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High-Frequency Self-Excitation in Paper Calenders 
 
 E. Brommundt 
 
 
High-frequency self-oscillations can occur in paper calenders due to the compression of the paper in the nip to-
gether with the friction between paper and cylindrical rolls. Wear will follow and corrugate the rolls. This arti-
cle elaborates a model demonstrating this effect and gaining insight into some details of the mechanism. The 
model parameters are chosen rather roughly so that the numerical values of the results will have little practical 
relevance. But the model uncovers parameters which, when changed, stabilize or destabilize the system. These 
tendencies might be compared with observations at machines to check the model.                   
 
 
1 Introduction 
 
For printability, the surface of paper is finished by calendering: the paper sheet passes through the nip between 
two rolls where the web is compressed and its surface smoothened. Often, after an operating period of one or two 
weeks, barring occurs: waves develop on the surface of the rolls. This non-circularity generates wavy patterns on 
the paper, the bars. Because of the insufficient quality of such paper and the generated noise the machine must be 
shut down. 
 
Self-excitation due to various time delays contained in the roll system in combination with regenerative wear 
seem to feed the deteriorating process (see Hader 2005, or Shelley et al. 1997 and the literature quoted there). 
Here, we assume that wear need not be the triggering effect. It is possible that there exists the combination of two 
processes: The first one is a friction induced self-excitation which can emerge even in a mill with ideally cylin-

drical rolls, to be shown below. That this is the 
case, the self-excited oscillation will produce cor-
rugation by wear which, secondly, amplified by re-
generation, may eventually govern the process. 
 
A preceding model of a very simple system with a 
single roll showed a high-frequency self-excitation 
(Brommundt, 2007). The mechanism there bases on 
friction between paper and roll and on the dissipa-
tion during the compression of a linear visco-elastic 
paper at a small  prescribed (macro) slip.  
 
The present model comprises two rolls, the lower 
one is driven by an external drive via a flexible 
clutch, the upper one is driven from below by fric-
tion in the nip. The deformations of the rolls and 
their suspensions are modeled in some detail. (The 
cover of the lower roll is disregarded.) For the pa-
per compression holds a nonlinear hysteretic char-
acteristic, modified by a viscous damping. The slip 
between rolls and paper is not prescribed but fol-
lows from the dynamic equilibrium conditions in 
the nip, taking Coulomb friction into account. For 
the relatively large coefficients of friction chosen 
the macro slip is tiny, the signs of the relative ve-
locities between paper and rolls change twice along 
the passage of the paper through the nip.   Figure 1: The system. Dimensions of the rolls 

and displacements of their centers 
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2 The Model 
 
2.1 Outline of the System 
 
A brief description of the rolling processes of paper is given in the introduction of van Haag (1993), roller details 
can be found in Roisum (1996). Figure 1 shows our model: A paper sheet, or web, runs continuously through the 
nip between two rolls. The sheet enters the model from the left, tightened by a tension force F1 and leaves it at 
the right, where the tension force F2 acts. Both forces are assumed to be kept stationary at prescribed values by 
suitably controlled rolls (not shown in the Figure), placed at the distances L1, L2 with respect to the vertical refer-
ence line through the origins 01, 02 of the Cartesian coordinate systems (01,x1,y1), (02, x2, y2), which are mirror 
images of each other with respect to the paper surface. The rolls are long cylindrical shells. Bending about their 
axes as well as the longitudinal deformation will be neglected. Thus, we are dealing with plane strain and can re-
gard the rolls as elastic rings (subscripts 1 for the lower ring, subscripts 2 for the upper one). However, to be al-
lowed to look upon loads as forces or moments – and not as load/length-quantities – we assume a width of  b = 1 
m in the cross direction of the paper sheet. At their nominal centers C1, C2 the rolls are kept by preloaded visco-
elastic suspensions (the quantities ax1, ay1, ax2, ay2 serve for adjustments). A motor, running with a constant 
(nominal) angular velocity ΩN is coupled visco-elastically to the lower roll (whose flexible cover c is neglected 
here, to simplify matters). Depending on the normal pressure and the ensuing relative velocity between roll sur-
face and paper, distributed along the nip, the lower roll exerts a longitudinal friction force on the paper, in gen-
eral (certainly if F1 > F2) it will pull. Conversely, the upper roll, driven from below by friction but impeded by a 
retarding moment Mr, will adjust its angular velocity corresponding to the kinematical and dynamical conditions.  
 
In the system meet high frequency machine dynamics – which determines approximately linear vibration fre-
quencies and modes – and strictly nonlinear interactions at the nip – which govern the energy exchanges between 
drive and oscillations, determine their time dependent magnitudes and the relative amplitudes of the (linear) 
modes. 
 
Because of the high frequencies, deformations of the cylindrical rolls (the circular rings) are taken into account 
but the corresponding parts of the equations of motion are kept linear. The model of the elastic rings in Appendix 
1 allows for extension u(ψ,t) in the circumferential direction, bending w(ψ,t) like a curved beam, and shear de-
formation v(ψ,t), cf. Figure A.1.1. Appendix 1 establishes the basic model of the roll displacements and deforma-
tions. Appendix 2 list the resulting linear terms of the equations of motion, their machine dynamics part, in the 
form they get after the discretization of Sect. 2.2. 
 
At the nip, the contact zone, the quantities describing the details of the paper compression, and of the kinemati-
cal, frictional and dynamical processes are of widely differing magnitudes. Sect. 3 explores these magnitudes on 
the basis of the roll displacements and deformations (Appendixes 1 and 2) and develops a rather complex nonlin-
ear model, suitably detailed, discretized and simplified, which determines the dynamic coupling between rolls 
and paper and rules the energy exchange in the equations of motion. 
 
 
2.2 Discretization 
 
The equations of motion will be established by Hamilton’s Principle:  

 

( )
2

1

d 0,
t

t

T U W tδ δ δ− + =∫   (2.1) 

 
where T  – kinetic energy, U  – potential, and Wδ is the virtual work of the forces not contained in the potential. 
Appendix A.1 elaborates for the deformations of the rolls, u(ψ,t), v(ψ,t), w(ψ,t), the displaced hubs and the sus-
pensions the pertinent terms of potential and kinetic energy. Parts of the virtual work are given there, parts follow 
in Sect. 3. 
 
Since the rolls and the paper are continuous media, partial differential equations (PDEs) govern their motions. To 
avoid the difficulties of the solution of PDEs, we discretize the system and introduce (discrete) generalized coor-
dinates qk(t), k = 1,...,48, in the following way:  
 
At the lower roll, i.e. roll 1, cf. Figure 1, we have the displacements of the axis, 
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1 1 1 2( ) , ( ) ,x t q y t q= =   (2.2) 

 
and for the deformations  u1(ψ1,t), v1(ψ1,t), w1(ψ1,t) hold the discretizations 
 

1 1 3 4 1 5 1 6 1 7 1 8 1 9 1

1 1 10 11 1 12 1 13 1 14 1 15 1 16 1

1 1 17 18 1 19 1 20

( , ) cos( ) sin( ) cos(2 ) sin(2 ) cos(3 ) sin(3 ),
( , ) cos( ) sin( ) cos(2 ) sin(2 ) cos(3 ) sin(3 ),
( , ) cos( ) sin( ) cos

u t q q q q q q q
v t q q q q q q q
w t q q q q

ψ ψ ψ ψ ψ ψ ψ
ψ ψ ψ ψ ψ ψ ψ
ψ ψ ψ

= + + + + + +
= + + + + + +
= + + + 1 21 1 22 1 23 1(2 ) sin(2 ) cos(3 ) sin(3 ).q q qψ ψ ψ ψ+ + +

 (2.3) 

 
The angular velocity Ω1(t) of the lower roll (mean value about the circumference) is given by 
 

1 3 1 ,N m N q RΩ = Ω + Φ = Ω +& &   (2.4) 
 
where ΩN is the nominal angular velocity of the drive. 
 
At the upper roll, i.e. roll 2, cf. Figure 1, we have the rotation and the displacements of the hub, 

 
2 2 24 2 25 2 26( ) , ( ) , ( ) ,t R q x t q y t qΦ ⋅ = = =   (2.5) 

 
and for the deformations  u2(ψ2,t), v2(ψ2,t), w2(ψ2,t) hold the discretizations 
 

2 2 27 28 2 29 2 30 2 31 2 32 2 33 2

2 2 34 35 2 36 2 37 2 38 2 39 2 40 2

2 2 41 42 2 43 2

( , ) cos( ) sin( ) cos(2 ) sin(2 ) cos(3 ) sin(3 ),
( , ) cos( ) sin( ) cos(2 ) sin(2 ) cos(3 ) sin(3 ),
( , ) cos( ) sin( )

u t q q q q q q q
v t q q q q q q q
w t q q q

ψ ψ ψ ψ ψ ψ ψ
ψ ψ ψ ψ ψ ψ ψ
ψ ψ ψ

= + + + + + +
= + + + + + +
= + + 44 2 45 2 46 2 47 2cos(2 ) sin(2 ) cos(3 ) sin(3 ).q q q qψ ψ ψ ψ+ + + +

 (2.6) 

 
The angular velocity Ω2(t) of the upper roll is given by (cf. (2.5)1, Figure 1 and FigurA.1.3): 
 

2 2 24 2 .q RΩ = Φ =& &   (2.7) 
 
The last coordinate, q48(t),  measures the motion xP(t) of the paper in the machine direction, respectively its ve-
locity vP(t), see Figure 1: 

 
48 48( ) , ( ) .P Px t q v t q= = &   (2.8) 

 
The generalized coordinates qk(t) are assembled in the configuration vectors (column matrices) 

 

1 1 23 2 24 47 1 2 48: ( ,..., ) , : ( ,..., ) , ( , , ) ,T T T T Tq q q q q= = =q q q q q  (2.9) 
 
related to the lower roll, the upper roll and the system as a whole, respectively. 
 
 
2.3 The Structure of the Equations of Motion 
 
For the generalized coordinates qk(t) follow from Hamilton’s Principle the Lagrangian Equations  
 

d , 1,...,48,
d k

k k k

T T U Q k
t q q q

 ∂ ∂ ∂
− + = = ∂ ∂ ∂ & &

  (2.10) 

 
where the generalized forces Qk(t) are assembled in the force vectors 

 

1 1 23 2 24 47 1 2 48: ( ,..., ) , : ( ,..., ) , ( , , ) ,T T T T TQ Q Q Q Q= = =Q Q Q Q Q  (2.12) 
 
to be calculated from the virtual work δW by  
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48

1

.k k
k

W Q qδ δ
=

= ∑   (2.13) 

 
2.3 The Equations of Motion 
 
The equations of motion, obtained by (2.10), get the form 

 
2 .r

w c+ + + + + = + +M q ΩG q Ω Cq B q ΩB q K q A a f f&& & &  (2.14) 
 
The left-hand side and the terms A a + fw on the right represent the machine dynamic part of the problem, pre-
pared in Appendix 2 and to be incorporated below. The contact forces fc, acting in the nip, will be established in 
Sect. 3. 
 
Parallel to the structure (2.9)3 of the configuration vector q the matrices of (2.14) get the block-diagonal forms 
 

 
11 11 11 11

22 22 22 22

11 1 11

22 22 2 22

, , , ,
0 0 0

, , ,
0 0 0

P

r r

m

       
       = = = =       
       
       
  Ω   
     = = = Ω     

         

M G C B
M M G G C C B B

0 K I
B B K K Ω I

 (2.15) 

 
with zeroes outside the diagonals, and I11, I22 are unit matrices of 23 23×  and 24 24× elements, respectively. The 
matrices M11, G11, etc. as well as M22, G22, etc. are the sums of the relevant matrices of the Appendixes A.2.2 – 
A.2.4, containing the numerical values of the parameters belonging to the lower and the upper roll, respectively. 
(To get 23 23× -matrices M11, G11, etc. from the matrices of Appendix 2, the first columns and rows must be 
cancelled.) The inertia mP is the mass of the paper sheet, width 1m,b = length (L1 + L2) see Figure 1. 
 
The ‘static forces’ on the right-hand side are separated: A a expresses the effects of the adjustments 

 

1 1 1 0 1 2 3 2 2 1 2( , , , , , , , , , , ) , where ,T
x y n S S S x y r Sl Sl Sla a R a a a a a F F M a F kϕ= = −a  (2.16) 

 
which, together, determine the working positions of the rolls and must be chosen appropriately; see (A.2.14) for 
the matrix A; the column fw contains the forces from the weights, see (A.2.15). 
 
 
3 The Contact Zone 
 
3.1 Geometric and Kinematical Relations at the Nip 
 
The study of the deformations and forces at the nip requires some series expansions for which we need to know 
the magnitudes of the geometric quantities involved. From Figure 2 we read for rigid rolls in idealized position 
for given outer radii Ro1, Ro2, paper thicknesses H1, HN at the entrance point and the narrowest point, respec-
tively: 

 
1 1 1 2 2 2 1

1 2 1 1 1 2 2

(1 cos ), (1 cos ), ,
, sin sin .

o o o o o o N

o o o o o o o

h R h R H H H
H h h l R R

ψ ψ
ψ ψ

= − = − ∆ = −
∆ = + = =

 (3.1) 

 
One Taylor term of the sin- and two of the cos-functions lead to the length of the compressive section of the nip 
 

1 1 2 1 22 ,  where ( ).o o o o ol H R R R R R R= ∆ = +   (3.2) 
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With Ro1 = 486 mm, Ro2 = 346 mm, H1 = 0.15 mm, HN = 0.07 mm, cf. Sect. 4.4, Figure 7, follow  
 

2 3
1 1 ˆ: : : 346 : 5.32 : 0.07 : 0.002 1: : : ,o oR l H q ε ε ε∆ ≈ ≈  (3.3) 

 
where ˆ 0.002 mmq = is a magnitude of the vibration amplitudes expected and ε ≈ 1/50.  
 
Figure 3 presents the geometrical relations at the nip of the deformable rolls. The large paper offset, apparent be-
tween entrance and exit in the vertical direction, is due mostly to the exaggerated thickness of the paper sheet and 
the diminished roll radii as drawn for the perceptibility of the details 

 
Let the origins 01, 02 of the two coor-
dinate systems (01, x1, y1), (02, x2, y2), 
lie on the vertical line, dashed in the 
figure. From the line counts the hori-
zontal coordinate s  along the nip. 
Throughout the following investiga-
tions, let the adjustments ax1, ax2, see 
Figure 1, be chosen such that the hori-
zontal displacements x1, x2 of the roll 
centers C1, C2 are small enough to al-
low to assume that the nip lies hori-
zontally, and that the paper arrives at 
and leaves contact with the rolls at its 
lower and its upper surface simultane-
ously, that the instantaneous compres-
sion forces are functions of (s,t). (Of 

course, these assumptions imply restrictions on the accuracy of the investigation which will not be detailed here.) 
 
We look for a presentation of the shape of the compressed paper in the nip region as function of (s,t):  
 

1 1 2( , ) ( , ) ( , ) ,H s t H h s t h s t= − −   (3.4) 
 
see Figure 3. By that Figure follows from (A.1.20) for the upper roll at the instant t, (subscripts 2 not written), 
 

( ) ( ) ( ) ( , , ) , decomposed:

( ) ( , , ) , ( ) ( ) ( , , ).
x y x y

x y

s e R a h e x t e y t e r a t

s x t e r a t R a h y t e r a t

ψ

ψ ψ

+ + + = + +

= + ⋅ + + = + ⋅

r r r r r

r r r r  (3.5) 

 
For a (numerically) given configuration vector q = q(t), with 24 elements, and with (A.1.8), (A.2.1) the relations 
of the second line are expanded with respect to ψ. According to (3.3) hold 

 
2 2 3( , , , , , , , ) ( , , , , , , , ),R a x s y h R a x s y hψ ε ε εψ ε ε ε=>q q  (3.6) 

 
Up to the order ε3 the expansions read, after division by ε and ε3 of the first and the second relation, respectively: 
 

2 3 2 3
20 31

2 2 2 4
10 21

( ) ( ) 6 ,

( ) 2 ( ) 24.

s x R a R a

h y R a R a

ψ ε ψ ε ε ψ

ψ ε ε ψ ε ψ

= + + − + + +

= − + + + + +

s q s q

h q h q
 (3.7) 

 
The row matrices sjk, hjk, multiplied by εj ψk and q as shown, are listed in (A.3.1) to (A.3.4) of Appendix. A.3. 
 
In a similar way follow for the material velocity x x y ye v e v= +v r r

of the point on the roll surface, located instanta-
neously at (ψ, a), from (A.1.24), (A.1.26) 
 

Figure 3: Geometric relations 
at the nip of flexible rolls 

Figure 2: Shape of the nip of two 
rigid rolls in idealized position 
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2 2 2 3 3
20 30 31

2 2 2 3
10 20 21

3 3 2
31 32

( ) ( ) 2 ,

( ) ( ) 6

,

x x x x

y y y y

y y

v x R a R a

v y R a R a

ε ε ψ ε ε ψ

ψ ε ε ε ψ ε ψ

ε ψ ε ψ

= + Ω + + − Ω + + Ω +

= − Ω + + + Ω + + Ω +

+ Ω +

v q v q v q

v q v q v q

v q v q

& &&

& &&

&

 (3.8) 

 
where the high frequencies of the vibrations are assumed to have a magnitude of ΩN/ε. Consequently, ,y q&& enter 

the expansion as 2, ,yε ε q&& but the expansion of vy is divided by ε. The row matrices vxjk, vyjk are listed in (A.3.5) to 
(A.3.8). (In (3.8) and (3.9), the first three elements of q and δq respectively, are extracted from the matrix nota-
tion and placed separately.)  
 
The expansion of the virtual displacement 0 : ,a x yr s e h eδ δ δ= +

r r r
 at the point ζ = a, cf.(A.1.28)1, is   

 
2 2 2 2

1 00 11 22
2 2

1 00 11 22

(1 ) (1 2) ,

(1 ) .
x x x

y y y

s x a q

h y a q

δ δ ε ψ δ δ εψ δ ε ψ δ

δ δ δ δ εψ δ ε ψ δ

= + + − + + +

= − + + + +

k q k q k q

k q k q k q

%

%
 (3.9) 

  
The row matrices kxiy, kyij are listed in (A.3.9) to (A.3.11).  
 
For given q = q(t) follows from (3.7)1 by inversion the angle ψ related to the material point on the surface of the 
roll (ring) which is instantaneously – at the time t – at s. This angle is put into the relations (3.7)2 to (3.9) to ob-
tain the pertinent values of h, vx, vy, δs, δh. Up to second order terms of ε hold 
 

( )32 2
20( ) ( ) 6 ( ) ( ) ( ) ,s x R a s x R a R aψ ε ε= − + + − + − +s q  (3.10) 

   
( )2 2 3 3 2

10 21 20( ) 2 ( ) ( ) 8( ) ( ) 8( ) ( ) ,h y s x R a s x R a s x R aε ε= − − + + − − + ⋅ − − + +h q h s q  (3.11) 

 
2 2 2
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10 20 20 21

( ) ( ) 2 ( ) ,

( ) ( ) ( ) ( ) ,
x x

y y y y

v x R a s x R a

v y s x s x R a

ε ε

ε ε ε

= + Ω + − Ω − + +

= − Ω − + + Ω + + − +

v q

v q s v q v q

&&

& &&
 (3.12) 

 
2 211 22 1
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11 1 222 2
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(1 )
( ) ( ) .

( ) ( )

x x
x

y y
y

s x a qs x a q s x
R a R a

a q
h y s x s x

R a R a

ε δ δ δ
δ δ δ δ ε

δ δ δ
δ δ δ ε ε

− − +
= + + + + + −

+ +
− +

= + + − + −
+ +

k q k qk q

k q k q
k q

%%

%  (3.13) 

 
3.2 Paper Compression 

 
For the compression of the paper we take the phenomenological model of Hader (see Hader 2005, Sect.5, and the 
literature quoted there). Let σp(s,t), εp(s,t) be the stress and strain normal to the sheet of the paper (compression 
positive; small subscripts p). The paper is free of normal stress and strain when it enters the nip, at s = s1(t), s1 < 
0, to be determined below from  

 
1( , ) 0.p s tε =                                                                    (3.14) 

 
Due to the narrowing nip the paper is loaded and compressed up to maximal values σm, εm at the (instantaneously) 
narrowest gap. Afterward, running through the widening section of the nip it is unloaded till 
 

2( , ) 0,p s tσ =  (3.15) 
 
which determines s2 = s2(t). Because of a remanent (plastic) deformation the paper will not recover completely, 
there remains a residual strain εr(t) = εp(s2,t) > 0, cf. Figure 4.  
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For the loading and the unloading branch of σp(εp) in Figure 4 hold 
 

( )
( )

( ) exp( ) 1 ,

( ) exp(( ) ) 1 ,

pl p l l p l

pul p ul ul p r ul

E

E

σ ε ε ε ε

σ ε ε ε ε ε

= ⋅ −

= ⋅ − −
 (3.16) 

 
parameters are El, Eul (> El), the moduli of elasticity at σp = 0, for εl, εul, respec-
tively. The residual strain σr is calculated, for given εm, from the condition  
     

( ) ( ).pl m pul mσ ε σ ε=                                                                  (3.17) 
 
Because of the high frequency oscillations, the sign of εp at a material point of the 
paper might invert several times when passing the nip. Then the stress process 
σp(εp) should be put together of corresponding loading and unloading pieces of 
(3.16). Since the high frequency parts of the oscillations have very small ampli-
tudes we avoid the corresponding cumbersome calculations and take below just 

one change of the sign into account. Likewise neglected is the influence of the longitudinal deformation of the 
paper sheet on the normal stresses and strains (in calendering that deformation is considered to be negligibly 
small). 
 
On the other hand, in the high frequency system, the velocity of the loading will have an effect on the stresses in 
the nip. To avoid complications, especially not to spoil the condition (3.14), let the stress ( , )P p Pσ ε ε& which com-

prises the dependence on the strain εp and on its material time derivative Pε&  be given by  
 

( , ) ( ) exp( ) ,P P p P p p p Pbσ σ ε ε σ ε ε= = ⋅& &   (3.18) 
 
where σp(εp) is the stress known from (3.16), and pb is a damping coefficient of dimension time (distinguish the 

subscripts small p and large P). To get some insight into this relation, we take in (3.18), for small | |p Pb ε& , the 
first two terms of the exponential series: 
  

( ) ( ) ( ).P p p p p p Pbσ σ ε σ ε ε= + ⋅ &   (3.19) 
 
In this approximation, the original stress σp(εp) and the ‘viscous stress’ ( ) ( )p p p Pbσ ε ε⋅ & look like acting in paral-
lel, similar as the suspension devices in Figure 1.  
 
 
3.3 Forces due to Paper Compression  
 
The forces calculated here enter in Sect. 3.4 the right-hand side of the differential equation (2.14), meaning  that, 
at the instant t, the configuration vector q, i.e. q1, q2, as well as the velocities q& are known numerically. Thus, all 
quantities (3.10) to (3.13) and, as far as required, their derivatives can be computed.  
 
From (3.11) we obtain h1(s,t), h2(s,t) and  

( )
( )

( )

2 2
1 2 1 2 1 1 1 2 2 2 1 2

1 1 1 2 2 2 1 2

1 2 1 1 1 1 2 2 2 2 1 2

( ) 2 ( ) ( ) 2 ( ) ,

( ) ( ) ( ) ( ) ,

( ) ( ) ( ) ( ) ,

s res res

s s res res

s s res res

h h h y y s x R a s x R a h h

h h s s x R a s x R a h h

h h t y y x s x R a x s x R a h h

ε

δ δ ε

δ δ ε

= + = + − − + − − + + ⋅ +

′ ′ ′= = − − + − − + + ⋅ +

= = + + − + + − + + ⋅ +& & && & & &

 (3.20) 

 
where  ε · (h1res + h2res) comprises the terms of order ε and ε2. Figure 3 shows 
 

1( , ) ( , ) .p ss t h s t Hε =   (3.21) 
 
From (3.12)2 follow vy1(s,t), vy2(s,t) and ,Pε& the material time derivative of the paper strain is given by 

Figure 4: Stress-strain 
relation  for paper com-
pression 
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( ) ( )1 1( , ) ,P s P s s P ss t h t v h s H h v h Hε δ δ δ δ ′= + = +&&  (3.22) 

 
where 48Pv q= & is the velocity of the paper, cf. (2.8)2 and Figure 1. With ,p Pε ε&  known, the stresses can be com-
puted by (3.16)1 and (3.18) for the narrowing part of the nip. The strain εp attains its maximum at s = sN, εm = 
εp(sN,t), and sN is obtained from ( , ) 0,s Nh s t′ =  cf. (3.20)2, by recursion.  
 
To evaluate (3.16)2, for a point of the paper presently at s > sN, in the widening part of the nip, we need the 
maximal compression εm(s,t) it underwent before. (A recording which moves along with the paper sheet would be 
best but requires much computational effort.) To simplify matters, we take as maximal compression the present 
value εm = εp(sN,t), calculate σm by (3.16)1, put it into (3.16)2 and solve for εr:  
 

( )( )ln exp( ) 1 1 .r m ul l l ul ul m lE Eε ε ε ε ε ε ε= − ⋅ − +  (3.23) 
 
With εr known, (3.16)2, (3.19) can be evaluated for s > sN.  
  
The borders s1, s2 of the instantaneous contact region s1 ≤ s ≤ s2 are computed in the following way: Condition 
(3.14) leads to hs(s1,t) = 0, and s1 is obtained from (3.20)2 by recursion. The condition (3.14) leads to εp(s2,t) = εr, 
equivalent to hs(s2,t) = εr H1, which is solved for s2 by recursion again. 
 
 

3.4 Forces acting between Roll and Paper  
 
Figure 5 shows the situation at a point [s, h(s,t)] on the surface of the 
lower roll. The figure defines the positive orientations of the quantities. 
(The subscripts 1 are written only when necessary for distinction. The 
normal and tangential vectors, , ,n t

rr  must not be confused with those of 
(A.1.5). For the upper roll holds a mirror image of Figure 5, cf. the re-
mark in Sect. 2.1.) 
 
From Figure 5a and (3.11) it is seen: 
 

tan , sin cos , cos sin .x y x yh n e e t e eγ γ γ γ γ′= = − = +
rr r r r r  (3.24) 

 
The material velocity at the surface of the roll follows by (3.12): 

 
1 .x x y yv e v e v= +

r r r
 (3.25) 

  
The material velocity at the surface of the paper, bending neglected, is approximated by, cf. (3.22),  
 

( ).p x y Pv e v e h v h′= + +
r r r &   (3.26) 

 
Then holds for the relative velocity vrel of the material point of the paper with respect to the material point of the 
roll, presently at s cf. Figure 5b, the scalar product 
  

1( ) .rel pv v v t= − ⋅
rr r   (3.27) 

 
The distributed load ,pr  see Figure 5c, is decomposed in two ways: 
 

,x x y y n tp e p e p n p t p= − = +
rr r r r   (3.28) 

 
where the vertical component py is given by the product of the width b and the stress σP of (3.18): 
 

Figure 5: Point s, h(s,t) on the sur-
face of the lower roll. a) Directions, 
b) relative velocity, c) distributed 
load pr and its decompositions 
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.y Pp b σ=   (3.29) 
 
The tangential component pt is the product of μ, the coefficient of friction, 
and the normal component pn: 

 
( ) .t rel np v pµ=  (3.30)

  
 
We assume for μ = μ(vrel) a  smoothened Coulomb characteristic (see Figure 6 
and Brommundt 1995). An easily evaluated relation is     
  

( )0 tanh ,rel cv vµ µ=                                                    (3.31) 
 
where the corner velocity vc is small: 0 ,c Nv R< Ω= see Figure 6. From the preceding equations and Figure 5c 
we obtain 
 

sin ( ) cos .
cos ( ) sin

rel
x y

rel

vp p
v

γ µ γ
γ µ γ

+
=

−
  (3.32) 

 
Let the virtual displacement 0 ,arδ

r  (3.9), in vector form, be abbreviated by 

  
0 ,T

arδ δ= q k
rr    (3.33) 

 
where, in contrast to (3.09), (3.13),  and δ q k

r
– the latter here a column matrix – contain   also the terms of the ro-

tation and the displacements x and y. Then we get the complete virtual work  
 

( ) ( )
2 2 2

1 1 1

1 1 1 2 2 2 24 48 1 2 48 2 1d d d ,
s s s

T T
r x

s s s

W p s p s q M q p p e s q F Fδ δ δ δ δ δ= ⋅ + ⋅ − − + ⋅ + −∫ ∫ ∫q k q k
r rr r r r r  (3.34) 

 
where s1, s2 are the instantaneous borders of the contact zone, cf. Sect. 3.3, the quantities with subscripts 1 ap-
plies for the lower roll, those with subscripts 2 for the upper one, Mr is a restraining moment applying on the up-
per roll, and the last two terms pertain to the paper.  
 
 
4  Numerical Solutions to the Equations of Motion 
 
4.1 The First Order System 
 
For the numerical solution the equations (2.14) are transformed to the first order system 
 

( ),=u f u&   (4.1) 
 
where : ( , )T T T=u q q& is the state vector and 1 2: ( , )T T T=f f f is the corresponding right-hand side: 

  
( )1 2

1 2, .r
w c

−= + + − − − − − =f M A a f f ΩG q Ω Cq B q ΩB q K q f q& & &  (4.2) 

 
 
4.2 The System Parameters 
 
The Tables A.4 to A.7 of Appendix A.4 list the 60 numerical values (rounded) of the system parameters. They 
are chosen, after some tentative numerical calculations, such that the practicability of the model turns out and 
some characteristics can be presented. Rough guiding lines for the overall dimensions of the machine followed 

Figure 6: Coefficient of fric-
tion, ( )relvµ µ=  
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from discussions with experts of Voith Paper Company during a meeting at the Technical University Dresden 
(August 2006), and from the theses van Haag (1993), and Hader (2005). Stiffnesses were estimated by the choice 
of several lower natural frequencies (cf. Table 2 in Sect. 4.5.1). Of course, the adjustments ax, ay, see Figure 1, 
had to be adapted during the start of the calculations. For these reasons, little quantitative agreement with obser-
vations at real calenders is to be expected; cf. the results in the sections  4.4 to 4.6.  
 
          
4.3 Some Remarks on the Numerical Proceeding 
 
For a given initial state u(0) = u0, the autonomous equation (4.1) is solved, as initial value problem, by a Matlab 
routine. For that purpose, at any numerically known instantaneous state u the function f(u) has to be computed. 
That is trivial for f2, cf. (4.2)2, and, as outlined in Sect. 2.3, fairly easy and efficiently done for most of the terms 
of f1, cf. (4.2)1, except fc which represents the integrals of (3.34). These integrals have to be evaluated along s1 ≤ 
s ≤ s2, the region of the nip at the instant. First, the values of s1, s2 follow, after appropriate numerical combina-
tions of the relevant equations of Sect. 3, by approximate numerical solutions of (3.14) and (3.15), respectively. 
Yet, in (3.15), the extreme value εm – necessary to determine the residual stress σr and the strain εr  from (3.16), 
(3.17) – is taken at s = sm, obtained numerically from the condition ∂εp/∂s = 0, where instantly the compression 
(the loading) interval of the paper ends and the resilience (the unloading) begins. With s1, sm, εr, s2 known, sec-
ondly, the integrals for the loading and the unloading interval (length about 5 mm, and 3 mm, respectively) are 
computed by the trapezoidal rule (each with three subsections of equal length), the integrands being calculated 
numerically at the support points by the relevant formulas of that section.        
 
 
4.4 Stationary Operation 
 
At stationary motion, subscripts ..S, the machine runs without oscillating at constant angular velocities Ω1 = ΩN, 
Ω2S, cf. (2.4), (2.7), and constant paper velocity vP = vPS, cf. (2.8)2. The stationary state u = uS follows from the 
right-hand side of (4.1), which is established numerically, cf. Sect. 4.3, and solved by Newton’s method: 
 

( ) .S =f u 0   (4.3) 
 
Table 1 lists the non-vanishing elements of uS  resulting for the parameters of Appendix A.4: 

 
 
The upper half of Table 1 holds for roll 1, the lower half for roll 2; the displacements qS are arranged correspond-
ing to the rows of  equations (2.3), (2.4). 
 
Since the parameters are surmised only roughly it is not possible to compare the results to the state of a real ma-
chine quantitatively. But it is obvious that the deformations of the thick-walled upper roll could have been ne-
glected. Likewise, the shear deformations (cf. Table 1, lines 3 and 7) might have been neglected for both are 
small compared to the other deformations.  
 
Maybe some details of the proceedings in the nip are of interest because they would be difficult to watch or 
measure on a machine, cf. Figure 7. The nip has the length l = s1 – s2 = 8.92 mm. Figure 7a shows the paper im-
pression h(s). Its maximum, near s = 0, amounts to about 0.075 mm. At the exit s2 remains a compression of 
about 0.05 mm. Whilst the upper part of the impression h(s) lies nearly symmetrically with respect to  s = 0,  the 

Table 1: Stationary displacements, angular velocities, paper velocity 
Ω1S = ΩN = 11.500 Hz x1S = -2.671 μm y1S = 1325.5 μm       

q3...9S,   μm 111.2      -54.94      709.5       6.918 122.8  0.931     32.264 
q10...16S, μm -0.00431        -0.00860       0.00117 0.06708        1.340   0.05248 2.103      
q17...23S, μm       0.3959            -709.4          -54.90    -245.66 13.86       -96.80        2.807 

Ω2S = 8.187 Hz x2S = 1.304 μm y2S = -227.61 μm vPS  = 25.00 m/s 
q27...33S, μm -0.00196     0.01025 1.507 0.00518        1.521    0.00346       0.9419 
q34...40S, μm 0.000561    0.00112    -0.00409     0.00127 0.05776   0.00176 0.2070 
q41...47S, μm 34.889 -2.0123 0.00813 -3.181 0.00884 -2.884 -0.00928 



 
 

70

curve of the normal pressure pn(s) is oblique, 
see Figure 7c. That is due to the hysteretic 
stress strain relation, cf. Figure 4, and to the 
damping, cf. (3.18). Figure 7b presents the 
relative velocities between the paper and the 
rolls 1, 2. Both change their signs twice along 
the nip at nearly – not exactly – the same place 
s. Note that the corner velocities vc = ± 0.1 
mm/s, see Figure 6 and Table A.7, lie close to 
the minimum relative velocities. This means 
that the friction need not reach its Coulomb 
values ±μ0. The normal pressure assumes its 
maximum in that neighborhood, cf. Figure 7c, 
the tangential stresses reach their (absolute) 
maximal values in the region of negative rela-
tive velocities (see Sect. 3.4 for the orienta-
tions). The tangential stresses keep equilib-
rium with the forces F1, F2, cf. Figure 1. 
 
 
 
 

4.5 Variational Equation and Stability 
 
Small variational oscillations δu = v(t) about the stationary state uS(t) of Sect. 4.4, i.e. motions 

 
( ) ( ),S St tδ= + = +u u u u v   (4.4) 

 
are governed by the autonomous variational equation 
 

,=v A v&   (4.5) 
 
where A is the Jacobian (matrix) of the derivative of  f(u) at uS  (cf. Bullo et al. 2005): 
 

( ) ,S=A Df u   (4.6) 
 
which is calculated numerically from f(u), the right-hand side of (4.1).  
 
For the normal oscillations ˆ exp( )tλ=v v about the stationary motion follows from (4.5) the eigenvalue problem 
 

ˆ ˆ.λ =v A v   (4.7) 
 
The eigenvalues λk, i.e. the (complex) roots of the characteristic equation to (4.7), are written in two forms: 
 

j , : (2 ) : j,k k k k k k kfλ δ ω λ λ π δ= + = = +% %   (4.8) 
 
so that the natural frequencies fk are measured in Hertz (Hz).  
 
 
4.5.1 Numerical Values of the Normal Oscillations about the Stationary State uS of Section 4.4 
 
Table 2 shows the two large negative eigenvalues 1 2,λ λ% %  and the 46 complex eigenvalues 3...48 ,λ%  with positive 
imaginary parts, ordered by descending magnitude. Not shown are two vanishing eigenvalues and the complex 
conjugates to the .kλ%     
 

Figure 7: Proceedings in the nip. a) Paper impression, b) rela-
tive velocities between paper and rolls 1,2, c) normal pressure, 
d) tangential stresses between paper and rolls 1,2  
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Table 2: Eigenvalues   jk k kfλ δ= +% %   Hz  (i.e.: real and imaginary parts of  λ are divided by 2π) 

1...4λ%     -2.0378 ·108               -3.3400 ·105              -0.34563 +  12931 j -0.009219 +  12847 j 

5...8λ%     -0.16766 + 12747 j  -0.007982 +  12688 j -0.04398 +  12636 j -0.001271 +  12609 j 

9...12λ%       -45.685 + 10262 j    -1.2571 + 8513.8 j    -1.3881 +  8423.4 j  -0.67349 +  8273.0 j 

13...16λ%    -0.67851 + 8201.8 j  -0.28294 + 8124.4 j  -0.21616 +  8088.4 j    -62.668 + 6435.4 j 

17...20λ%       -0.8544 + 3778.1 j     -4.3301 + 3519.3 j    -4.8957 +  3226.8 j     -5.7824 + 3058.1 j 

21...24λ%       -1.5925 + 2684.2 j     -4.7444 + 2452.3 j    -6.2235 +  2323.7 j     -7.9805 + 2036.2 j 

25...28λ%       -7.5313 + 1763.8 j     -7.5338 + 1616.2 j    -10.675 +  1593.4 j     -47.424 + 1476.0 j 

29...32λ%       -10.942 + 1327.4 j     -6.1170 + 1246.8 j    -19.857 +  1187.2 j     -18.800 + 979.60 j 

33...36λ%      -16.123 + 893.27 j     -12.588 + 878.36 j  -10.397 +  744.45 j     -10.073 + 703.59 j 

37...40λ%      -9.7934 + 664.78 j     -5.3461 + 545.95 j   -0.1775 +  212.31 j 0.0024664 + 149.37 j 

41...44λ%  -0.053657 + 88.456 j  -0.078737 + 83.293 j -0.013371 + 46.693 j -0.0060862 + 40.40 j 

45...48λ%  -0.008636 + 28.673 j  -0.007034 + 24.243 j -0.003016 + 16.522 j  -0.006305 + 7.0342 j 

 
Some remarks: The two vanishing eigenvalues correspond to the undetermined longitudinal position of the paper 
and the undetermined angle of roll 2. The eigenvalue λ1 belongs to an almost immediate brake of the paper in 
case it slides initially through the nip, and λ2, likewise, holds for a sharp retard of rolls 1 and 2 slipping with re-
spect to each other. The very high frequencies, e.g. f3 ≈ 12 850 Hz, come with relatively large shear deformations 
of the thinner roll 1, whereas the shear deformation of the thicker roll 2 is stronger at the a bit lower frequencies, 
e.g. f12 ≈ 8 500 Hz. There are combinations of many terms of (2.2) to (2.8) of comparable magnitudes at, e.g.,  f18 
≈ 3 500 Hz. The lowest frequency,  f48 ≈ 7 Hz, belongs to rotational oscillations of the two rolls with respect to 
the flexible clutch at the drive of roll 1. (Of course, some relative rotational and translational displacements step 
in.) At the other lower frequencies the system oscillates mainly in its flexible suspensions, the roll bending and 
extensional deformations growing relatively larger and larger the higher the frequencies. (At these frequencies, 
again as in the stationary displacements, the deformations of the thick walled roll 2 are much smaller than those 
of the thin walled roll 1.)  
 
Of special importance is the eigenvalue 40 0.0024664 149.37 j  Hzλ = +% (underlined in Table 2). Since its real 
part is positive, meaning that v40(t) will grow exponentially, the stationary motion uS is unstable. The modal vec-
tor 40v̂ of that normal oscillation determines the shape of the self-excited oscillation which branches off from uS. 
(See the self-excited oscillations in Sect. 4.6.) Table 3 lists the 24 elements of 40v̂ which have a magnitude > 
0.01. They are ordered by descending magnitude (the largest one scaled to 1), and rounded to two decimals (0.00 
indicate terms < 0.01). The heavy roll 2 contributes only by small rigid body oscillations, cf. the elements k = 26, 
24, 25, and the tiny deformations k = 44, 46. (So roll 2 stays almost stationary.) The center of hub 1 revolves 
counter-clockwise on a small ellipse (axes k = 2, 1 for y1, x1, respectively). The rotational oscillation, too, is small 
(k = 3). An oval oscillation of roll 1, combined with a translation with respect to its hub, is determined by the lar-
ger elements k = 5, 18 and the lesser ones k = 4, 19, cf. (2.3) and Figure A.1.1. Largest are the bending deforma-
tions, terms k = 22, 20,  somewhat smaller 23, and 21. They certainly govern the process but details will not be 
discussed in this article. As above, the shear deformations, k = 16, 15, are tiny.   
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Table 3:  The 24 largest elements of  40v̂  

k 22 20 5 18 23 9 
40,ˆ kv              1 -0.66 + 0.00 j                       0.47 + 0.00 j                     -0.47 + 0.00 j                                        0.00 + 0.36 j        -0.33 + 0.00 j         
k 7 21 6 2 8 26 

40,ˆ kv  0.33 + 0.00 j                                        0.00 + 0.29 j 0.00 + 0.15 j         0.13 + 0.00 j                                                     0.00 + 0.12 j        -0.06 + 0.00 j                                                      
k 3 1 4 19 48 24 

40,ˆ kv  0.00 - 0.06 j            0.00 - 0.06 j            0.00 + 0.05 j            0.00 + 0.05 j            0.00 + 0.04 j            0.00 + 0.02 j       
k 16 25 15 44 46 17 

40,ˆ kv  -0.02 + 0.00 j                                                      0.00 + 0.01 j            0.00 + 0.01 j         0.01 + 0.00 j                                                                 0.01 + 0.00 j                                                                 0.01 + 0.00 j                                                        
 
 
4.5.2 Stabilizing and Destabilizing Parameter Changes 
 
Stability is indispensable for stationary operation of a machine. Thus, the question arises which parameter modi-
fications stabilize an unstable operation and which worsen the instability. Table 4 shows some effects, calculated 
for changes of the basic parameters of Appendix 4, upon the eigenvalue 40.λ% (The real parts of the other eigenval-

ues kλ% remain negative within the relevant regions. Inverse changes produce inverse effects.)   
 

Table 4: Effect of parameter changes upon the critical eigenvalue  40λ =% 0.002466 + 149.37 j 

No. Paramter Modification     New 40λ%   Hz Effect 
1 Suspension damping bx1 + 50 %   0.00245 + 149.37 j tiny 
2 Suspension damping by1 + 50 %   0.00237 + 149.37 j weak stabilization 
3 Suspension damping bx2 + 50 %   0.00246 + 149.37 j tiny 
4 Suspension damping by2 + 50 %   0.00239 + 149.37 j weak stabilization 
5 Suspension dampings bS1...3 + 50 % –0.01050 + 149.37 j strong stabilization 
6 Winkler damping radial Br + 50 %   0.00175 + 149.37 j stabilizes 
7 Winkler damping tangential Bpsi + 50 %   0.00242 + 149.37 j weak stabilization 
8 Drive damping bT + 50 %   0.00246 + 149.37 j tiny 
9 Paper damping bp + 10 %   0.00261 + 149.37 j destabilizes 

10 Paper pull F1 – 10 %   0.00387 + 149.37 j stronger destabiliz. 
11 Retarding moment of roll 2, Mr – 10 %   0.00278 + 149.37 j destabilizes 
12 Paper stiffness El +   5 %   0.00263 + 149.37 j destabilizes 
13 Paper stiffness Eul +   5 %   0.00236 + 149.37 j stabilizes 
14 Paper thickness +   5 %   0.00248 + 234.58 j weak destabilizat. 
15 Corner velocity vc1 + 50 %   0.00430 + 149.37 j stronger destabiliz. 
16 Corner velocity vc2 + 50 %   0.00193 + 149.37 j stabilizes 
17 Coulomb friction μ01 +   5 %   0.00289 + 149.37 j destabilizes 
18 Coulomb friction μ02 +   5 %   0.00253 + 149.37 j destabilizes 
19 Suspension roll 1, angle α2 +   5 %   0.00038 + 149.72 j stronger stabilizat. 
20 Suspension roll 1, angle α3  ( × 1.05) +   5 %   0.00368 + 149.72 j stronger destabiliz. 

 
An increase of the hub dampings bx, by has little stabilizing effect, see lines 1 to 4, since there are small dis-
placements only, cf. Table 3. Because of the large local motions at the three-point suspension, see Figure A.1.2 
and Table 3, an increase of the bS stabilizes drastically. At first glance several of the other results are surprising, 
for example the strong influence of the pull at the paper, line 10, or the effects of the frictions between paper and 
rolls acting inversely to each other (because of their opposing orientations), cf. the lines 15 to 18. A change of the 
angles at the three-point suspension, again, has large effects, see lines 19 and 20. Thus, concluded from this 
model, that suspension is the most promising place for stabilizing manipulation. (It seems to be the only place to 
exert an external moment locally upon the wall of roll 1.)   
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4.6 Self-excited Oscillations 
          
It is not easy to find an appropriate initial state u0, cf. Sect. 4.3, to start a run up of the calender without bumping 
of the rolls (temporary auxiliary dampings are helpful). Thereafter – because of the many small real parts of the 
eigenvalues in Table 2 – it takes a period of about 5 minutes (machine time) till the transients vanish. (Since there 
are several weakly damped normal modes of high frequencies, cf. Table 2, the numerical integration is slow.) 
Figure 8 shows a sketch of the phase curves of the 46 roller states in normalized form. Even the oscillations of 
the shear deformations, k = 10,...,16, and k = 34,...,40 (having tiny amplitudes, cf. Table 5) are periodic. (See be-

low, for the deviations at k = 1, 3, 4, 19.) Therefore, a 
numerical Fourier transform is possible, 
 

( )0 ' '
'

( ) Re exp 2 j ,n n
n

t f tπ= + ⋅∑u U U  (4.9) 

 
where the Un’, and fn’ are relevant complex amplitudes and 
frequencies (subscripted by n’), respectively. 
 
The vectors U0 and uS, cf. Table 1, agree up to two, three 
digits. The dominating non-constant Fourier term oscil-
lates with the  frequency f1’ ≈ 150 Hz which is very close 
to f40 = 149.37 Hz, see Table 2. Table 5 lists the complex 
amplitudes U1’ rounded to two decimals. They indicate 
the dimensions of the phase curves in Figure 8. Again, the 
U1’ are closely related to 40ˆ .v  
 

Table 5: Complex amplitudes 1',kU of the dominating Fourier term (150 Hz)  of the self-excitation  

1',1...6 μmU  0.01-2.08j 4.68+0.01j -0.03-2.08j -0.03+1.98j 17.05-0.01j 0.02+5.22j 

1',7...12 μmU  11.95-0.02j -0.02+4.34j -11.98+0.00j              0.00+0.01j 0.00+0.01j 0.00+0.00j              

1',13...18 μmU  0.00+0.07j 0.13+0.00j            -0.00+0.29j -0.77+0.00j              0.20+0.00j              -16.86+0.00j 

1',19...24 μmU  -0.03+1.91j -23.80+0.03j 0.04+10.37j 35.89+0.00j              -0.06+12.98j                  –      

1',25...30 μmU  0.00+0.51j -2.31+0.01j 0.00-0.01j 0.00-0.03j -0.03+0.00j 0.00-0.02j 

1',31...36 μmU  -0.13+0.00j  0.00-0.00j -0.08+0.00j 0.00-0.01j   0.00-0.01j 0.00+.0.00j              

1',37...42 μmU  0.00-0.00j -0.01+0.00j               0.00-0.010j -0.02+0.00j              0.05+0.00j               0.09-0.00j 

1',43...48 μmU  0.00-0.01j  0.28-0.00j -0.00-0.01j  0.25-0.00j -0.00+0.01j           –                 
 
If 40v̂ is scaled to equal phase and amplitude with respect to the element k = 22 of U1’, the numbers of the vectors 
agree up to three digits; compare the relative magnitudes of Table 3 and the ratios of the magnitudes of the corre-
sponding terms in Table 5. 
 
The second largest Fourier term oscillates with f2’ ≈ 17 Hz. It corresponds to the normal oscillation v47 with f47 = 
16.52 Hz, cf. Table 2. Appreciable magnitudes occur only in the displacements k = 3, 4, 19, 1, 21 (descending 
order, the largest ≈ 7% of the 150 Hz oscillation), see Figure 8. Again, the values are closely related to the nor-
mal mode calculated. Furthermore, there are, in some of the displacements only, barely perceptible oscillations 
with frequencies 2·f2’, and 2·f1’ as well as 3·f1’.  
 
Of course, the one dominating Fourier term, the smooth appearance of the phase curves in Figure 8, means that 
the self-excited oscillation proceeds very regularly, almost without noise, i.e. Fourier terms with frequencies (far) 
above the self-excitation. Maybe, the interaction of the rolls at the nip is too local to produce coupled oscillations 
with diverse Fourier terms of comparable sizes.               
 
In the vibrating system, the proceedings in the nip look similar as shown in Figure 7, except that the quantities 
oscillate slightly about their stationary values. Figure 9a shows the oscillations of the relative velocities vrel1, and 
vrel2 between the paper and rolls 1 and 2, respectively, at s = -3 mm, about halfway between the left border of the 
nip and the point of maximum impression, cf. Figure 7b. 

Figure 8: Phase curves kq& over qk , k = 1,...,23 and 
k = 25,...,47; normalized (amplitudes in Table 5) 
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Due to the high normal pressure, see Figure 7c, and the large friction coefficients, μ01 = 0.30, μ02 = 0.25, there is 
little macro slip between paper and rolls. Roll 1 and paper oscillate, relatively, in counter phase, roll 2 and paper 
in phase. The magnitudes of the slip lie in the range of 0.5·10-4 to 1.5·10-4, cf. Figure 7b, (nominal paper speed v 
= 25 m/s).  
 

A simple model for abrasive wear bases on the 
assumption that abrasion is proportional to the 
frictional power, defined as product of relative 
velocity and tangential (i.e. frictional) contact 
force; see (Fleischer et al. 1980) for details. With 
vrel from (3.27) and pt from (3.30) follows, cf. 
(3.34),   

 
2

1

( )

( )

( ) ( , ) ( , ) d .
s t

t rel
s t

P t p s t v s t s= ∫  (4.10) 

Figure 9b shows P1(t) and P2(t) for the rolls 1 
and 2, respectively, for the machine of the width 
b = 1 m. The average values are 700 W and 290 
W, the widths of the fluctuations 200 W and 60 
W, respectively. Of course, the fluctuations oscil-
late with f1’ = 150 Hz. A numerical Fourier 
analysis discloses that both, P1 and P2, contain 
components oscillating with 2·f1’, – because of 
the product in the integrand of (4.10).  

 
 
5 Summary, Conclusions, Outlook 
 
The rolls are assumed to deform like thick elastic rings in the case of plane strain. In the circumferential direction 
they undergo extension, bending by the Bernoulli-Euler hypothesis (like a curved beam), and shear deformation 
according to Timoshenko’s hypothesis. Appendix A.1 develops the details, adds suspensions and drive, intro-
duces dampings. Appendix A.2 lists the linear – the machine dynamic – terms of the dicretized equations of mo-
tion of Sections 2.2, 2.3. The nonlinear geometric, kinematical and dynamical relations in the contact zone be-
tween paper and rolls, the nip, are established in Sect. 3; the corresponding coefficients for the numerical 
calculation are listed in Appendix A.3. For the somewhat arbitrarily selected parameters of Appendix A.4, Sect. 4 
presents numerical solutions to the problem.  
    
The calender oscillates self-excited at about 150 Hz nearly sinusoidal about (an unstable) stationary state. The 
shape of this oscillation corresponds closely to the characteristic mode 40 40ˆ( , )λ v%  of the variational equation 
about that stationary state, cf. Sect. 4.5.1 and Sect. 4.6. Counting the natural frequencies, as customary, from be-
low, this is the 9th critical speed, see Table 2. (The  frequencies of revolution of both rolls lie between the first 
and the second critical speeds, cf. Table 1 and Table 2.) The oscillations are sustained by energy exchange in the 
nip. It can be envisioned a bit by interpreting the larger elements of 40ˆ ,v listed in Table 3, and the effects of pa-
rameter-changes on the exponential growth of that mode, shown in Table 4. 
 
The oscillatory 3rd and 2nd order wall-bending, some ring displacements (mainly with respect to the hub which 
remains almost stationary), and 3rd order wall-extensions at the lower, lighter, driven roll 1 (radius R1 = 310 mm, 
wall thickness 2·a1= 72 mm) determine the shape variations of the nip and the kinematics there, cf. Table 3 to-
gether with equation (2.3). The stronger these motions interact with the parameter changes of Table 4 – intui-
tively conceivable as virtual work – the larger are the effects of the changes upon the behavior of the system. Ob-
viously, the closer – in the literal sense – these changes are placed to the nip, the more efficiently they alter the 
behavior. Thus, it is easy to stabilize the system by an increase of the damping in the three-point suspension, cf. 
Table 4, line 5, and Figure A.1.2. 
 
The model has several deficiencies. Table 4 shows that viscous terms in and near the nip have large influence on 
the stability of the steady operation. Therefore, it will be essential to incorporate the visco-elastic cover of the 

Figure 9: Self-excited oscillations. a) Relative veloci-
ties vrel1, vrel2 between rolls and paper at s = -3 mm, b) 
frictional power P1, P2 between rolls and paper 
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lower roll into the model. Furthermore, as in (Brommundt, 2007) the highest order bending modes taken into ac-
count – there the 2nd , here the 3rd  –  govern the process. Thus, further higher order bending modes should be 
taken into account. Which mechanism limits that order? Some material damping might be the answer. (That will 
accelerate the numerical integration, too.) Certainly, the paper is not only vertically compressible but also 
sheared transversely and strained longitudinally. Equally important is a careful model of the roll’s supports. The 
support of the lower roll will certainly be anisotropic, thus – in combination with the higher order bending modes 
– might effect drastically the stability. 
 
On the rotating rolls, the periodic change of the friction power (cf. P1, P2 in Figure 9b) – frequencies transformed 
to the rolls – will grind periodic wave patterns into their surfaces. The synchronization necessary for that process 
could be provided by omnipresent small deviations of the rolls from circularity (some μm are sufficient) which 
enter the model threefold: disturb the nip kinematics, produce angle ψ-dependent stiffness, lead to unbalance 
forces. The newly ground waves will establish a regenerative wear mechanism collaborating with the initial one.  
 
A numerical simulation of such process should start from an improved model as outlined in the paragraph above. 
The synchronization can be calculated in a way similar to Brommundt (2004); various interactions between the 
rolls (see Kovriguine et al. I, II, 1998) are to be expected. The ensuing regenerative wear is closely related to the 
polygonalization of railway wheels and could be studied correspondingly, cf. Brommundt (1996). Likely, the re-
quired amount of work is too high for many engineers. For them it might be an alternative to restrict their study to 
an improved model with circular rolls along the ways of this paper. That will provide parameter sensitivities, cf. 
Table 4, which, after some experimental tests, may become sufficient to improve the operational stability of cal-
enders: To suppress the triggering effect may be helpful already.     
 
 
Appendix A.1: Basic Equations of the System 
 
We establish the basic relations for the displacements, deformations and kinematical conditions at the rolls as 
well as the potential, the kinetic energy and the damping terms.. 
 
A.1.1 Displacements 
 
Following the remarks in Sect. 2.1 we discuss the deformation of ring 1 in a general way, dropping the subscripts. 
Figure A.1.1a shows the Cartesian basis ( , , ) ,x y ze e er r r

 ,z x ye e e= ×
r r r

 and the cylinder basis ( , , ) ,r ze e eψ
r r r

 
,z re e eψ= ×

r r r
 in a form convenient for our purpose. There hold 

 
cos sin , sin cos ,

cos sin , sin cos .
x y r x y

x r y r

e e e e e e

e e e e e e
ψ

ψ ψ

ψ ψ ψ ψ

ψ ψ ψ ψ

= − = +

= + = − +

r r r r r r

r r r r r r   (A.1.1) 

 
Let, for the time being, the center C of the ring be fixed to (x,y) = (0,0). Initially, with respect to C, a point M(0) of 
the midline, polar coordinates (ψ,R) and a material point P(0) of the ring, polar coordinates (ψ,R+ζ), have the po-
sitions  

 
(0) (0)( ), ( ) ( ),M r rr R e r R eψ ζ ψ= = +

r r r r   (A.1.2) 
  

respectively, see Figure A.1.1a. The system of the material coordinates, (ψ,R+ζ), –π ≤ ψ ≤ π, –a ≤ ζ ≤ a, is    or-
thogonal. The extensional and the bending deformations of the ring are measured at the midline by the displace-
ments u = u(ψ,t), w = w(ψ,t), see Figure A.1.1b. They move the midline point to M:  

Figure A.1.1: Deforma-
tions of the lower ring. a) 
initial shape, b) bending 
and azimuthal displace-
ments at the midline, c) 
displacements by bend-
ing and shear deforma-
tion; (all drawn dispro-
portionately) 
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( ) .M rr R w e u eψ= + +

r r r
  (A.1.3) 

 
Differentiation of (A.1.3) with respect to ψ, with ( ) ( ) / ψ′⋅ = ∂ ⋅ ∂  and 

 

: , : , tan : ,UU u w W w u
R W

α′ ′= − = + =
+

  (A.1.4)  

 
leads to the tangent vector t

r
and the normal vector nr , outwards positive, see Figure A.1.1b, such that 

 

2 2 2 2
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rr r r r rr r
rr  (A.1.5) 

 
To care for the shear deformation of the ring, the shear angle β = β(ψ,t) is added to the rotation by the angle α in 
(A.1.5)3, cf. (A.1.4)3 and Figure A1.1c. This leads to  

 
cos sin cos( ) sin( )*

.
sin cos sin( ) cos( )* r

et t
en n
ψβ β α β α β

β β α β α β
− + − +        

= =        + +       

r r r
rr r  (A.1.6) 

 
The shear angle β is the third displacement of the ring. (To get the dimension length for all three displacements, 
we express β by v = v(ψ,t) := R·β(ψ,t).) Corresponding to the Bernoulli-Euler hypothesis and with Timoshenko’s 
assumption the resulting position of the point P, shown in Figure A1.1c, is given by: 
 

( ) ( )
( , , ) ( ) *

cos( ) sin( ) .
r

r

r r t R w e u e n

R w e u e
ψ

ψ

ψ ζ ζ

ζ α β ζ α β

= = + + +

= + + + + + +

r r r r r

r r  (A.1.7) 

 
Expansion up to the second order of (u,v,w) leads to  
 

( )( ) ( )( )2 2 21 ( ) 2 ( ) .rr R w U v R e u U v R U W R eψζ ζ= + + − + + + + −
r r r  (A.1.8) 

 
The mean material angular rotation produced by the displacement ,rr  measured along the midline, cf. Figures 
A.1.1b and A.1.3, is given by the average: 
 

1 1 1atan d 1 d d ;
2 2 2m

u u w u
R w R R R

π π π

ψ π ψ π ψ π

ψ ψ ψ
π π π
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i.e. in general form, up to the second and the first order, respectively. 
 
 
A.1.2 The Potential 
 
Hamilton’s principle requires the potential. There are three contributions: The potentials of the elastic deforma-
tion of the rolls, the potentials of the elastic suspensions of the rolls, and the potentials of the weights.  
 
We follow Washizu 1982, Chapters 3, 4, to formulate the potential of the elastic deformation. For formal rea-
sons, for plane strain, temporarily, (0) (0)

zr z e r+ =>
r r r  and zr z e r+ =>

r r r  are introduced. Let (α1,α2,α3) := (ψ,ζ,z). 
Then hold the covariant base vectors 
 

(0)
, , 1,2,3,j jj j

r rg G j
α α

∂ ∂
= = =

∂ ∂

r rrr   (A.1.10) 

 
the (elements of the) covariant metric tensors gjk, Gjk as well as the strains fjk with respect to (ψ,ζ,z):  
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, , ( ) 2 , , 1,2,3.jk j k jk j k jk jk jkg g g G G G f G g j k= ⋅ = ⋅ = − =

r rr r  (A.1.11) 
 
After scaling corresponding to ((R+ζ)·ψ,ζ,z) follow the two non-vanishing normalized strains 
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 (A.1.12) 

 
For isotropic material we get the strain energy function 
 

2 2 2 21
11 12 11 12

1 2 ,  abbreviated: 2 ,
2 (1 ) (1 2 ) 2
E EA e G e A e G eν

ν ν
−

= + = +
+ −

 (A.1.13) 

 
where E – Young’s modulus, ν – Poisson’s ratio, G = E/2(1+ν) – shear 
modulus. As mentioned in Sect. 2.1, for better intuition, instead of a 
plane model, let us assume the rolls to have the length b = 1 m. Then 
follows the elastic potential by integrating A over the roll’s volume: 
 

( ) d d .
a

R
a

U R b A
π

ψ π ζ

ζ ζ ψ
=− =−

= +∫ ∫  (A.1.14) 

 
To retain linear terms of the variables u, v, w and their derivatives with 
respect to ψ in the equations of motion, second order terms must be 
kept in UR. After some manipulation we get from the preceding formu-
lae 
 
 

2 2 21 1
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R RR

π

ψ π

ψ
=−

 ′ ′′ ′= − − + + + 
 ∫  (A.1.15) 

where E1IR, E1AR, GAS are the bending, the azimuthal and the shear stiffness, respectively: 
 

3
1 1 1 1
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 (A.1.16) 

 
In the real machine, the lower roll is mounted on hydrostatic bearings, see, e.g., Figure 3.8 in van Haag (1993). 
We approximate that support by three suitably placed spring-dashpot elements, as sketched in Figure A.1.2: 
There the spring-dashpot elements i = 1, 2, 3, stiffness kSi, damping bSi, preload FSi0 (compression negative), are 
arranged radially (dashpots not shown). The body of this assembly (the hub) is suspended and displaced at its 
center C1 as shown in Figure 1 but does not rotate. The total potential of the forces reads 
 

( )
3

2 2 2
1 1 1 1 1 1 1

1

1 1 ( ) ( ) .
2 2H Si i Si i x x y y

i

U F z k z k x a k y a
=

 = + + − + − 
 ∑  (A.1.17) 

The hub of the upper roll, again suspended and displaced at its center C2 as shown in Figure 1, is assumed to be 
attached to the roll by an elastic Winkler foundation acting upon the roll along its midline, cf. Figure A.1.1b, 
(distributed) stiffnesses Kψ in the azimuthal direction, and Kr radially. From (A.1.8) follow, for ζ = 0, linear, the 
displacements u, w respectively. Then holds the potential 
 

Figure A.1.2: a) Three-point suspen-
sion, in centered nominal position 
with b) preload FSi0, c) positive load 
FSi, and displacement zi with respect 
to nominal position 
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( ) ( )2 2 2 2
2 2 2 2 2 2 2

1 1( ) ( ) d .
2 2H x x y y rU k x a k y a R K u K w

π

ψ

ψ π

ψ
=−
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Let the flexible drive from the motor, torsional stiffness kT, act on the material midline of the lower roll, see angle 
Φm in (A.1.9). With a shift angle φN0 of the clutch follows the drive potential 
 

2
0

1 ( ) .
2D T m NU k ϕ= Φ −   (A.1.19) 

 
To establish the potential of the weight, the position vector 0Prr from the origin 0 of the (inertial) coordinate sys-
tem (0,x,y) to the point P of the deformed ring is required, cf. Figures 1 and A.1.1c: 

 
0 ( ) ( ) ( , , ).P x yr x t e y t e r tψ ζ= + +
r r r r

  (A.1.20) 
 
Then the weight potential UW follows with the density ρ and the gravity acceleration g, pointing in the direction 
of yer∓ at the lower and the upper roll, respectively:  
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where the first term on the right side is the contribution of the hub of the mass mH.  
 
 
A.1.3 Kinematics and Kinetic Energy 
 

The locations of the contact boundaries are formulated most suitably with re-
spect to Eulerian coordinates, the (material) relative velocities require a La-
grangian view. Thus, in Figure A.1.3 we have to alternate between the angles 
ψ and Ψ. The Figure shows the undeformed (lower) ring at the time t. The 
position of its center C is given by the coordinates (x(t),y(t)). From an initial 
position it is rotated by the angle Φ(t). With respect to the rotating frame, the 
material point P has the (Lagrangian) coordinates (Ψ,ζ), cf. Figure A1.1a and 
Figure A1.3. The position vector 0 ,Prr  cf. (A.1.20), gets then the form 

 
( )0 ( ) ( ) ( ) , , ,P x yr x t e y t e r t tζ= + + Φ + Ψ

r r r r  (A.1.22) 
 
where (Φ(t)+Ψ) replaces the argument ψ in the terms on the right hand side 
of (A.1.7), (A.1.8). This is the Lagrangian description of the motion.  
 

The (material) time derivative of 0Prr  is given by 
 

0
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D ;
D

P
P x y

rr x e y e r r
t
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here are ,r r′r r& the partial derivatives of ( , , )r tψ ζ

r with respect to ψ and t, respectively. The result is the veloc-

ity * *
0( , , )P P Pv v t rζ= Ψ = or r r  in Lagrangian notation. (Higher order time derivatives are obtained correspondingly.) 

 
For the Euler view, after the differentiation (A.1.23) one has to step back to (Φ(t)+Ψ) => ψ and gets 

( , , ):P Pv v tψ ζ=
r r  

 
( ) ( ) ( ) ( , , ) ( , , ).P x yv x t e y t e t r t r tψ ζ ψ ζ′= + + Φ +

r r r r r&&& &  (A.1.24) 
 
The kinetic energy of the roll is given by  
 

Figure A.1.3: Kinematical 
relations 
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where the expansion of ,Pvr  up to the second order with respect to the displacements and their time derivatives, 
follows from (A.1.24) by the decomposition ,P x y r rv x e y e v e v eψ ψ= + + +

r r r r r& & with 
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In the scalar product ( )P Pv v⋅r r in (A.1.25) again terms up to the second order only are retained. 
 
The kinetic energy of the hubs reads 
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where the mHi denote their masses, and J2 is the moment of inertia. 
 
 
A.1.4 Virtual Displacements 
 
By (A.1.8) and (A.1.20) follow the virtual displacements at the (material) point P, up to second order terms, 
 

( ) ( )( )
( ) ( )( )

0

2 2

( ) ( ) ( , , ) ,  with

( ) ( ) ( ) ( )

( ) 1 ( ) .

P x y

r

r

r x t e y t e r t

r w U v U v R e u U v R W U U W R e

U U v R e R W U v R e

ψ

ψ

δ δ δ δ ψ ζ

δ δ ζ δ δ δ ζ δ δ δ δ

δ ζ δ ζ

= + +

= − + + + + + − +

′ ′− Φ + + + Φ + + + +

r r r r

r r r

r r
 (A.1.28) 

 
A.1.5 Dampings 

 
The damping effects at the non-rotating suspension points are combined in the Rayleigh function 
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where the first term holds for the drive, cf. (A.1.9) and (A.1.19). With (A.1.28) and the relative parts of the ve-
locities vψ, vr, cf. (A.1.26) for ζ = 0, follows the virtual work due to the damping contribution of the Winkler 
foundation, constants Bψ, Br parallel to (A.1.18): 
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linear terms only are taken into account. 
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Appendix A.2: Linear Terms of the Equations of Motion 
 
A.2.1 The General Discrete Displacements 
 
Here, the configuration vector 1 24( ,..., )Tq q=q comprises the elements 1 2 3, ,q R q x q y= Φ ⋅ = = and the coeffi-
cients 4 24( ,..., )q q of the discretizations, cf. Sect. 2.2, 

 
4 5 6 7 8 9 10

11 12 13 14 15 16 17

18 19 20 21 22 23

( , ) cos( ) sin( ) cos(2 ) sin(2 ) cos(3 ) sin(3 ),
( , ) cos( ) sin( ) cos(2 ) sin(2 ) cos(3 ) sin(3 ),
( , ) cos( ) sin( ) cos(2 ) sin(2 )

u t q q q q q q q
v t q q q q q q q
w t q q q q q q

ψ ψ ψ ψ ψ ψ ψ
ψ ψ ψ ψ ψ ψ ψ
ψ ψ ψ ψ ψ

= + + + + + +
= + + + + + +
= + + + + + 24cos(3 ) sin(3 );qψ ψ+

 (A.2.1) 

 
the adaptations to the equations (2.2), (2.3), (2.4), for the lower roll, and to the equations (2.5), (2.6), (2.7), for 
the upper roll,  follow by appropriate cancellations and/or re-numberings of elements. 
 
 
A.2.2 Stiffnesses 
 
When the discretization (A.2.1) is put into the elastic potentials (A.1.15) and (A.1.17/18/19) Lagrange’s formula 
(2.10) becomes applicable. There result forces of the form Kq, where the stiffness matrix K is composed of sev-
eral summands Kk. Below, only the elements kk(i,j) ≠ 0 of  the Kk are listed. 
 
From (A.1.15) follow the three contributions 
 

11 1
1 1 2 2 3 33 , , ,SR R E AE I E A

R RR
= = =K K K K K K% % %   (A.2.2) 

 
where the leading coefficients are given by (A.1.16), R is the midline radius, and the elements ( , )kk i j%  of the 

non-dimensional symmetric matrices T
k k=K K% % are listed in Table A.1. 

 
From (A.1.17) and (A.1.19) follow – for the lower roll – the stiffnesses K4, K5 with 
 

2
4 1 4 1 4 1(2,2) , (3,3) , (4,4) ,x y Tk k k k k k R= = =   (A.2.3) 

 
and K5 consists of the three dyadic products, cf. Figure A.1.2, 

3

5
1

T
Sl l l

l

k
=

= ∑K d d   (A.2.4) 

of the incidence vectors dl =(dl(1),...,dl(24))T with the non-vanishing elements 
 

Table A.1: Nondimensional stiffnesses 1 2 3( , ), ( , ), ( , )k i j k i j k i j% % % of a roll for bending, extension, shear, resp. 

i,j 1k%  i,j 1k%  i,j 1k%  i,j 2k%  i,j 2k%  i,j 3k%  

11,12 1 16,24 -24 24,24 64 7,22 -2 18,18 2 11,11 2 

13,13 1 17,17 9 i,j 2k%  8,8 4 19,19 1 12,12 1 

14,14 4 17,23 24 5,5 1 8,21 2 20,20 1 13,13 1 

14,22 -6 18,18 2 5,20 -1 9,9 9 21,21 1 14,14 1 

15,15 4 21,21 9 6,6 1 9,24 -3 22,22 1 15,15 1 

15,21 6 22,22 9 6,19 1 10,10 9 23,23 1 16,16 1 

16,16 9 23,23 64 7,7 4 10,23 3 24,24 1 17,17 1 
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(18) 1, (19) cos , (20) sin , (21) cos2 , (22) sin 2 ,
(23) cos3 , (24) sin 3 .
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α α

= = = = =
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 (A.2.5) 

 
From (A.1.18) follow – for the upper roll – the stiffnesses K6, K7, K8 with 
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 (A.2.6) 

 
 
A.2.3 Inertia Terms 
 
From Sect. A.1.3, the kinetic energy, follow by dicretization and Lagrange’s formula the inertia effects in the 
form of inertial, gyroscopic and centrifugal matrices, respectively: 
 

2 .+ Ω + ΩM q G q Cq&& &   (A.2.7) 
 
The matrices M = MT, C = CT are symmetric, the matrices G = – GT are anti-symmetric. 
 
From (A.1.25) follow, with ,a a R=%  
 

2 2 2

1 1 2 2 1 1 2 2 1 1 2 2, , , , , .
3 3 3R R R R R R

a a am m m m m m= = = = = =M M M M G G G G C C C C
% % %% % % %% %  (A.2.8) 

 
The non-vanishing elements ( , ), ( , ), ( , )k k km i j g i j c i j% % %  of the non-dimensional matrices , , , 1, 2,k k k k =M G C% %% re-
spectively, are listed in Table A.2. 
 
From (A.1.27) follows 3M  with 
 

2
3 3 3(1,1) , (2,2) (3,3) .Hm J R m m m= = =   (A.2.9) 

 
 
A.2.4 Damping Terms 
 
From Sect. A.1.5, dampings, follow by discretization the damping terms in the form 
 

,r+ ΩBq B q&   (A.2.10) 
 
where the (ordinary) damping matrices B = BT are symmetric, but the damping matrices Br, due to the rotating 
Winkler suspension of the upper roll, are neither symmetric nor anti-symmetric. Both, B and Br, are sums of sev-
eral contributions , .r

k kB B  From the Winkler suspension (upper roll) follow 
 

1 7 2 8,  ,  rR B R Bψπ π= =B K B K% %   (A.2.11) 
 
 



 
 

82

 
where 7 8,K K% %  are taken from (A.2.6)3,4, and the matrices 1 2,r rB B with 
 

1 1 2 2,  ,  r r r r
rR B R Bψπ π= =B B B B% %   (A.2.12) 

 

Table A.2: Nondimensional inertial, gyroscopic and centrifugal coefficients, ( , ), ( , ), ( , ),k k km i j g i j c i j% % % of a roll 

i,j 1m%  i,j 1g%  i,j 2m%  i,j 2m%  i,j 2g%  i,j 2c%  

1,1 21 a+ %  9,10 3 2,5 1/2 14,22 -1 7,15 4 6,13 -1 

1,4 1 9,23 1 2,12 1/2 15,15 1/2 7,21 9/2 6,19 -3/2 

2,2 1 10,24 1 2,20 -1/2 15,21 1 7,22 2 7,7 -6 

2,5 1/2 19,20 1 3,6 -1/2 16,16 1/2 8,14 -4 7,14 -4 

2,20 1/2 21,22 2 3,13 -1/2 16,24 -3/2 8,21 -2 7,22 9 

3,3 1 23,24 3 3,19 -1/2 17,17 1/2 8,22 9/2 8,8 -6 

3,6 -1/2   4,4 3 17,23 3/2 9,10 3 8,15 -4 

3,19 1/2 i,j 1c%  4,11 2 19,19 1/2 9,17 6 8,21 -9 

4,4 1 4,4 -1 5,5 3/2 20,20 1/2 9,23 19/2 9,9 -27/2 

5,5 1/2 5,5 -1 5,12 1 21,21 2 9,24 3 9,16 -9 

6,6 1/2 5,20 1 5,20 -1 22,22 2 10,16 -6 9,24 57/2 

7,7 1/2 6,6 -1 6,6 3/2 23,23 9/2 10,23 -3 10,10 -27/2 

8,8 1/2 6,19 -1 6,13 1 24,24 9/2 10,24 19/2 10,17 -9 

9,9 1/2 7,7 -5/2 6,19 1   11,18 1 10,23 -57/2 

10,10 1/2 7,22 2 7,7 3/2 i,j 2g%  12,13 1 12,12 -1/2 

18,18 1 8,8 -5/2 7,14 1 1,18 2 12,19 3/2 12,20 1 

19,19 1/2 8,21 -2 7,22 -2 2,6 1/2 13,20 3/2 13,13 -1/2 

20,20 1/2 9,9 -5 8,8 3/2 2,13 1/2 14,15 2 13,19 -1 

21,21 1/2 9,24 3 8,15 1 2,19 1/2 14,21 9/2 14,14 -2 

22,22 1/2 10,10 -5 8,21 2 3,5 1/2 15,22 9/2 14,22 5 

23,23 1/2 10,23 -3 9,9 3/2 3,12 1/2 16,17 3 15,15 -2 

24,24 1/2 18,18 -1 9,16 1 3,20 -1/2 16,23 19/2 15,21 -5 

  19,19 -1 9,24 -3 4,18 1 17,24 19/2 16,16 -9/2 

i,j 1g%  20,20 -1 10,10 3/2 5,3 -1/2 19,20 2 16,24 15 

1,18 2 21,21 -5/2 10,17 1 5,6 1 21,22 10 17,17 -9/2 

4,18 2 22,22 -5/2 10,23 3 5,13 2 23,24 30 17,23 -15 

5,6 1 23,23 -5 11,11 1 5,19 3/2   19,19 -3/2 

5,19 1 24,24 -5 12,12 1/2 5,20 1 i,j 2c%  20,20 -3/2 

6,20 1   12,20 -1/2 6,12 -2 5,5 -3/2 21,21 -12 

7,8 2 i,j 2m%  13,13 1/2 6,19 -1 5,12 -1 22,22 -12 

7,21 1 1,4 3 13,19 1/2 6,20 3/2 5,20 3/2 23,23 -99/2 

8,22 1 1,11 2 14,14 1/2 7,8 2 6,6 -3/2 24,24 -99/2 
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the elements ( , )r
kb i j of the non-dimensional matrices , 1, 2,r

k k =B are listed in Table A.3.  

 
From (A.1.29) follow – for upper and lower roll – the matrices B3 and B4, B5, respectively, with 

 
2

3 2 3 2 4 1 4 1 4 1

3

5
1

(2,2) , (3,3) ; (2,2) , (3,3) , (4,4) ,

( ) ( ) ,

x y x y T

T
Sl l l

l

b b b b b b b b b b R

b α α
=

= = = = =

= ∑B d d
 (A.2.13) 

 
cf. (A.2.4), (A.2.5) for the dyadic products in the last line. 
 
 
A.2.5 Static Forces 
 
Static we call those forces which arise from the adjustments, cf. Sect. 2.1, preloads and weights. They follow 
from (A.1.17/18/19) and (A.1.21); cf. (2.14). 
 
In Aa are a the adjustments given by (2.16) and the non-vanishing elements A(i,j) of the 48 11× matrix A read, 
partly in Matlab notation, 
 

2
1 1 1 2

2 2

(1,1) , (2,2) , (3,3) , (24,11) 1 ,

(25,7) , (26,8) , (48,9) 1, (48,10) 1,

(17 : 23,3 ) (18 : 24), 1,2,3.

x y T

x y

Sl l

A k A k A k R A R

A k A k A A

l k l

= = = = −

= = = − =

+ = =A d

 (A.2.14) 

 
The non-vanishing elements of the weight forces fw read 
 

2 2
1 1 1 1 1 1

2 2
1 1 2 2 2 2

2 2
2 2 1 2

(2) ( ) , (5) 0.5 (1 3) , (12) 6,

(18) 0.5 (1 3) , (26) ( ) , (29) 0.5 (1 3) ,

(36) 6, (42) 0.5 (1 3).

w H R w R w R

w R w H R w R

w R w R

f m m g f m g a f m g a

f m g a f m m g f m g a

f m g a f m g a

= − + = + =

= − − = + = − +

= − = −

% %

% %

% %
 (A.2.15) 

 
Appendix A.3: Expansion Coefficients for the Geometrical and Kinematical Relations at the Nip  
 
The non-vanishing elements of the row matrices sjk, hjk of the nip’s shape equations (3.7) read 
 

20 20 20 20 20 20 20 20

20 20 20

(4) (5) (7) (9) 1 , (11) (12) (14) (16) ,
(20) , (22) 2 , (24) 3 ,

s s s s a s s s s a
s a s a s a

= = = = + = = = =
= − = − = −

% %
% % %

 (A.3.1) 

 
31 31 31 31 31 31

31 31 31 31

(6) 1 , (8) 2(1 ), (10) 3(1 ), (13) , (15) 2 , (17) 3 ,
(18) 1, (19) 1 , (21) 1 4 , (23) 1 9 ,

s a s a s a s a s a s a
s s a s a s a

= + = + = + = = =
= = + = + = +

% % % % % %
% % %

 (A.3.2) 

 
10 10 10 10(18) (19) (21) (23) 1,h h h h= = = =   (A.3.3) 

Table A.3: Nondimensional dampings ( , ) , 1,2,r
kb i j k =%  

i,j 1
rb%  i,j 1

rb%  i,j 1
rb%  i,j 2

rb%  i,j 2
rb%  i,j 2

rb%  

4,18 2 7,8 2 9,23 1 18,4 -2 21,7 -1 23,24 3 

5,6 1 7,21 1 10,9 -3 19,5 -1 21,22 2 24,10 -1 

5,19 1 8,7 -2 10,24 1 19,20 1 22,8 -1 24,23 -3 

6,5 -1 8,22 1   20,6 -1 22,21 -2   

6,20 1 9,10 3   20,19 -1 23,9 -1   
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21 21 21 21 21 21 21 21

21 21 21

(4) (5) (7) (9) (1 ), (11) (12) (14) (16) ,
(20) 1 , (22) 2(1 ), (24) 3(1 ).

h h h h a h h h h a
h a h a h a

= = = = − + = = = = −
= + = + = +

% %
% % %

 (A.3.4) 

 
The non-vanishing elements of the row matrices vxjk, vyjk of the velocities (3.8) read 
 

20 20 31 31

30 30 30 30 30 30 30

, ,
(6) 1, (8) 2, (10) 3, (18) (19) (21) (23) 1,

x x

x x x x x x xv v v v v v v
= =

= = = = = = =
v s v s

 (A.3.5) 

 
10 10 20 21 21, ,y y y= = =v h v v h   (A.3.6) 

 
31 31 31 31 31

31 31 31 31 31

(6) (2 ), (8) 2(2 ), (10) 3(2 ), (13) , (15) 2 ,

(17) 3 , (18) 1, (19) (2 ), (21) (5 4 ), (23) (10 9 ),
y y y y y

y y y y y

v a v a v a v a v a

v a v v a v a v a

= − + = − + = − + = − = −

= − = − = − + = − + = − +

% % % % %

% % % %
 (A.3.7) 

 
32 32 32 32

32 32 32 32

32 32

(6) (1 ), (8) 2(1 ), (10) 3(1 ), (13) ,

(15) 2 , (17) 3 , (18) 1 2, (19) (1 ),

(21) (5 8 ) 2, (23) (5 9 ).

y y y y

y y y y

y y

v a v a v a v a

v a v a v v a

v a v a

= − + = − + = − + = −

= − = − = − = − +

= − + = − +

% % % %
% % %

% %
 (A.3.8) 

 
The non-vanishing elements of the row matrices kxjk, kyjk of the virtual displacements (3.9) read 
 

00 20 11 31, ,x x= =k s k s   (A.3.9) 
 

22 22 22 22

22 22 22 22 22

22 22

(4) (1 ) 2, (5) (1 ), (7) 5(1 ) 2, (9) 5(1 ),
(11) 2, (12) , (14) 5 2, (16) 5 , (20) 1 ,
(22) 2 5 , (24) 3(1 5 ),

x x x x

x x x x x

x x

k a k a k a k a
k a k a k a k a k a
k a k a

= − + = − + = − + = − +
= − = − = − = − = +
= + = +

% % % %
% % % % %

% %
 (A.3.10) 

 
00 10 11 21 22 32, , .y y y y= = =k h k h k v   (A.3.11) 

 
 

Appendix A.4: Numerical Values of the System Parameters 
 
The Tables A.4 to A.7 list the chosen numerical values of the basic system parameters (rounded), cf. Sect. 4.2:  
 
Table A.4: General parameters   
b = 1 m g = 9.81 m/s2 E = 2.10 ·1011 N/m2 ν = 0.3 ρ = 7850 kg/m3 ΩN = 72.25 rad/s 

 
Table A.5: Parameters of roll 1 
R1   = 310 mm kS1 = 7.42·107 N/m bx1 = 193 Ns/m ax1 =   0.0155 mm 
a1    = 36 mm α1   = 0 by1 = 278 Ns/m ay1 =   2.93 mm 
mH1 = 986 kg kS2 = 7.42·107 N/m bT  = 6.35 Nms/rad aS1 = – 0.847 mm  
kx1   = 5.15·107 N/m α2   = 0.524 rad bS1 = 222 Ns/m aS2 = – 2.91 μm 
ky1   = 7.42·107 N/m kS3 = 7.42·107 N/m bS2 = 222 Ns/m aS3 = – 2.91 μm 
kT    = 1.69·106 Nm/rad α3   = – 0.524  rad bS3 = 222 Ns/m φN0 =   4.72·10-4 rad 

 
Table A.6: Parameters of roll 2 
R2   = 420 mm kx2  = 1.06·108 N/m bx2 = 396 Ns/m ax2 = – 1.90 μm  
a2    = 66 mm ky2  = 1.52·108 N/m by2 = 570 Ns/m ay2 =    0.146 mm 
mH2 = 1540 kg Kr  = 2.10·1010 N/m2 Br  = 6.30·Ns/m2 Mr =   97.2 N m 
J2    = 48.20 kg m2 Kψ  =  8.08·109 N/m2 Bψ  = 2.42·104 Ns/m2  
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Table A.7: Parameters of the paper: Nominal speed  vP = 25 m/s 
H1 = 0.15 mm F1  = 900 N εl     = 0.13 μ01  = 0.30 
L1  = 1 m F2  = 300 N εul  = 0.045 vc1  = 0.1 mm/s 
L2  = 1 m El  = 4.60·106 N/m2 bp  = 5.0·10-5 s μ02  = 0.25 
mP = 0.20 kg Eul = 6.80·106 N/m2  vc2  = 0.1 mm/s 
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