thus,
two different models are evaluated in this study: a sharp level set method and a diffuse-interface method. The diffuse-interface
method demonstrates excellent agreement with the ROM in predicting both the spherical oscillations and stable surface-mode
amplitudes, while the level set method tends to overdamp surface perturbations and is thus considered inaccurate for most cases
involving non-spherical bubbles. Both the ROM and diffuse-interface–based DNS predict spherical stability and bubble breakup
similarly, with bubble breakup occurring when surface-mode amplitudes diverge. These findings show that the ROM can serve
as an efficient predictor of bubble breakup, while DNS simulations with the diffuse-interface approach provide detailed insight
into the nonlinear dynamics and breakup processes. Together, these methods offer a robust and complementary framework for
analyzing non-spherical bubble dynamics in acoustic fields.
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1 Introduction

The behavior of oscillating bubbles in acoustic fields forms a fundamental aspect of sonochemistry, where such bubbles serve as
localized sites of intense energy concentration, driving chemical reactions Sochard et al. (1997); Kubicsek et al. (2024); Cho and
Yun (2020); Al-Awamleh and Hegedűs (2024); Kubicsek et al. (2025); Hou et al. (2025); Wong et al. (2025). Under acoustic
excitation, microbubbles exhibit a wide range of dynamic responses, including spherical oscillations Kameda and Matsumoto
(1999); Prosperetti and Hao (1999); Ma et al. (2022), stable surface mode oscillations Cleve et al. (2019); Nagy et al. (2025); Wu
et al. (2025), jet formation Rosselló et al. (2018); Prabowo and Ohl (2011); Nagy and Hegedűs (2025); Mnich et al. (2024); Denner
et al. (2020), and even breakup Versluis et al. (2010); Mur et al. (2024). A detailed understanding of these phenomena is essential
for the effective scaling of cavitation-based chemical synthesis toward industrial applications.
Modeling non-spherical bubble oscillations remains challenging due to uncertainties in both experimental and numerical approaches.
Experimental data are available only for limited parameter ranges Versluis et al. (2010); Guédra and Inserra (2018); Cleve
et al. (2019), and often suffer from measurement uncertainties. In particular, two-dimensional imaging cannot unambiguously
reconstruct three-dimensional bubble shapes, as different axisymmetric modes may produce identical projections, and internal
features – such as the case for jet formation – remain invisible Jia and Soyama (2024). On the computational side, reduced models
rely on simplifying assumptions that may not capture nonlinear interactions accurately.
To address these challenges, this study combines two complementary modeling frameworks: a reduced-order model (ROM) and
high-fidelity direct numerical simulations (DNS) using the ALPACA solver. The ROM, developed by Shaw (2006, 2009, 2017),
provides an efficient tool for predicting coupled radial and surface-mode dynamics. It has been successfully applied for large-scale
parametric studies and was even validated for certain cases with measurements by Kalmár et al. (2023, 2024). However, it is
inherently limited to small surface perturbations. In contrast, ALPACA Hoppe et al. (2022a,b) is a fully compressible multiphase
CFD solver capable of resolving nonlinear effects, including large-amplitude oscillations and bubble breakup, through an adaptive
multiresolution mesh Nagy and Hegedűs (2023). In these DNS simulations, the accurate treatment of the liquid–gas interface is
crucial for predicting surface-mode oscillations, as capillary forces dominate the dynamics near the bubble surface. Therefore, two
interface-capturing schemes are tested within ALPACA: a sharp level set method by Osher and Fedkiw (2001), which supposedly
provides high geometric fidelity but is prone to slight mass loss, and a diffuse-interface method introduced by Paula et al. (2023),
which conserves mass and momentum precisely but represents the interface over a finite thickness.
The main objective of this work is to quantitatively assess the performance and consistency of these approaches in predicting the
surface mode oscillations of acoustically excited microbubbles. Section 2 introduces the modeling framework and numerical
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schemes. Section 3 presents the convergence analysis and compares the DNS and ROM predictions across different excitation
amplitudes for a selected case. Finally, the findings are discussed in Section 4, and the main conclusions are summarized in
Section 5.

2 Methods

2.1 Reduced-Order Model

The Reduced-Order Model (ROM) handles the non-spherical bubble dynamics as a vibration problem assuming axial symmetry
and small deformation. The aim is to avoid partial differential equations by employing modal decomposition, specifically using
Legendre polynomials as orthogonal basis functions, and to construct an ordinary differential equation system that describes the
time evolution of the mode amplitudes. In this manner, the temporal evolution of the complex bubble shape 𝑟𝑠, expressed via
Legendre polynomials as an infinite series in a spherical coordinate system, can be described as:

𝑟𝑠 (𝜃, 𝑡) = 𝑅(𝑡) +
∞∑︁
𝑛=2

𝜀𝑎𝑛 (𝑡)𝑃𝑛 (𝜇), (1)

where 𝑅(𝑡) is the spherical or 0th mode as the function of time, while 𝑎𝑛 denotes the 𝑛th mode amplitude corresponding to the
Legendre polynomial 𝑃𝑛 (𝜇) of order 𝑛, with 𝜇 = cos(𝜇). Note that the first mode, i.e., the translational motion, is neglected in this
paper for simplicity. Additionally, surface distortion is assumed to be small, as indicated by the small parameter 𝜀. Following
the work of Shaw (2006, 2009, 2017), the mode amplitudes are described by an implicit second-order nonlinear 𝑛-dimensional
differential equation system derived from the Lagrangian function composed of the kinetic and potential energy. The nonlinear
coupling terms permit interaction between the modes and account for the implicit nature of the system. The volume mode —
corresponding to the radial oscillation 𝑅(𝑡) — reads as:(
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where 𝑐𝐿 is the speed of sound in the liquid and
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In this context, 𝑝𝐵0 denotes the equilibrium pressure inside the bubble, while 𝜌𝐿 represents the density of the liquid. The initial
radius of the bubble is given by 𝑅0, and 𝛾 refers to the ratio of specific heats. The dynamic viscosity of the liquid is denoted by
𝜇𝐿 , and 𝜎 stands for the surface tension. Acoustic excitation is characterized by the angular frequency 𝜔 = 2𝜋 𝑓 (where 𝑓 is the
frequency) and the pressure amplitude 𝑝𝐴. The ambient pressure, also known as the far-field pressure, is represented by 𝑝0, and 𝑝𝑣
indicates the vapour pressure. The higher order terms 𝑔𝑛 and 𝑔𝑛𝑣 are the inviscid and damping terms, which can be found in Shaw
(2006, 2009). The surface modes have the following form:
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Like the 0th mode, the second-order term governs the coupling between the modes, which can be separated into inviscid and
damping components; the interested reader can find these terms in Kalmár et al. (2023).
The solution strategy for the model is divided into two main parts: an initial value problem and a nonlinear equation system. The
initial value problem is solved using an in-house Runge–Kutta–Cash–Karp solver. At the same time, the nonlinear equation system
is handled using a GPU-optimized iterative technique derived in Kalmár et al. (2023). With this approach, the parameters of
spherical or closely spherically oscillating bubbles can be found efficiently. The approximated validity limit of the model, i.e.,
the maximum of the relative mode amplitude (𝑎𝑛/𝑅) corresponding to the dominant mode (mode with the largest amplitude), is
between 0.25 and 0.37 as estimated by Kalmár et al. (2024).

2.2 DNS Simulations

Direct numerical simulation (DNS) of an oscillating microbubble in an acoustic field requires a compressible multiphase flow solver
capable of accurately resolving the coupled dynamics of the liquid and gas phases. The computational domain must typically span
at least one acoustic wavelength to capture the standing wave field, which, based on the speed of sound and the excitation frequency,
corresponds to a characteristic length of approximately 10 mm. In contrast, bubble diameters in sonochemical applications are on
the order of 10 µm, resulting in a scale separation of roughly three orders of magnitude. This disparity imposes strict requirements
on the numerical mesh, particularly in the vicinity of the bubble interface where oscillations occur. To accurately capture these
localized dynamics, a highly refined grid resolution is essential. Moreover, interface-capturing schemes introduce several numerical
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challenges, including mass and momentum dissipation at the interface Koch et al. (2016), smearing of fine surface structures
Boniou et al. (2022), and inaccuracies in the interaction between acoustic waves and interfaces Schmidmayer et al. (2023).
The employed solver, ALPACA, meets these requirements, having been specifically developed to study compressible and multiphase
phenomena Hoppe et al. (2022a). The solvers in ALPACA utilize high-order, non-dissipative numerical schemes to accurately
capture shockwaves Hoppe et al. (2022b). The meshing process is highly efficient, leveraging a multiresolution algorithm proposed
by Harten (1995) that automatically refines the mesh as needed. The ALPACA solver has been extensively applied to a wide range
of multiphase flow problems involving bubble and droplet dynamics. Kaiser et al. (2020) employed ALPACA to investigate the
fragmentation of a cylindrical liquid drop following shock passage and reported agreement with experiments. Hoppe et al. (2022b)
demonstrated its capability by accurately reproducing various shock wave – bubble interactions. More recently, the solver has been
used to study bubble jetting near solid boundaries Bußmann et al. (2023); Mur et al. (2025), acoustically driven bubble oscillations
Nagy et al. (2025); Nagy and Hegedűs (2025), shock-induced bubble collapses Biller et al. (2022), and laser-induced bubble jets
Fan et al. (2024); Bußmann et al. (2022).

2.2.1 Governing Equations

The governing equations of compressible fluid flow that are solved in ALPACA are given by

𝜕𝜌

𝜕𝑡
= −∇ · 𝜌𝒖, (5)

𝜕𝜌𝒖

𝜕𝑡
= −∇ ·

(
𝜌𝒖 ⊗ 𝒖 − Π

)
, (6)

𝜕𝜌𝐸

𝜕𝑡
= −∇ ·

(
𝜌𝐸𝒖 − Π𝒖

)
, (7)

where 𝜌 is the density, 𝒖 is the velocity, 𝐸 is the specific energy and Π is the stress tensor. The stress tensor is

Π = −𝑝𝑰 + 𝜇1

(
∇ ⊗ 𝒖 + (∇ ⊗ 𝒖)tr − 2

3
𝑰∇ · 𝒖

)
+ 𝜇2𝑰∇ · 𝒖, (8)

where 𝑝 is the pressure, 𝜇1 = 𝜇𝑠 is the shear viscosity, 𝜇2 = 𝜇𝑏 − 2/3𝜇𝑠 where 𝜇𝑏 is the bulk viscosity and 𝑰 is the identity matrix.
This formulation neglects the effect of gravity, heat conduction and phase change. ALPACA solves the governing equations given
in Eq. (5)-(7) on adaptive rectangular domains via finite volume methods. Convective fluxes are calculated via a Riemann Solver
based on Roe (1981) and then reconstructed via a WENO5 scheme given in Fu et al. (2016).
Two different interface capturing schemes are used in this study: a sharp level set method Osher and Fedkiw (2001) providing high
geometric accuracy but prone to mass dissipation, and a diffuse-interface method Paula et al. (2023) that perfectly fulfills the
conservation laws at the expense of a smeared interface region.

2.2.2 Level Set Method

The level set method is based on the level set function 𝜙(𝑡, 𝑥, 𝑦, 𝑧), that denotes the signed non-dimensional distance from the
interface. The evolution of this function is governed by the advection equation

𝜕𝜙

𝜕𝑡
+ u𝜙 · ∇𝜙 = 0, (9)

where u𝜙 is the interface velocity obtained from a linearized Riemann solver that includes surface tension Luo et al. (2015). The
interface is implicitly defined by the zero isosurface of the level set, 𝜙 = 0. Positive 𝜙 values correspond to the primary phase, and
negative values to the secondary phase. As 𝜙 evolves, numerical errors lead to deviations from the signed-distance property. To
restore this property, a reinitialization procedure is applied at each time step by solving

𝜕𝜙

𝜕𝜏
= sgn(𝜙0) (1 − |∇𝜙|), (10)

where 𝜙0 is the pre-reinitialized field and 𝜏 is the pseudo-time. This equation is discretized spatially then advanced in pseudo-time
with an explicit Euler step until steady state is reached (Hoppe et al., 2022a). The resulting level set is further smoothed using a
WENO3 reconstruction to ensure numerical stability. To prevent unphysical far-field fluctuations, a level set cutoff is imposed, in
this study |𝜙| ≤ 8.
Although level set methods inherently suffer from minor mass loss at the interface due to reinitialization errors (Nourgaliev
and Theofanous, 2007), this issue can be mitigated by monitoring the total bubble mass throughout the simulation. Despite
this limitation, the approach offers some advantages for studying non-spherical bubble dynamics, including a sharper interface
localization with minimal numerical diffusion. A ghost cell method is employed at the interface for extension required due to the
high order numerical methods Osher et al. (2004). Observe that the level set method does not smear the interface and each point in
space clearly assigned to one of the phases; thus, the governing equations are always solved for a single-phase.

2.2.3 Diffuse-Interface Method

The diffuse-interface method differs significantly from the level set. In that case, there is a diffuse zone between the phases where
both phases are simultaneously present. The governing equations are modified with the volume fraction of each phase, then written
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and solved for each phase separately as given in Saurel and Abgrall (1999). The modified equations are not presented here. The
indicator field 𝛼𝑖 that represents the volume fraction of the 𝑖th phase is also governed by a conservation law as

𝜕𝛼𝑖

𝜕𝑡
+ uint · ∇𝛼𝑖 = 0, (11)

where uint is the interface velocity. The phases are further coupled by the admissibility condition, that is∑︁
𝑖

𝛼𝑖 = 1, 0 ≤ 𝛼𝑖 ≤ 1. (12)

The diffuse-interface capturing is implemented within a discrete-equation model where the fluxes are found from Riemann problems
Abgrall and Saurel (2003). Currently, ALPACA employs RDEMIC, introduced by Paula et al. (2023), that is an extension of the
traditional discrete-equation model that enables high-order volume-fraction reconstruction while preserving the robustness and
stability. It achieves this by introducing a carefully designed discretization of fluxes and exchange terms based on reconstructed
volume fractions, leading to accurate and stable interface representation even in complex multiphase interactions. Furthermore,
the effect of surface tension is included at the interface as a source term in the equations, and the required surface curvature is
calculated following reconstruction. The interested reader is referred to the original publication in Paula et al. (2023) for more
details and implementation of the diffuse-interface.

Fig. 1: Layout and boundary conditions of the axisymmetric DNS simulations.

2.2.4 Numerical setup

ALPACA is used to carry out two-dimensional axisymmetric numerical simulations of bubbles in a standing acoustic wave in
water. The bubble was positioned at the node of the acoustic standing wave within a rectangular domain of dimensions 𝜆 × 𝜆/2,
where 𝜆 is the wavelength. The boundary conditions are illustrated in Fig. 1. Reflective walls were placed on the south and
north boundaries, causing wave reflections. A zero-gradient boundary condition was applied on the east boundary, while the west
boundary served as the axis of symmetry. The standing wave in the water was introduced through the initial conditions as follows:

𝑝(𝑦) = 𝑝0, (13)

𝑣(𝑦) = − 𝑝𝐴

𝑐𝜌0
sin(𝑘𝑦), (14)

𝜌(𝑦) = 𝜌0, (15)

where 𝑘 = 2𝜋/𝜆 is the wave number, 𝜆 is the wavelength, 𝑝0 is the ambient pressure, 𝜌0 is the density of water at room temperature
and 𝑐 is the speed of sound. The bubble placed in the pressure antinode at 𝑦 = 𝜆/2 then experiences the following pressure:

𝑝(𝑡) = 𝑝0 − 𝑝𝐴 · sin(2𝜋 𝑓 · 𝑡). (16)

The derivation of the above equations can be found in Nagy et al. (2025). The initial conditions in the gas phase correspond to the
equilibrium condition for a homogenous bubble, that is

𝑝𝐵,0 = 𝑝0 +
2𝜎
𝑅0

, (17)

where 𝑝𝐵,0 is the initial bubble pressure, 𝜎 is the surface tension and 𝑅0 corresponds to the equilibrium radius. The initial
velocities are zero and the density is set according to the ideal gas law:

𝜌𝐵,0 =
𝑝𝐵,0

(𝛾𝐵 − 1)𝑐𝑉𝑇𝐵
, (18)
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In both phases, the stiffened gas equation of state is used based on Harlow and Amsden (1971):

𝑝 = (𝛾 − 1)𝜌𝑒 − 𝑝∞, (19)

where 𝑒 is the internal energy and 𝛾, 𝑝∞ are parameters. In the gas phase 𝑝∞,𝐵 = 0, thus the stiffened gas EoS results in the ideal
gas law, in which 𝛾𝐵 = 1.4 is the ratio of specific heats. To model the water, parameters 𝛾𝐿 = 4.4 and 𝑝∞,𝐿 = 6 · 108 Pa are
adopted from Kaiser et al. (2019).
To accelerate the formation of surface mode oscillations, the bubble shape is initially perturbed with relative mode amplitudes
of 𝑎2/𝑅 = 0.031, 𝑎3/𝑅 = −0.050, 𝑎4/𝑅 = 0.008, and 𝑎5/𝑅 = 0.016. These amplitudes are chosen to ensure that the volume of
the bubble remains unchanged. Each level set-based DNS simulation ran for 24 hours on the SUPERMUC-NG supercomputer,
utilizing one compute node with 36 cores. The diffuse-interface-based DNS simulations run on the Komondor supercomputer on
32 cores of one compute node for 24 hours. In most cases, this computing time was sufficient to run the simulations for at least 10
acoustic cycles, enabling the analysis of long-term behavior.

2.3 Post-processing of DNS results

A post-processing code was developed in Paraview to extract the bubble radius and mode amplitudes from the numerical simulations.
The radius of a non-spherical bubble cannot be defined uniquely; therefore, an equivalent bubble radius 𝑅̂(𝑡) is introduced based
on the instantaneous bubble volume 𝑉𝑏 (𝑡) as

4
3
𝜋𝑅̂3 (𝑡) = 𝑉𝑏 (𝑡), (20)

where 𝑉𝑏 (𝑡) is obtained by integrating over all computational cells located inside the bubble. A cell with index 𝑖 is considered
to be inside the bubble if 𝜙𝑖 < 0, where 𝜙𝑖 denotes the level set value of that cell. Accordingly, the set of internal cells can be
expressed as C𝑏 (𝑡) = {𝑖 | 𝜙𝑖 (𝑡) < 0}. For two-dimensional axisymmetric simulations with axial coordinate 𝑦 and radial coordinate
𝑥, the bubble volume is evaluated by revolving each cell volume element around the symmetry axis:

𝑉𝑏 (𝑡) =
∑︁

𝑖∈C𝑏 (𝑡 )
𝑉𝑖 = 2𝜋

∑︁
𝑖∈C𝑏 (𝑡 )

𝑥𝑖 𝑎
2
𝑖 , (21)

where 𝑥𝑖 is the radial position of the 𝑖th cell and 𝑎𝑖 is its edge length. For comparison with the reduced-order model, it is also
necessary to quantify the amplitude of surface oscillations. The instantaneous bubble contour is represented as a generalized
Fourier series,

𝑟 (𝜃, 𝑡) =
∞∑︁
𝑛=0

𝑎𝑛 (𝑡)𝑃𝑛 (cos 𝜃), (22)

where 𝑃𝑛 denotes the Legendre polynomial of order 𝑛, and 𝑎𝑛 (𝑡) represents the mode amplitude. The Fourier coefficients in a
single time step are evaluated according to

𝑎𝑛 =
2𝑛 + 1

2

∫ 𝜋

0
𝑃𝑛 (cos 𝜃) 𝑟 (𝜃) sin 𝜃 𝑑𝜃. (23)

The numerical evaluation of Eq. (23) from discrete simulation data proceeds as follows. At each time step, cells located near the
bubble interface are first identified based on the criterion |𝜙𝑖 (𝑡) | < 𝜀𝑠 , where 𝜀𝑠 = 0.6 is the selection threshold. This yields the set
Cint (𝑡) containing the interface cells. The Cartesian coordinates (𝑥𝑖 , 𝑦𝑖) of these cells are then transformed to polar coordinates
relative to the bubble center (𝑥0, 𝑦0) according to

𝑟𝑖 =
√︁
(𝑥𝑖 − 𝑥0)2 + (𝑦𝑖 − 𝑦0)2, 𝜃𝑖 = arctan

(
𝑥𝑖 − 𝑥0
𝑦𝑖 − 𝑦0

)
, (24)

and subsequently ordered by increasing 𝜃𝑖 . The discrete approximation of Eq. (23) is computed as

𝑎𝑛 =
2𝑛 + 1

2
1
𝑁int

𝑁int∑︁
𝑗=1

𝑃𝑛 (cos 𝜃 𝑗 ) 𝑟 𝑗 sin 𝜃 𝑗 (𝜃 𝑗 − 𝜃 𝑗−1), (25)

where 𝑁int denotes the number of interface points, and (𝜃 𝑗 , 𝑟 𝑗 ) represents the ordered set of polar coordinates. The calculation was
then repeated for each time step, and the mode amplitudes were obtained as a function of time.

3 Results

This section presents the results of the ALPACA and ROM simulations. ALPACA simulations are conducted using both the
level set (LS) and diffuse-interface (DI) methods, as referenced throughout this section. First, the convergence of the ALPACA
simulations is analyzed by increasing the mesh resolution and comparing the results to ROM predictions. Then, the effect of the
pressure amplitude is explored for a selected case.
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3.1 Mesh independence study

A bubble with an initial radius of 𝑅0 = 10.5 µm is excited by a standing wave with an amplitude of 𝑝𝐴 = 50 kPa and a frequency
of 𝑓 = 480 kHz. This case is selected because, according to the ROM, a stable 3rd-mode oscillation is expected to form with a
relatively large amplitude, that DNS simulations should be able to handle properly.

0.0506 ms 0.0510 ms 0.0514 ms 0.0518 ms 0.0522 ms 0.0526 ms

0.0530 ms 0.0534 ms 0.0538 ms 0.0542 ms 0.0546 ms 0.0550 ms

Fig. 2: Snapshots of the stable surface mode oscillation forming in the DI-based simulation with parameters 𝑅0 = 10.5 µm,
𝑝𝐴 = 50 kPa and 𝑓 = 480 kHz.

(a) DNS with level set (b) DNS with diffuse interface
Fig. 3: Results of the convergence study with parameters 𝑅0 = 10.5 µm, 𝑝𝐴 = 50 kPa and 𝑓 = 480 kHz. The test interface

capturing methods are the level set in column (a) and the diffuse-interface in column (b).
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Simulations were conducted in ALPACA using three different mesh resolutions. The number of adaptive refinements was varied
from 8 to 10 on an initial 80 × 144 mesh, resulting in the number of cells along the bubble diameter being 𝑁bubble = 76, 152, and
304 for the resolutions 𝑙8, 𝑙9 and 𝑙10, respectively. Following an initial perturbation and approximately 15 acoustic cycles, a stable
surface-mode oscillation develops. The resulting bubble shapes are shown in Fig. 2. Notably, only the DI method captures this
stable surface-mode oscillation, whereas in the LS simulations, the initial perturbation decays even at the highest resolution. The
stable third mode oscillation has a period of approximately 0.004 ms, that is twice the period of the acoustic excitation (0.002 ms).
Figure 3 quantitatively depicts the bubble radius and mode amplitudes obtained using both interface-capturing methods. The top
row shows the bubble radius, which is quite insensitive to mesh resolution, indicating that even the low resolution (𝑙8) is sufficient
to capture the spherical dynamics. The second and third rows of Fig. 3 show the amplitudes of the second and third surface modes,
respectively. The gray line represents the surface mode amplitudes predicted by the ROM after a long transient (i.e., the transient is
omitted).
It is evident that the LS method artificially damps the surface mode amplitudes, whereas the DI method accurately reproduces the
ROM predictions following the initial transient. Convergence is achieved at medium resolution (𝑙9) for both LS and DI, as further
refinement does not significantly alter the dynamics. The amplitudes of the higher modes remain small, with 𝑎3 = 0.24 µm and
𝑎4 = 0.15 µm according to the ROM, and similarly limited in both LS and DI results.
Based on these observations, a mesh resolution of 𝑁bubble ≥ 150 (𝑙9 or higher) is sufficient to accurately capture both the radial
dynamics and surface mode amplitudes. All subsequent simulations are conducted using 𝑁bubble ≥ 150 to ensure accuracy. These
results also demonstrate that the DI method is required for accurately capturing surface mode oscillations, while the LS method
artificially damps these modes; at least in the above presented case.

3.2 Effect of pressure amplitude

The effect of increasing pressure amplitude is examined for a bubble with an initial radius of 𝑅0 = 47.5 µm, excited by an acoustic
standing wave of frequency 𝑓 = 30 kHz at various pressure amplitudes using ALPACA. According to the ROM predictions,
this case is particularly interesting: the bubble remains spherical when the driving pressure amplitude 𝑝𝐴 is below 19 kPa. For
amplitudes exceeding 39 kPa, unstable surface-mode oscillations occur (𝑎𝑛 → ∞), potentially leading to bubble breakup. In the
intermediate range, 19 kPa < 𝑝𝐴 < 39 kPa, stable 2nd- and 3rd-mode oscillations are expected to develop.
Direct numerical simulations were performed for three representative pressure amplitudes. Figure 4a–c shows snapshots from the
DI-based simulations at 𝑝𝐴 = 10 kPa, 32 kPa, and 42 kPa, respectively. For the 10 kPa case, the initial non-spherical perturbation
decays, resulting in a nearly spherical bubble at 𝑡 = 0.3 ms, as shown in Fig. 4a. At 𝑝𝐴 = 32 kPa, a pronounced transient 3rd-mode
oscillation develops as shown in Fig. 4b, after which only a weak residual surface mode remains. At the highest investigated
pressure amplitude, 𝑝𝐴 = 42 kPa in Fig. 4c, the surface-mode instability grows rapidly, leading to bubble breakup at 𝑡 = 0.063 ms
in the DI simulation.
The radius–time curves are shown at the top of Fig. 4d–f. The radial dynamics exhibit remarkable quantitative agreement between
the ALPACA simulations using both interface models (red line: level set; dashed blue line: diffuse-interface) and the ROM
predictions (black line). For example, at 𝑝𝐴 = 10 kPa and 32 kPa, the agreement is excellent during the first 12 oscillation periods.
For the high pressure amplitude case in Fig. 4f, the dots indicate the time of bubble breakup for the different models. Although
minor discrepancies arise in the bubble radius near breakup, the predicted breakup times agree closely among the models, with
breakup consistently occurring after the second collapse of the bubble.
The corresponding mode amplitude–time curves are presented in the lower panels of Fig. 4d–f, showing some trends between DNS
and ROM simulations. At the lowest pressure amplitude (𝑝𝐴 = 10 kPa), the initial perturbations in the surface modes decay rapidly,
indicating spherical stability of the bubble under these parameters. The damping behavior is nearly identical in the ROM and DI
simulations, while the LS model predicts a slightly faster decay of the surface modes. At an intermediate pressure amplitude
(𝑝𝐴 = 32 kPa), a strong transient 3rd-mode oscillation appears during the first few acoustic cycles in all models, with excellent
agreement between the DI and ROM results. After the transient, a combination of stable 2nd- and 3rd-mode oscillations persists in
the ROM, while the DI-based DNS shows similar behavior with a weak additional 4th-mode contribution. In contrast, the LS-based
simulations exhibit complete damping of the 3rd and 4th modes, leaving only a small residual 2nd-mode oscillation.
At the highest pressure amplitude (𝑝𝐴 = 42 kPa), the initial perturbations grow rapidly, leading to bubble breakup at 𝑡 = 0.072 ms
in the LS simulation and at 𝑡 = 0.063 ms in the DI simulation, as indicated by the markers in Fig. 4f. For this parameter set, the
ROM predicts diverging mode amplitudes (𝑎𝑛 → ∞) and fails at 𝑡 = 0.061 ms. Up to the point of breakup, the mode amplitudes
remain in close agreement among the models, demonstrating that all approaches can capture the growth of large-amplitude surface
modes leading to instability and bubble break-up.

4 Discussion

First, the convergence of the DNS simulations was verified in Section 3.1. The ALPACA simulations achieved convergence with a
bubble resolution of approximately 𝑁bubble = 150, meaning that the bubble diameter had to be resolved with at least 150 cells.
Further resolving the bubble did not change the results meaningfully. However, numerical convergence does not imply physical
accuracy, since simulations using different interface-capturing methods converge toward different solutions as the resolution is
increased. Based on the results, we consider the DI-based DNS to be more physically accurate, as it agrees closely with the ROM
predictions, which have been validated against experiments in Kalmár et al. (2024).
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(d) Modes, pA=10kPa (f) Modes, pA=42kPa(e) Modes, pA=32kPa

0.063ms

0.055ms0.051ms

0.061ms0.300ms
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0.130ms 0.325ms
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0.186ms

(c) Snapshots, pA=42kPa(b) Snapshots, pA=32kPa(a) Snapshots, pA=10kPa

Fig. 4: Summary of results for a 𝑅0 = 47.5 µm bubble excited with 𝑓 = 30 kHz and various pressure amplitude ultrasound. Panels
(a)-(c) depict snapshots of the velocity magnitude (see legend) and bubble interface (black contour) from the DI-based
DNS simulations. Panels (d)-(f) show the mode amplitudes as a function of time with the 3 different approaches: ROM
(black line), LS-based DNS (red line) and DI-based DNS (dashed blue line).
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Two distinct physical mechanisms can be identified in the investigated cases. The radial oscillation of the bubble primarily depends
on accurately capturing the forces associated with liquid inertia, whereas the small-amplitude surface mode oscillations are
strongly influenced by capillary forces (i.e., surface tension). The radial dynamics – given as the function 𝑅(𝑡) – are computed
from the bubble volume in the DNS and from the Keller–Miksis equation in the ROM. These show excellent agreement for
both interface-capturing methods, even at relatively low mesh resolutions. Because the radial oscillations are dominated by
inertial effects and capillary forces are less significant, both the DI and LS methods provide accurate predictions for the spherical
component of the motion.
The comparison of mode dynamics further confirms that the DI-based DNS simulations and the ROM predict similar behavior. For
bubbles that are expected to be spherically stable under the given excitation, perturbations in the mode amplitudes decay similarly
in both models. For bubbles that are close to instability but do not yet break up, the agreement in mode curves remains strong. The
onset of bubble breakup is also captured similarly. In contrast, the LS-based DNS systematically overdamps the mode amplitudes,
leading to non-physical suppression of surface oscillations that was observed before in Nagy et al. (2025). This discrepancy likely
originates from differences in how capillary forces are treated at the interface. A sharper and more localized representation of the
interface has recently been shown to improve curvature evaluation and reduce parasitic currents and numerical damping Gorges
et al. (2025); such methods in the future could also be used to study non-spherical bubble oscillations more accurately.
One of the most interesting findings concerns the prediction of bubble breakup. In theory, the ROM is based on a small-perturbation
assumption, whereas the DNS simulations should be accurate for large-amplitude deformations as well. Bubble breakup is
associated with the divergence of mode amplitudes, at which point the validity of the ROM becomes questionable. Nevertheless,
the ROM still successfully identifies the onset of instability, as the predicted breakup times are remarkably similar between the
ROM and DNS models. Furthermore, the LS-based DNS simulations could also reproduce the bubble break-up after the second
bubble collapse.
These results suggest that the ROM can serve as a computationally efficient tool to identify the parameter ranges where bubbles can
break up, while DNS simulations provide detailed flow-field information and accurately capture the evolution of high-amplitude
surface modes near bubble breakup. Together, the two approaches offer complementary insights: ROM can be used to efficiently
map the regions of instability in parameter space, and DI-based DNS simulations can subsequently verify and analyze selected
cases in greater physical detail.

5 Conclusion

In conclusion, both the ROM and DMS simulations with the diffuse-interface predict similar non-spherical bubble oscillations,
confirming their reliability to qualitatively describe complex bubble dynamics. The diffuse-interface–based DNS results show
excellent quantitative agreement with the ROM predictions, particularly in cases where the bubble remains spherically stable
or exhibits moderate surface-mode oscillations, while the level set formulation–although accurate for inertia-driven radial
oscillations–tends to overdamp surface modes. The results further demonstrate that diverging mode amplitudes in the ROM
effectively indicate the onset of bubble breakup, even beyond the formal small-amplitude validity of the model. This suggests that
ROM provides a computationally efficient tool for identifying breakup limits in parameter space, whereas DNS simulations with
the diffuse-interface model can capture the process in more physical detail.
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Matthieu Guédra and Claude Inserra. Bubble shape oscillations of finite amplitude. Journal of Fluid Mechanics, 857:681–703,
2018. doi: 10.1017/jfm.2018.768.

Francis H Harlow and Anthony A Amsden. Fluid dynamics. a lasl monograph. Technical report, Los Alamos National Lab.(LANL),
Los Alamos, NM (United States), 1971.

Ami Harten. Multiresolution algorithms for the numerical solution of hyperbolic conservation laws. Communications on Pure and
Applied Mathematics, 48(12):1305–1342, 1995. doi: 10.1002/cpa.3160481201.

Nils Hoppe, Stefan Adami, and Nikolaus A. Adams. A parallel modular computing environment for three-dimensional
multiresolution simulations of compressible flows. Computer Methods in Applied Mechanics and Engineering, 391:114486,
2022a. doi: 10.1016/j.cma.2021.114486.

Nils Hoppe, Josef M. Winter, Stefan Adami, and Nikolaus A. Adams. Alpaca - a level-set based sharp-interface multiresolution
solver for conservation laws. Computer Physics Communications, 272:108246, 2022b. doi: 10.1016/j.cpc.2021.108246.

Xuelan Hou, Changsheng Chen, Lincan Fang, Jiasi Li, Yihao Huang, Ye Zhu, James Kwan, and Shik Chi Edman Tsang. Catalytic
ammonia decomposition using single high-frequency ultrasound. The Journal of Physical Chemistry C, 129(35):15571–15577,
2025. doi: 10.1021/acs.jpcc.5c05410.

Boxin Jia and Hitoshi Soyama. Non-spherical cavitation bubbles: A review. Fluids, 9(11):249, 2024. doi: 10.3390/fluids9110249.
Jakob WJ Kaiser, Nils Hoppe, Stefan Adami, and Nikolaus A Adams. An adaptive local time-stepping scheme for multiresolution sim-

ulations of hyperbolic conservation laws. Journal of Computational Physics, 4:100038, 2019. doi: 10.1016/j.jcpx.2019.100038.
Jakob WJ Kaiser, Josef Winter, Stephan Adami, and Nikolaus A Adams. Investigation of interface deformation dynamics

during high-weber number cylindrical droplet breakup. International Journal of Multiphase Flow, 132:103409, 2020. doi:
10.1016/j.ijmultiphaseflow.2020.103409.
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