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A calculation of the coherent and ballistic phonon transport via thin nanojunctions between bcc lattices is 
presented. The model system A/B/A consists of a finite number of bcc (001) atomic layers of an element B 
sandwiched between two bcc semi-infinite crystal lattices of another element A oriented in the same (001) plane. 
It is applied to the Fe/Co/Fe nanojunction and to the inverse Co/Fe/Co nanojunction. The theoretical 
calculations of the ballistic phonon transmission via the nanojunction are carried out using the matching 
method. The possible experimental measurements of this ballistic transmission in comparison with theoretical 
results should be a useful probe for the determination of alloying force constants across the interface between 
two such elements. The full bcc dynamics of this system is under study. 
 
 
1 Introduction 
 

Current techniques make the fabrication of nanojunctions possible which consist of only few atomic layers 
sandwiched between semi infinite crystals. Such nanojunctions are of increasing importance in many technical 
applications, several examples are given by Tiusan et al. (2002), F. Haupt et al. (2009) and Oguz et al. (2009). 
The purpose of this communication is to present a calculation for the phonon ballistic transmission via a 
nanojunction of the A/B/A type where B is an ultra thin atomic layer sandwiched between two semi-infinite A 
crystals. In particular we apply the theoretical calculations to the case where A and B correspond alternatively to 
Fe and Co elements. The Fe/Cr/MgO/Fe nanojunction in the (001) plane and similar architectures are interesting 
candidates for the development of efficient magnetic tunnel junctions, see works of Matsumoto et al. (2009) and 
Mizuguchi et al. (2006). It is observed that the efficiency of these components is enhanced when an ultra thin 
layer of Cr is inserted at the interface of an epitaxial nanojunction Fe/MgO/Fe. 
In Sect I, a description of the model is given and equations of motion are derived in a convenient form. In 
Section II, we present the numerical results for the coherent and ballistic phonon transmission coefficient as a 
function of the incident frequency.   
 
 
2 Model Dynamics  
 

Consider the system as indicated schematically in Figure 1 where the shaded area constitutes the effective 
nanojunction domain of B atoms. Although the crystalline structure is bcc, the model is treated as a simple cubic 
lattice with nearest neighbor interactions for both Fe and Co for the purpose of this calculation. This 
approximation simplifies our equations, and we shall justify it by making an analysis of the nearest and next 
nearest neighbor constants from available information on the elastic constants. The primary difficulty for the 
present work is how to derive appropriate force constants from the available elastic information for Fe and Co. 
Systematic ab-initio calculations of elastic constants, C11, C12, and C44, for Fe and Co in the bcc structure have 
been carried out, in part to understand the phase stability and magnetic properties of Fe and Co nanostructures, 
presented by Guo (2000). To be able to extract information for the force constants from these results, we have 
exploited for the cubic lattices a method first proposed by Fuchs (1935-1936), and used by a number of authors 
to derive the ion-ion force constants for body centered cubic lattices, examples given by Jasmon (1954) and 
Bolef (1961), and simple cubic lattices presented by Khater et al. (2009). 
Using this procedure we are able to derive the force constants between the nearest and next nearest neighbors for 
the bcc Fe and Co lattices, respectively as follows : k1(Fe, Fe) = 52.54 N/m, and k2(Fe, Fe) = 16.33 N/m, k1(Co, 
Co) = 70.92 N/m, and k2(Co, Co) = 8.74 N/m. Given the order of magnitude for the nearest and nearest neighbor 
force constants it seems reasonable to neglect the next nearest neighbor contributions for phonon propagation 
perpendicular to the (001) plane. The notation is hence simplified so that he nearest neighbor force constants on 
lattice A are denoted by kA, and on lattice B by kB. It is convenient next to define the following ratios:                
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m = mB/mA for the masses, rd = kAB/kA where kAB is the nearest neighbor force constant between an A and B sites 
at the nanojunction, and rB = kB/kA. For the purpose of the calculation  kAB is considered as the arithmetic mean of 
the Fe and Co nearest neighbor force constants so that k FeCo = 61.04 N/m. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1. Schematic representation for a B layer sandwiched between two semi-infinite bcc A crystals.  

               The shaded zone denotes the B layer of the nanojunction. 
 
 

The dynamics of the perfect bcc system are described by the equations of motion of atomic sites l, which in 
the harmonic approximation, like given in Jzeftel (1987),  may be expressed as 
 

ω² m(l) uα(l) = - ∑l’≠l ∑β k(l,l’) dαdβ/d² [uβ(l) - uβ(l’)]              (1) 
 
uα(l) is the corresponding vibration displacement vector for site l. The indices α, β denote Cartesian co-ordinates, 
and m ≡ m(l) is the atomic mass of perfect site l. The atomic masses for Fe and Co are mFe = 0.93 10-24 kg and 
mCo = 0.98 10-24 kg, respectively. The radius vector d between sites at l and l’ has Cartesian components dα, and d 
= |d|. The elastic force constants between any two given sites is denoted by k( l,l’), so that k1(l,l’) and k2(l,l’) are 
force constants between nearest and next nearest neighbor sites, respectively. 
 

For sites l and l’ distant from the inhomogeneous boundary to the left and right of the nanojunction in 
Figure 1, the equations of motion may be cast in the matrix form  
 

[Ω²I – D(eiφx, eiφy , eiφz)] |u> = 0               (2) 
 
|u> is the vector of vibration displacements along the principal axes in a unit cell. I denotes a unit matrix. [Ω²I – 
D(eiφx, eiφy , eiφz)] is the bulk dynamics matrix, where  e iφx, eiφy , and eiφz, are the Bloch phase factors along the 
principal axes, between neighboring sites in the unit cell. φα = qαa is the normalized wave vector, and runs over 
the interval [– π, + π] in the first BZ. Ω = ω/ω0 is a dimensionless frequency. Note that the characteristic 
frequency ω0 is not the same for the Fe and Co lattices; ω0 is √[ k1(Fe, Fe) / mFe] for Fe, and √[ k1(Co, Co) / mCo], 
for Co,  respectively. D is a (3×3) matrix. 
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Figure 2. Phonon dispersion branches for the perfect bcc system along the x-direction  

 
By diagonalizing the matrix of equation (2), one obtains the phonon dispersion branches. The branches 

along the x-direction are presented in Figure 2, in terms of the normalized frequency for each of the Fe and Co 
systems in the present approximation. The eigenmodes, labelled i  ∈ {1, 2, 3}, are propagating in the following 
frequency interval:  Ω = [Ωmin = 0.00, Ωmax = 2.35]. Theses modes are acoustic, characterized by the limiting 
behaviour of their phonon branches, tending to zero frequency when the wave vector tends to zero.  We note that 
two of the three modes are degenerate. 
 
In order to render the problem tractable we need to decouple the dynamics of a representative and irreducible set 
of sites at the inhomogeneous boundary of the defect domain from the rest of the system. This irreducible set is 
comprised as in Figure 1, from the sites labeled (1), (2) and (3). 
Consider a Hilbert space for the scattering and denote by [ |R>, |T>] the basis vector for the reflection and 
transmission coefficients in this space, and by |U> that for the displacements of a set of irreducible sites in the 
defect domain. The equations of motion for atoms of the scattering zone, coupled to the rest of the systems, may 
be written in terms of vector [ |U>, |R>, |T>]. The core vector |U>, groups the atomic displacements for an 
irreducible set of sites on the boundary and a minimum representative subset of sites for the two matching 
regions. 
Using the appropriate transformations connecting the displacement fields, and substituting these in equation (2), 
examples of application of ideas are given in Fellay et al. (1997), we obtain a square linear homogeneous system 
of equations in the form 
 

[Ω²I – D(eiφx, eiφy, eiφz, r, rd)] [|U>, |R>, |T>]= -|IH>           (3) 
 
In the defect domain rd = kAB/kA and r = rB. The vector -|IH>, mapped appropriately onto the basis vectors, 
regroups the inhomogeneous terms describing the incoming wave.  
For non-trivial solutions for the components of the column vector [ |U>, |R>, |T>], the determinant [D(e iφx, eiφy, 
eiφz, r, rd)] of the vibration dynamics matrix must vanish. This yields the energies of the vibration states on the 
inhomogeneous boundary. 
The solution of equation (3) yields the displacements |U> of the irreducible set of atomic sites for the defect 
domain, as well as the components R ij and Tij. 
The scattering behavior is usually described in terms of the scattering matrix, which elements are given by the 
relative reflection and transmission probabilities r ij and tij at the scattering frequency Ω. These are given by 
 

rij = (Vgi / Vgi) Rij²  and  tij = (Vgj / Vgi) Tij²            (4) 
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Vgi is the group velocity. 
The scattering of the phonons at the sandwich layers domain is studied with reference to incident phonons of the 
perfect wave-guide, which is split at the nanojunction into its transmitted and reflected parts. 
 
 
3 Numerical Applications and Conclusion 
 

The numerical analysis is carried out for the two types of nanojunctions Fe/Co/Fe and Co/Fe/Co, where the 
number of the irreducible atomic layers for a nanojunction is composed of three atomic layers. Since the masses 
of Fe and Co are very comparable, mFe ∼ mCo, the first system Fe/Co/Fe corresponds effectively to a case of 
hardening of elastic constants on the nanojunction, for which m = 1.05, r B = 1.35, and rd = 1.16, whereas the 
second system Co/Fe/Co corresponds to a case of softening of elastic constants on the nanojunction, for which    
m = 0.95, rB = 0.74, rd = 0.86. 
The transmission and the reflection spectra verify the unitarity condition s = t i + ri = 1 per the ith mode at all 
propagating frequencies, and this is systematically used as a check on the numerical calculations. In Figures 3a 
and 3b, the transmission spectra are presented as a function of the dimensionless frequency. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
Figure 3a. Coherent phonon transmission via the Fe/Co/Fe nanojunction as a function of the  

               dimensionless frequency, for m = 1.05, r B = 1.35, rd = 1.16. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3b. Coherent phonon transmission via the nanojunction Co/Fe/Co as a function of the  
               dimensionless frequency, for m = 0.95, r B = 0.74, rd = 0.86. 
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The observed overall transmission spectra, in Figures 3a and 3b summing over the propagating modes, are 
comparable but not identical. In both cases they are inside a rectangular box histogram with a base line bounded 
by 0 ≤ Ω ≤ π, and by the closed interval [0, 1] that corresponds to a unity height for the transmission of the 
phonons, for both ideal cases of the Fe or Co waveguide systems. 
The transmission spectra are attributed to the coupling of the propagating incident phonon with a localized 
vibration modes induced by the sandwich layer in the nanojunction in each case. At small frequencies the two 
systems present quite comparable properties with monotonically decreasing transmission. Note, however, that for 
the hardening case we observe in Figure 3a three peaks at the frequencies Ω = 1.25, 1.75 and 2.25, whereas for 
the softening case there is a broad band as in Figure 3b. The peaks in Figure 3a, in comparison with  experimental 
data which is unavailable at present, may eventually provide more precise information as regards the value of the 
nearest neighbor alloying type force constant k 1(Fe, Co) between the two elements at the nanojunction.  
In conclusion, we have presented a model calculation for the study of phonon scattering and transmission via a 
nanojunction. This analysis enables one to address questions regarding the mechanical properties of the 
substitution layers in the perfect lattice. 
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