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About the Vibration Modes of Square Plate-like Structures

F. Duvigneau, S. Koch, R. Orszulik, E. Woschke, U. Gabbert

In the experimental vibration analysis of an oil pan, two eigenmodes are observed that did not appear to be those
of a standard rectangular plate vibration. As a result, a numerical, analytical and experimental investigation is
launched to discover where these modes are originating from. In this paper, the finite element method is applied
to determine the vibration behavior numerically, and experimental results are obtained with the help of a laser
doppler vibrometer in order to determine the origin of these two eigenmodes.

1 Introduction

The motivation of this paper is due to the results found from an experimental modal analysis of the oil pan of a
two cylinder diesel engine. In general, such a thin oil pan bottom shows a vibration behavior similar to that of a
plate, but in Fig. 1(a) and (b) two vibration modes are exhibited which do not match with the typical modes of a
rectangular plate.

(a)

(b)

(c)

Figure 1: Measured vibration modes of an oil pan bottom at (a) 599 Hz, (b) 630 Hz, with (c) showing the experi-
mental setup used for the measurements.

The vibration response of plates is well understood and it is easy to check the plausibility of the results from
numerical models by using the analytical solution of the problem. Consequently, we searched for the explanation
of the unexpected vibration modes seen in Fig. 1 by investigating the known solutions for rectangular plates in the
literature. However, both the numerical and the analytical solutions for rectangular plates never calculate modes
with a shape like that seen in Fig. 1 for any configuration.
However, it is also possible to approximate the oil pan bottom of Fig. 1 as a perfectly square plate. The numerical
solution for this configuration shows the unexpected vibration modes of Fig. 1, but no longer the typical vibration
modes (see Fig. 2, second row), which are also observable in the experimental results of the oil pan bottom (see
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Fig. 2, first row). Thus, the aim of this paper is to find out why the experimental results show a mixture of these
mode types and also to find the influential parameters that define which of the respective rectangular and square
vibration modes will appear.

Figure 2: Typical vibration modes of a plate-like structure from experimental (top) and numerical (bottom) results

In the literature of the second half of the 20th century many publications exist about the vibration of square plates.
Most of these are based on the analytical solution as the mathematical description of the problem has not signif-
icantly changed over the years. Johns and Nataraja (1972), Vijayakumar and Ramaiah (1978), Banerjee (1982),
Chaudhuri (1984), Tabarrok et al. (1987), Downs (1989), and Batra et al. (2004) have all investigated square plates.
Unfortunately, all of these publications do not show the mode shapes of the investigated plates, only the eigenfre-
quencies. Yang and Sethna (1991, 1992) calculate the vibration behavior of plates which differ only slightly from
ideal square plates. Further, Irie et al. (1983), and Laura and Bacha de Natalini (1983) research plates with round
corners and Genesan and Nagaraja Rac (1985), and Sakiyama et al. (2003) investigate several cut-outs of thin
square plates, however none of them show any mode shapes of the vibrating plates.
In Shimon and Hurmuzlu (2007), the vibration behavior of a fully clamped square plate that takes into account
some temperature variations is studied both numerically and experimentally in the context of vibration control. In
contrast to the findings in the paper at hand, it is curious that Shimon and Hurmuzlu (2007) only show the typical
modes of a rectangular plate instead of a square one. Shojaee et al. (2012) also calculate the vibrations of square
plates under different boundary conditions, which also only show the typical modes of a rectangular plate.
On the contrary, Jhung and Jeong (2015) show the mode shapes of a square plate. In their study the focus is on
a perforated square plate with fixed edges in the context of nuclear energy. However, purely numerical studies
are performed and thus only square modes are observed and not a mixture of the mode shapes of a square and a
rectangular plate. Saha et al. (2004), Saha et al. (2005) analyze the influence of different boundary conditions on
the vibration behavior of square plates numerically and take into account geometric nonlinearities caused by the
consideration of large deformations. However, they also do not show this mixture of mode shapes for the case of a
fully clamped square plate. In addition, Wilson et al. (2000) give experimental results for partially clamped square
plates and also observe in some cases atypical mode shapes. Olson and Hazell (1979) study the vibrations of a
square, built-in plate with axissymmetric, parabolically varying thickness both theoretically and experimentally.
They state that the vibration modes are seen to exhibit an interesting blend of radial and square symmetries, but
do not discuss the phenomenom addressed in this paper. Additionally, problems in the agreement between the
experimental and numerical results in the lower frequency domain are observed.

2 Numerical Models

In this section the numerical modelling is presented. All simulations in this paper are executed with the help of the
finite element method (Hughes, 1987). To calculate the vibrations of the structure, the linear system of equations
can be written as

Muü (x, t) + Cuu̇ (x, t) + Kuu (x, t) = fu (t) (1)

where Mu denotes the mass matrix, Cu the damping matrix and Ku the stiffness matrix of the system. Fur-
thermore, in Eq. (1) ü (x, t) denotes the acceleration, u̇ (x, t) the velocity, u (x, t) the displacement and fu (t)
the external time dependent loads of the system. The time integration of Eq. (1) requires very small time steps,
hence the vibration analysis is carried out exclusively in the frequency domain to minimize the computational
costs. Transformation into the frequency domain by a harmonic time approach via u (x, t) = ũ (x) eiΩt and
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fu (t) = f̃ue
iΩt results in (

−Ω2Mu + iΩCu + Ku

)
ũ (x) = f̃u (2)

where ũ denotes the complex amplitude of the displacements, f̃u the vector of the frequency dependent external
loads, i the imaginary unit and Ω the angular frequency of the excitation of the system. The damping in Eq. (2)
is neglected to calculate the real eigenfrequencies fi and eigenmodes Ψi (x). The classical eigenvalue problem in
matrix notation is written as (

− (2πfi)
2
Mu + Ku

)
Ψi (x) = 0 . (3)

The question to be answered is why the numerical results for the vibration analysis of a square plate show such
modes as in Fig. 1. Hence, it is investigated whether these modes are induced by any numerical effects. For this
reason, different meshes are analyzed, from ideal structured to irregular meshes, which are shown in Fig. 3. The
boundary conditions are defined as in the classical analytical solution of rectangular plates for comparability. With
the help of smooth rounded corners (see Fig. 3, left) it is also checked whether the corners influence the modes.

Figure 3: Different numerical models of a square plate

It quickly becomes clear that different discretizations and boundary conditions can change the numerical results
slightly, but the special mode shapes are preserved. These special mode shapes can lead to the conclusion that the
modes of a circular plate are appearing, since every square can be circumscribed by a circle, while also inscribing
one. To prove this hypothesis the numerical model in Fig. 4 is generated and its mode shapes calculated.
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Figure 4: Numerical model of the circular plate

In Fig. 5, the comparison between the modes of the circular and the square plate is shown. The modes are similar,
as they have similar dimensions and they are symmetric structures, but the eigenfrequencies of the respective
modes show a very poor correspondence to each other. The influence of the radius was also investigated and it can
be stated that the differences in the eigenfrequencies cannot be overcome by varying the radius of the circle.

Figure 5: Comparison of the mode shapes of a square and a circular plate
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3 Analytical Solution

The analytical solution for the modal behavior of rectangular plates is given in Eq. (4) and Eq. (6). Eq. (4) shows
the calculation of the eigenfrequency fmn of a rectangular plate with length l1 in the x1-direction and length l2 in
the x2-direction.

fmn =
π

2

√
K

ρt

((
m

l1

)2

+

(
n

l2

)2
)

; m = 1, ...,∞; n = 1, ...,∞ (4)

Alongside the density ρ and the thickness t, the plate stiffnessK is an important parameter which can be calculated
as

K =
Et3

12(1− ν2)
. (5)

In Eq. (5) ν is Poisson’s ratio andE is the modulus of elasticity. The calculation of the eigenmodes of a rectangular
plate is given as

Ψmn(x1, x2) = sin

(
mπ

l1
x1

)
sin

(
nπ

l2
x2

)
. (6)

In the case that length l1 and l2 are identical, it is easy to see from Eq. (4) that there always exist two combinations
of m and n which result in the same eigenfrequency fmn as long as m 6= n. However, the corresponding eigen-
modes are not identical, hence, a superposition of each mode must appear (Giurgiutiu, 2014). The orthogonality
condition is naturally still fulfilled as the positive and negative superpositions of orthogonal eigenmodes are also
still orthogonal to all other eigenmodes.
In Fig. 6 two examples are shown in detail. On the left hand side the superposition of the Ψ13 and Ψ31 modes is
demonstrated and on the right hand side the superposition of the Ψ35 and Ψ53 modes. The middle row contains the
pair of analytical plate modes with the same eigenfrequency, while the first row contains the positive and the third
row the negative superposition of the analytical modes. Additionally, in the first and third row the corresponding
numerical solution is given. From the comparison of the mode shapes and their respective eigenfrequencies, it is
obvious that the reason for the special mode shapes is due to the positive and negative superposition of the two
eigenmodes with the same eigenfrequency. Fig. 6 and 7 show that the numerical and analytical results match quite
well in both the eigenmodes and the eigenfrequencies.

numerical solution pos. superposition - analytical solution 

2078.7 Hz 2084.88 Hz 

numerical solution pos. superposition - analytical solution 

612.51 Hz 613.20 Hz 

numerical solution neg. superposition - analytical solution numerical solution neg. superposition - analytical solution 

2078.8 Hz 2084.88 Hz 612.52 Hz 613.20 Hz 

analytical solution analytical solution analytical solution analytical solution 

Figure 6: Positive (first row) and negative (third row) superpositions of the analytically calculated eigenmodes of
a square plate in comparison to the numerical results

The left hand side of Fig. 6 also shows the two modes which are observed in the measurement of the oil pan
bottom in Fig. 1. The question is why both superpositions (the positive and the negative one) are observable in the
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experiment and appear at different frequencies, since the calculated eigenfrequencies are very close to each other
or even identical in the case of the analytical solution. Furthermore, it is also not clear why only some of the mode
pairs are appearing in their superposed forms in the experimental results. In the numerical and analytical results of
a modal analysis of a square plate only the superpositions appear (see Fig. 7).

Figure 7: Comparison of numerically (left) and analytically (right) calculated eigenmodes of a square plate

4 Experimental Results

In this section the phenomenon is investigated experimentally to clarify the questions why only some of the super-
positions are observed in the measurements of Fig. 1, which modes are affected, and what are the parameters of
influence.

Figure 8: Experimental setup for the modal analysis of the thin square plate under free-free boundary conditions
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Fig. 8 shows the experimental setup for the determination of the mode shapes of a thin square plate via a scanning
laser vibrometer from Polytec (PSV-400). The plate is made out of 1mm thick aluminum and is square with
edge lengths of 100mm. The laser head has to be vertically positioned with respect to the plate to minimize the
measurement error, since a one-dimensional scanning vibrometer is used. The mounting of the square plate is
realized with free-free boundary conditions via soft foam which can be seen in Fig. 8. Additionally, pins are
used to avoid horizontal rigid body movements of the plate. Moreover, an electro-dynamic shaker (Mini Shaker
Type 4810, Brüel & Kjær) with an impact hammer head (Force Transducer Type 2800, Brüel & Kjær) is used to
generate the excitation (see Fig. 8). For the force sensor in the hammer head the Charge Amplifier Type 2635
(Brüel & Kjær) is used and for the excitation signal to the electro-dynamic shaker the Power Amplifier Type 2706
(Brüel & Kjær) is used. The combination of the electro-dynamic shaker and the impact hammer head provides
the opportunity to apply an automated, controlled and programmable excitation without changing the boundary
conditions. Consequently, it is still possible to realize free-free boundary conditions for the experimental setup
in Fig. 8. This is important to guarantee that the influence of the experimental setup on the measured vibration
behavior of the thin plate is minimal.
To make the measurements, the shaker is programmed with an impulse excitation, which shows the shape of a half
sinus with a frequency of 51.2Hz. This impulse has a length of 5ms and was repeated every 1.6s. Thus, this
defined excitation signal is able to excite frequencies up to 2000Hz. The shaker is mounted on a separate frame
to avoid unintended secondary vibration paths from the shaker to the structure. The following specifications are
used for the laser-vibrometer measurements: a high order low-pass filter with a cut-off frequency of 2000Hz, a
sampling frequency of 5120Hz, three averages and a rectangular windowing technique.
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723 Hz 222 Hz 

400 Hz 

812 Hz 

761 Hz 

435 Hz 

477 Hz 

651 Hz 1040 Hz 
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1887 Hz 1491Hz 

1715 Hz 

120 Hz 

82 Hz 

213 Hz 

1781 Hz 

1804 Hz 

1826 Hz 390 Hz 

423 Hz 1888 Hz 

Figure 9: Comparison of the numerical (left columns) and experimental (right columns) modal analyses of the thin
square plate under free-free boundary conditions

The results of the numerical and experimental modal analysis of the thin square plate under free-free boundary
conditions are compared explicitly for 20 different eigenmodes in Fig. 9. Due to the experimental modal analysis
it is important to take into account the position of the excitation, as only excited eigenmodes are observable. Con-
sequently, superpositions of two eigenmodes with the same eigenfrequency can only appear if both are excited with
the same intensity. If one eigenmode shows much higher vibration amplitudes than the other, only the dominant
eigenmode is observable. These facts are confirmed by several measurements with different excitation points.
In general, Fig. 9 shows a lot of superpositions and that the numerical and experimental results agree very well
in terms of both the mode shapes and the frequencies. Hence, it is assumed that the boundary conditions play an
important role due to the open question of why only some of the superpositions are observed in the measurement
in Fig. 1. For this reason, the aluminum plate is studied under clamped boundary conditions. The experimental
setup used is shown in Fig. 10 and is designed in such a way that the part of the plate that is not fixed has the same
dimensions as the plate under free-free boundary conditions in Fig. 8. It should be noted that both experimental
setups are identical except for the boundary conditions of the plate.
In Fig. 11 the comparison of the numerical and experimental modal analysis of the thin square plate under clamped
boundary conditions can be seen. It is obvious that only one superposition (see the experimental result at 699 Hz)
is still appearing in the experimental results of the clamped plate and that this mode is the same one that is observed
in the oil pan bottom of Fig. 1.
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Figure 10: Experimental setup for the modal analysis of the thin square plate under clamped boundary conditions

The experiment was repeated a few times with a new clamped plate assembly to secure that the free part of the
plate was as close to an ideal square as possible, but the results are the same. Hence, it would seem that only some
special eigenmode-superpositions are robust enough to still appear under clamped boundary conditions.

224 Hz 223 Hz 211 Hz 819 Hz 815 Hz 699 Hz 

457 Hz 454 Hz 401 Hz 1027 Hz 1021 Hz 916 Hz 

457 Hz 455 Hz 422 Hz 1310 Hz 1307 Hz 1165 Hz 

674 Hz 671 Hz 617 Hz 1369 Hz 1363 Hz 1339 Hz 

Figure 11: Comparison of the numerical and experimental modal analysis of the thin square plate under clamped
boundary conditions. Left columns: numerical results of the perfect square plate, middle columns: numerical
results of the square plate with geometric imperfections, right columns: experimental results of the clamped square
plate.

In Fig. 11 each measured eigenmode is compared with two numerically calculated modes on its left hand side.
The left column of each of the two numerical eigenmodes is calculated based on an ideal square model with an
edge length of 100mm. Consequently, it shows the superposed modes as were seen in Section 2 and 3, which are
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not observable in the corresponding experimental results in Fig. 11. The numerical results in the middle columns
are obtained by increasing the edge length by 0.5% as an imperfection in order to consider the difference from
the ideal symmetric state, as most likely appears in reality. It is obvious that this approach works very well and
the calculated eigenmodes are very similar to the measured ones. As usual, the calculated eigenfrequencies are
higher than the measured ones, as the clamping of the experimental setup is much stiffer than the thin plate, but
still elastic. Moreover, it is extremely important to note that the same “robust” superposition of modes is detected
as in the numerical and experimental results (see 815Hz and 699Hz in the first row on the right hand side of Fig.
11).

5 Conclusion

In this paper the anomaly of the vibration modes of square plate-like structures is investigated numerically, ana-
lytically and experimentally. It can be stated that in the case of square plates, there appear positive and negative
superpositions of eigenmode-pairs which have the same eigenfrequency. These superpositions are analytically,
numerically and experimentally observable under free-free boundary conditions. Under clamped boundary condi-
tions only a few robust superpositions still appear in the experimental results. To consider this fact in simulations,
a model should be used that possesses some small imperfections or asymmetries. In this paper, the slight increase
of one edge length has been shown to be a very efficient way to induce such an imperfection and to predict the
robust modes.
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