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Kinematics and Balance Relations for Bidimensional Continua

Bob Svendsen

This work is concerned with the formulation of the kinematics and balance relations for a so-called bidimensional
continuum, which can be used in modeling thin layers and interface regions such as phase boundaries. Such a
continuum represents a thin, shell-like 3-dimensional region in which the upper and lower surfaces move relative
to each other as well as relative to the dividing, non-material interface between them. As such, it is more general
than standard interfaces or shells. The standard balance relations of three-dimensional continua are adapted to
this dynamic bidimensional geometry using the differential geometric notion of a flow. On this basis, the adapted
balance relations are averaged over the dynamic thickness of the bidimensional continuum to obtain reduced
2-dimensional, surface forms of these on the dividing interface. In addition to the usual influence of the surface ge-
ometry on their form, the resulting adapted and averaged surface balance relations contain flux terms accounting
for the effect of relative motion, i.e., diffusion, on the balances. In the limit that the thickness of the bidimensional
continuum goes to zero, the generalized surface balance relations reduce to the classical jump balance relations
across an interface.

1 Introduction

The modeling of phase transitions, shock-wave propagation, and other such “abrupt” phenomena as 2-dimensional,
moving, non-material continua has a long history (e.g., Scriven, 1960; Slattery, 1967; Moeckel, 1974; Betounes,
1986; Gurtin, Struthers, 1990). An alternative approach, which treats the transition region as a “thin” three-
dimensional region has been advocated and developed by Deemer, Slattery (1978); Dumais (1980); Alts, Hut-
ter (1988); Kosinski (1991); dell’Isola, Kosinski (1993). An advantage of this former approach over the latter
is that one obtains directly relationships between the standard 3-dimensional thermodynamic fields and their 2-
dimensional counterparts on the interface by imposing the kinematic structure of the thin, 3-dimensional transition
region on the usual three-dimensional balance relations, and then averaging over the dynamic thickness of the
thin region. The resulting thickness-averaged 3-dimensional fields can be identified with surface fields which are
introduced formally in the first approach mentioned above. dell’Isolla & Kosiniski (1993) have taken a step toward
a complete formulation of this type on the basis of classical (e.g., Riemannian) differential geometry. In the realm
of solid mechanics, Bovik (1994) used the simple idea of a Taylor expansion of the relevant physical fields in thin
regions together with surface differential operators on a curved surface to obtain the representation of a thin inter-
phase by an interface. The idea of a Taylor expansion was also used by Hashin (1991) in deriving the spring-type
interface model for soft elastic interphases. All of the above studies have assumed that the interphase is isotropic.
Benveniste (2006) generalizes the Bovik model to an arbitrarily curved three-dimensional thin anisotropic layer
between two anisotropic media. A comprehensive thermodynamical study of interfaces exists in Gurtin et al.
(1998).

As it turns out, these previous approaches based on classical methods tacitly neglect effects of the dynamic geome-
try in the bidimensional context. In particular, these include the fact that both the normal P;(Dmn¢) N and surface
I, (Vng)l:’5 projections of the gradient D, of the unit normal n; to the dividing surface £ (see (44)) influence the
bidimensional flow geometry and resulting balance relations. This is shown in the current work through the ap-
plication of modern differential geometric concepts such as flow, adapted differential form, Lie derivative, volume
form, relatedness of vector fields generating flows, and so on, as is shown in the current formulation. In doing this,
we are following most closely in spirit the work of Betounes (1986). On the other hand, as shown in §5, the fact
that the upper, middle and lower surfaces of the bidimensional continuum can move independently of each other
leads new and much more complex balance relations than have been derived in the context of moving surfaces
such as in Betounes (1986); Bovik (1994); Gurtin et al. (1998). Upon introducing the relevant further kinematic
restrictions, these reduce to the standard relations.
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After introducing certain mathematical concepts and definitions needed for the formulation (§2), we review briefly
certain key aspects of the kinematics of moving, non-material surfaces in F (§3). Next, we introduce the kinematics
of a bidimensional continuum (§4), whose motion is referenced to that of the interface separating its upper and
lower regions, which move relative to one another, just like two phases of a material which is undergoing a phase
transition. On the basis of such kinematics, we are in a position to adapt the standard three dimensional balance
relations to such a dynamic geometry (§5); since we work with the true 3-dimensional balance relations from
the start, and introduce no new physics into the formulation, we insure that the resulting adapted and averaged
2-dimensional balance relations on the interface are physically the same balance relations as those with which we
started. Finally, we discuss briefly the form of mass balance on the interface that arises in such a formulation.

2 Mathematical Preliminaries

The bidimensional continuum under consideration in this work is an oriented continuum in the sense of plates
and shells. To represent the corresponding geometry of this continuum, we generalize the differential geometric
approach of Betounes (1986) to the current bidimensional context in what follows. To this end, let F represent
3-dimensional Euclidean point space, V its oriented linear translation space, V* := Lin(V, R) the dual space of V',
and R real number space. Here and in what follows, Lin(W, Z) stands for the set of all linear mappings between
the linear spaces W and Z. In particular, V" and V* are such spaces. For example, the standard metric tensor G on
E, defined by (Ga)b:=a-bforalla,b € V, takes values in Lin(V, V*). Further, we require the standard volume
form w of E, defined by w(a, b, c) := a - b x cforall a,b,c € V. This quantity takes values in the linear space
Skw(V3,R) of all completely skew-symmetric multilinear mappings of V3 := V x V x V into R. Next, let 2
represent the interior product operator (e.g., Abraham et al., 1988, Definition 6.4.7), i.e., 1,,w(b, ¢) := w(a, b, c).
Via this operator, w maps any unit vector n € V to a Euclidean two-form o := 7,,w perpendicular to n. This
is meant in the sense that, since o is completely skew-symmetric, 2, = 1,,7,,w = 0 follows. Consequently, o
annihilates any element of V' parallel to n by linearity. Let V! C V represent the corresponding two-dimensional
subspace of V' consisting of all @ € V for which :,w # 0 holds. Such vectors are considered parallel to c.
Further, if v € V* is any unit one-form parallel to n, i.e., 2,,v = 1, it induces the representation

w=rv Ao (D

of w in terms of the exterior product operator A (e.g., Abraham et al., 1988, Definition 6.1.3). Indeed, we then
have 1,,w = (1,,¥)a — v A (1,,a¢) = o since 1,, = 0. Note also that V! = ker v. The subspace supplementary
to V'in V is that V+ = ima IN of all elements of V parallel to n, where

N :=n®v eLin(V,V). (2)

For example, we can have
v :=Gn 3)

of v induced by G. Then
v =(Gnn=n-n=1 “)

holds.
One then has the orthogonal sum V' = V+ @ V! and split of V.

Consider next the inclusion mapping I € Lin(V'! V) of VI into V, and I'* € Lin(V*, VI*) its dual mapping.
Since the image of I is the kernel of v in V, i.e., ima I = ker v, note that

I'v=0 (5)
holds. For any left inverse P € Lin(V, V) of I, i.e., PI is equal to the identity I, on Lin(V1", V1), we have
V+ =ker P (6)

as well as the decomposition
I, =IP + N ™)

of the identity I}, on Lin(V, V). In particular, P is compatible with G and the metric

G‘| =I"GI (3
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induced by I on V' when we choose
P=1",

where
I" =G 'I'G

is the transpose of I with respect to G and G|. In this case,
Pn=I"n=G'I'v =0
follows from (5). Lastly, note that either ¢, or I and P, induce the two-dimensional trace

_ a(IAu,Iv) + a(lu, I Av)

A) =tr(ITAP
tl"u( ) a(lu, Iv) il )
and determinant (IAu, I Av)
(8 u, v
ety (A) 1= = gy~ H(T4P)

operations, respectively, for all A € Lin(V!, V1) and u,v € V.

9

(10)

(11

(12)

13)

Let n and m represent the normal and binormal unit vectors to some curve in £ at some point along this curve. In

this case,
t=nxm

is the unit tangent vector to this curve at the point in question, and
7 =Gt =1pinw =t € V™

the covector associated with ¢, i.e.,
T = t-t=1 y

analogous to (4), such that (n, m, t) form an orthogonal, positively-oriented system. Defining the covector

pi=Gm =1,4w = —n«
associated with m, such that
mpb=m -m=1

holds, the relations (15) and (16) imply
a=puNT,

and so
W=VAuUNT

via (1); note that
wv =0, wp =0, npt =0, 1T =0, imT =0,

via (14), (15) and (17). Lastly, we have
IP=mou+teT

for IP in terms of m and t.

(14)

15)

(16)

a7)

(18)

19)

(20)

21

(22)

Lastly, note that any V' -tensor induces a constant tensor field on any subset of I, and we denote any such tensor
and its corresponding constant tensor field by the same symbol in what follows for simplicity. In particular, this

will be the case for G and w.
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3 Surface Geometry and Kinematics

Let S represent a regular 2-manifold with boundary bS modeled on E, I C R a time interval. A smooth motion or
“flow” of S with respect to E can be represented by a mapping

§:IxS—E | (ts)—p=£(ts) (23)

of I x Sinto F such that &, := £(¢,+) : S — E is an embedding forall¢ € I,and &, :=£(+,s) : [ — Eis C?
for all s € S. By definition, then, £ maps S to a Euclidean 2-submanifold &,[S] C E with boundary b§,[S] C E
ateach t € I. The region R, := (J;c; &[S] C E swept out by S'in E via ¢ is, on the other hand, 3-dimensional.
Basic kinematic quantities associated with £ include the “material” velocity

6 Ix S — V| (t,s) — (6&,) = (6§)(L,5) (24)
and “deformation gradient”
D¢ : IxS — Lin(TS,V) | (t,8) — (D&,) =: (DE)(t,s), (25)

where § represents the total time derivative operator, &, the total time derivative of £, € C%(I,E) att € I,
(D,&,) € Lin(T,S, V) the differential of £, : S — F ats € S, and Lin(T'S,V) := |J, ¢ Lin(7,S, V). As usual,
(24) can also be expressed in the form of the “flow” relation

seS

08 = we o0& (26)

of the spatial velocity field w, of S in E, where (w,<§)(t,s) := we(t,£(t,s)), such that w, represents the
velocity of the “flow” or motion £ of S'in F.

Among the structures on S induced by, or associated with, £, we have an external orientation, represented by a unit
normal vector field

neol: IxS —V | pr—mng(l(ts) = (ngo&)(ts), 27)
which is by definition perpendicular to &, i.e.,
'y =0, (28)
representing the external orientation of S. Here,
§'y = (D) (g08) : I xS — T*S (29)
represents the pull-back of the one-form

associated with 7. In other words, since v/, on ¢ is perpendicular to ths flow, its pull-back has no “component”
“parallel” to £. The condition (28) implies

0=0(Ew) =€ (Lyu) = €' (£yr) = Lou=0 = (Duw=-(Dw)y 6

via (26) and the fact that 81/5 = 0 from (27). Here, L = 0 + £ is the dynamic, and £ is the autonomous, Lie
derivative operator. Further, O represents the partial time-derivative operator. Since G is constant, this last result
is equivalent to

(Dng)wg = _(DwE)Tn§ = —d(nE . wﬁ) + (Dné)TwE = —(dzwsug) + (.DnE)T'w)E , (32)
with (DwE)T =G ‘1(D'w£)*G, the same for (Dng)T, and d represents the exterior derivative operator.

The definition (28) of the external orientation of .S implies that the subspace

V) = (D&)T.S) C V (33)
of Vatp=¢£(t,s) € R, represents all elements of V' perpendicular to 7, (p), ie.,

(D&)TS] = ker 1(p) - 34

We then have the direct sum

V=VteV (35)
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of V ateachp € Rg, where
V- = ima N (p) (36)

p

represents the set of all elements of V' at p € R, parallel to n, (p), with
Nei=ne®y : Re — Lin(V,V) | pr—mne(p) @ 1(p) =: Ne(p) 37)

(see (2)). In what follows, let
I.: R, — Lin(Vg”,V) | pr— I(p) (38)

represents the field on & induced by the inclusions I, (p) € Lin(V,!, V'), and
B.: R, — Ln(V.V)) | pr— B(p) (39)

represents that field on £ induced by the metric-compatible projections F;(p) € Lin(V, V), i.e., (9), with V£H =

UpeR§ V,). Then
Iy =0 (40)

and
Fn,=0 41)

hold by extension of (5) and (11), respectively, to £ via (28).
Since ng is a unit vector field, we have
1 =mn;-ng = (Gng)ng = yn, (42)

via (30), and so
0 =y (Dng) = (Dng)"y; (43)

L.e., 1 is in the kernel of (Dng)*. On the basis of (43), we obtain the decomposition

of (Dny) via (7), where
(Vng) := F:(Dng)I, : R, — Sym(Vg”,Vg") (45)

is the “surface” gradient of n,, equal to the negative of the usual curvature tensor of . Unlike Ng(Dng),
which vanishes on the basis of (28), note that (DnE)N5 is in general non-zero. In addition, it is traceless, i.e.,
tr((Dng)N) = tr(Ng(Dng)) = 0. Note also that

(Dn,)" = [I(Vn,) + Ne(Dn;) " I,] P. (46)
from (44), where NI = NE’ and (9). From this last result, we also have
skw(Dny) = skw (I P,(Dng)Ng) . 47
Lastly, the decomposition (7) induces that
(Dn) = [(Dng) ° €](DE) = [(Dng) o ]I P (DE) = I [(Vng) o (] B (DE) (48)
of (Dn) from the chain rule, the fact that N (D¢) vanishes via (28), (5), as well as (44).
By point-wise extension of (1) to £, 14 induces a representation
w =1 Aoy (49)

of w, where

Q= 1w . (50)

Since v is by (28) in addition the normal one-form field to ¢ in E, one says that the representation (49) of w
induced by v is that adapted to &; in this case, the two-form field o represents in essence the so-called content
form of ¢ (e.g., Betounes, 1986). In addition, if my represents the unit vector field normal to b€ and parallel to &,
such that

te == mne X my (1))
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represents the unit tangent vector to b¢, then tg € ker NE’ or tE = IEPE tg, hold. These unit vector fields induce
the form ‘ ‘
o = pe AT (52)

of oy, adapted to b¢, and so that
W=y A AT (53)

of w adapted to £ and b¢. Note also that (22) extends to
I.P=m;@pu; +t @7 4
for I F; in terms of m, and ¢,.

Now, using Cartan’s operator relation
',{,’:doz—|—zod7 (55)

as well as the result ln Qg = ln In W = 0, we have
£w§n§ o = dzwgng Q¢ +lym, doy = Uyyn, dzngw =1, (div,ng) o (56)
for all time-dependent, linear-space-valued functions 7,/15 defined on &, where
doy = dip w = £n§w = (div,ne) w (57)
follows from dw = 0, (55), and the definition
(divyu)w = £,w = di,w (58)
of the divergence of any smooth V' -valued vector field w with respect to w on E. Since

follows from the fact that w is constant, (44), as well as the fact that Ing(DnE)N is traceless, i.e.,

we then obtain
£u£a£ = £u£zn§w
= alzuE o + L, doz5 (61)

= [divgue + (tu 1) tr) (Vng)] o — tr (V) 1 Aty 0

from (56) and (59), where
(divaue) o = iy, Ot (62)

defines the divergence of a vector field u, on ¢ with respect to o Since 2 Nou Q¢ = 0, and so lu, Q¢ = U1 (Pu,) X
holds, note that only the tangential part u, actually contributes to div,u,, i.e.,

holds in general.
On the basis of (62), we also have the form
/ Tu O = /(divaug) o (64)
b¢ 3
of Stokes’ theorem on &, where the notation
/fa§:I—>R | t— frae = [/fag (t) (65)
3 [P 3
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for any time-dependent function f defined on £, and any P C S, has been introduced. Using (64), we also obtain
the transport relation

6/51&5015 = /gﬁwé(wﬁaf)

— /E(6¢§)a£ + dlwswf o + zwsd(zz;f ag) (66)

- /5 [(O4) + (1) r, (V) + divs ()] e

(e.g., see Abraham et al., 1988, §7.1) for any differentiable, time-dependent, linear space valued function 1/)5 on ¢
via the result vy, d(v 0t )| = g 1, (dee )|, and (61)~(63). This last form of a time derivative associated with ¢
avoids the ambiguity associated with the related concept of “displacement derivative” (e.g., Bowen, Wang, 1975;
Kosinski, 1991; dell’Isola, Kosinski, 1993).

4 Bidimensional Geometry and Kinematics

A bidimensional continuum represents one in which one of the three dimensions is thin in comparison to the other
two, e.g., a shell. The motion of such a continuum relative to .S can be represented by a pair of time-dependent,
scalar-valued fields

hEo€ s IxS — R | (ts)— h,(t,E(ts) = (hfo€)(t,s) (67)
on S, which induce the flows

Co: IxS — E | (t,8)— &(t,8) + hE(t,E(t,s)) ne(E(t, ) =: (. (t, 5) (68)

of the bidimensional continuum on the + and — sides of £, i.e.,

CG=A&, (69)
with

where I - j; is the inclusion mapping of £ into E.

Since the entire remaining development is the same for the + and — sides of the bidimensional flow, we drop
the =+ sub- and superscripts on all relations involving ¢ for notational simplicity in what follows. Noting that ¢
represents, like £, a motion of S in F, we can apply the discussion and results of the previous section for £ to ¢ by
analogy. In particular, in terms of the flow relations (26) and

6¢ = we o( (71)
the total time derivative of (69) takes the form
we = wy + AW, (72)
with
and
Awe = (DA)(wg o A7), (74)
where
is obtained from (70), with
Further, with n, the unit normal to (,
C*I/C =0 an

holds by definition, analogous to (28). Like 14, 1 induces a representation

w=1y Nog (78)
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of w (c.f: (49)), where

ac = anw

(c.f (50)). And with 1 the unit vector field normal to b¢ and parallel to ¢,

tC =N X My

represents the unit tangent vector to b(. These vectors induce the representation

o = pe NTg

of o adapted to b¢, and so that

of w adapted to ¢ and b(.

wW=vApe AT

(79)

(80)

81)

(82)

The formulation of bidimensional balance relations in the next section relies on certain relations between the
dynamic geometries of ¢ and &, which are connected by the relative motion A as given in (69). For example, (69)

and (77) imply that

and so in turn that

&Ny)=0,

Ny = (DA) (10 0) = (10 A) + he(Dng) (1 o A) + 1 (1 0 N) (dhe)

is proportional to 1, i.e.,

with

AV = 1, Ny)y,

i (N'Y) = tHn, (V0 A) + he 11, B (D, (° A)

from (44) and (84). On the other hand, we have

and

N pte =t (N ) Ve + tm (N ) b + 10, (N 1) 7

)\*TC = ng ()\*TC) v+ bm, (A*TC) He + U, (A*TC) Te

in general, where the coefficients

follow from (44) and (84).

(A e) = tHn (B0 N) + het B (Dny)n, (He° )
m, (A1) = 1Em (B o A) + he v, (Vny) Bom, (e © )
w, (A pe) = wHq (e o A) + et (n,) Bt (0 A)
m (AN T) = 1l (T o A) + het P (D, (T 0 A)
m (N T) =t m (T o A) + bt (9n ) Bom, (T2 0 A)
tg()\*TC) = ZHgtg(TCO)\) + he ZIE(VnE)pEt&(TCO)\)

(From (78) and (85), we obtain

and so the expression

Nw =det(DA) w = Ny AN o = (A1) 1 AN

det(DA) = In, lt, Im, (N'w) = 15, (A1) 18, 2m, (N )

(83)

(84)

(85)

(86)

87)

(88)

(89)

(90)

O

for det(DA) from (90) with tp, 24, 1m w = 1. An alternative expression for det(DA) can be obtained as follows.
Let a,b € V be two arbitrary, linearly-independent elements of V. Then

la (AN W)

Y(DX)bY(DN)aW
U, P, (DA\)DUP,(DX)a® + IN (DA)bULP, (DA)a® T UP, (DA)bIN, (DX)aW

cu(a’7 b) V§ + C[J..(a’7 b) IJ‘;E + C.,.(Cl,7 b) Tg

94
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follows from the fact that ln, In W = 0, where

c,(a,b)

U1, P.(DA)bUI P.(DX)a %

U PbU Fale

he {tru (Vne) (11 pbir, PaC) + 11, PbUL P, (Dn,)N,a O + ZIng(DnE)Ngb'LIgP&aag} (93)

+ o+

iF: {detH (Vne) (11 pbr, PaC) + 11, (Vn,) RBU, P.(Dn,) N a O
+ U1, P.(Dn, )N b1, (Vn,)P.a®¢ + ZIEPE(Dng)NgbngPg(Dns)Ngaag} )

is obtained from (12), (13) and (75), and

cu(a, b) = 'H.al {(ZIngng) + h5 [ZIE(Vns)Igngg + ZI£P£(Dn£)N£bT§]}
— tHpbV {(ZIEPgaTg) + he v, (Vn,) PaTe + 'LI§P§(Dn£)NEaT§}} : o)
¢ (a,b) = 'H.,al} {(ZIgl-"&bﬂg) + he [Zlg(Vng)Pgbll'g + 21§P§(Dn5)N€bNg}}
—  H.bY {(Zlgpéaﬂg) + h, [zIE(Vns)Pgall/g + ZIfPs(DnE)NsaFLg]} ;
from (75) and (76). In particular, setting a = m, and b = tg, (92) yields
det(DX\) = zngztgzmg(/\*w)
=t V1), (V1) 1, (V°T) = s, (VT 20, (A 1)) 5)
= Cu(mga tg)
for det(DX) from (91), (93) and In U, tm,w = 1, where
Je = det (K¢) = 1+ hgtr (Vng) + hg det, (Vn,) (96)
and
K, := P.(D\)I; = IVE” +he(Vne) = Re — Sym(V,!, V") 97)

have been introduced.

(From the definition of the adjunct form of a linear mapping, we also have the result
1pla (A w) = det(DA) (D) ™" (tptqw) (98)

which we can use to determine the pull-back A"z, = (D)\)_l(zC o \) of some time-dependent vector field z
defined on ( as follows. First, note that

tmin, (N'w) = . (DA) 77
e (Nw) = e (DA) 7" pe ©9)
i tm, (ANw) = 5 (DA) 7"y

(compare the last two with dell’Isola and Kosinski, 1994, 2.16 and 2.29, respectively) follow from (53), (95) and
(98). Expressing A"z, then in the form

Az = (aez ) e + (oaez pe) Mg + (a2 ) B (100)

relative to £, we have

Werle = Jg Uz 0 N)tmytn, (W)
= J¢ [ (mgme) s n e + € ) 1 o0 g + (Mg M) 1z 00 ]

DYSWTNES jgl Yz 0 A)ln, U, (Aw) (101)
= 0 et me) vs o0 ¥ F Culle ) Uz o 0 e+ Cr (e M) 1z 0 ) T

Iy T = 7! Uz o\, b (ATW)

= Us ol T g [Cu(Meste) ua o Be + Cr (Mg, t) 13 o 1) Te]
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from (92), (95) and (99), where

ngme) = —h U P (Dnon T+ hg U (Vng) Fymg Y P (Dng)n @
Cﬂ<n€’mf) = he {le"&Vﬁ 1 (Vn ) Fom, Te — tHom Ve UL P (Dngn, Te f (102)
C‘r(nf’mf) = Hn VT he {sznsyﬁ Ut (Ing) Bom e = LH m Ve ZIspf(an)"euﬁ} ’
as well as
lteng) = —hetrp (Dngn e + he U P, (Dng)n I (Vno) Fete X
Cu(tﬁ’ nﬁ) = T'Hn MY + h& {ZHftEVE U P (DnnTe — 'Hn Y ZIs(Vné)P&thf} ’ (103)
Cr (tE, nE) = he {ZHgtg’/g UL P.(Dnn Me = VH,n Ve U (Vn )Pt He [
and
Cu(mgatg) = Je>
culme te) = UHm YVt {ZHgmgVE L (Vn )Rt Te — Ht Vg ZIs(Vns)PsmsTf} ’ (104)
cr(me,ty) = —iEe v+ he {ZHsmgyg U, (Vn,) Pt He = VH t Ve Z1'£(Vn£)195m51i5} ;

are obtained from (93) and (94).

5 Bidimensional Balance Relations

Let X : I x B — FE represent the motion, and v the corresponding spatial velocity, of a material body B in E,
such that §X = v ¢ X holds, where J represents a variation in time, i.e., the total time derivative operator. The
general balance relation for some additive thermodynamic quantity with spatial density 1, production rate density
m, flux density ¢ (into X), and supply rate density o is given by

6/ww=/7rw+/ z¢w+/aw, (105)
X X bX X

where we have introduced the notation

/wa; [— 27 | t|—>/Xt[P]wtw:: (/Xz/)w>(t) (106)

for the integral on the motion or flow X of any subbody P C B, analogous to (65). Note that ¢, 7 and o are
time-dependent fields on X taking values in some normed linear space Z, while ¢ is such a field taking values in
Lin(V*, Z). With the help of the transport relation'

5 / o = / £,(bw), (107)

/ z¢w:/dz¢w:/£¢,w, (108)
bX X X

(105) can be expressed in the alternative form

as well as Stokes’ theorem

/ L,(Yw) = /[mu + Lyw +ow] . (109)
X X

Via continuity of the integrands, then, (109) takes the local form

L,(Yw) =1w+ Lyw+ow, (110)

I'The appearance of the dynamic Lie derivative of 1) in (107) is based on the fixed linear space structure of Z, with respect to which it is
equal to the material time derivative of ).
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with which we work in what follows. To show that (110) corresponds to the usual general local spatial balance,
note that?

L, (Yw) = (Y)w + £, (Yw) = [(0¢) + div, (Yv)]w (111)

via (58) and the relation £, (yw) = £,,,,w, which follows from the identity £,, (V7) = £, + 2 [(d¥)) A 7],
valid for any differentiable r-form « ( < 3 here), differentiable vector field u, and volume form w. From (58),
we also have

£¢,w = digw = (div,¢)w . (112)

Substituting (111)4 and (112) into (110), we obtain
Y+ (dive) =7 +dive + o , (113)

i.e., the usual form of the general local balance, with 1/} = 0y + (D)v, and div = div,, the usual divergence
operator in F.

The usual form (110) of the local spatial balance relative to the material motion X with time-dependent velocity
field v can be expressed relative to an arbitrary (not necessarily material) motion with time-dependent velocity
field uw as follows. First, note that the linearity of the dynamic Lie derivative operator

L, =0+ £, (114)

yields the relation

L, =Ly, +£ (115)

u—v

between such operators with respect to v and w. Combining (110) and (115), we obtain the alternative form

L,(pw) = L,(Yw)+ £, ,(Yw)

(116)
= 7w+ Jggow +ow
of the general local balance (110) relative to the motion associated with w, where
p=¢Y(u—v)+o¢, (117)

follows from £, (Yw) = Lypyw = diypyw via (55), and dw = 0. It is worth emphasizing that (110) and (116)
are simply two different mathematical forms of the same physical balance relation. In the latter case, however, the
“extra” flux ¢ (u — v) appearing in (117) can be used to represent the process of diffusion, where u represents the
velocity of the diffusion “front,” as we will see in what follows.

The general balance relation relative to the bidimensional flow to be developed next is based on the corresponding
flow geometry

¢ = (UEUC,
b = b°C UbLUBC 11s)
W, = U,
b = b UG,

relative to S, where b°(, represents the “outer” boundary, b(, the complete boundary, and b°(, the two sides, of
(., while b°C, represents the “top” of ¢, and b°(_ the “bottom” of (_. On the basis of (116) and (118), then, the
general balance relation relative to the bidimensional flow takes the form

6/1/1<w:/7r<w+/upw+/crcw. (119)
¢ ¢ o C ¢

(From the structure (118); of the bidimensional flow (, we have

/wcw:/ ¢<w+/ Yhew, (120)
¢ ¢ ¢

2As in (107), the fixed linear space structure of Z is used here.
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and likewise for m and % via the fact that £ has volume measure zero. Now, with the help of Fubini’s theorem,

(120) can be rewritten in the form
he
Jrew = [ ] x e
¢ h

// (A7) (Xw) (121)
// N v N oxg
= /Z/Jsag

nt
4y = / e n (122)

he

via (52), (90) and (95), where

represents the “normal average” of ¢/, relative to . Note that the integrand in (122) is given by jgi (Ai@/’q) in the
+ regions of C, respectively. Similar expressions hold for 7. and o;. The appearance of the pull back in (121)
accounts for the relative motion between ¢ and &.

/ Z¢Cw:/ z(,ocuH—/w p W, (123)
b¢ b°¢ b°¢

which follows from (1 18)2, 5 and the fact that b¢ has area measure zero, where

/b“( upcw:/bcc z(pcw—l—/bcc Lp w (124)
. _

/S upcw:/s z¢<+w+/s 2<P{w, (125)
¢ boC, ¢

the general flux ¥, relative to ¢, in analogy with (117). With the result

/ wpw = / (Zcp< v) o
bC, “Cy

- /E Xl 2) e (127)

= /5.75i (ZX;LP(Vg) @

Consider next the result

and

with

via V4|b“Ci =0, (90) and (95), where

follows from (72) and (126), we have

/ e /E 0 (xe o) + ¢ (e o, e (129)

for the flux integral along the “top” and “bottom” of the bidimensional flow. Similarly,

/Scz%w = /bsc(upcuC)TC/\VC
he
= /%/ A (v, mae) 7 N ] (130)
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using fo |
I p, ()\*'LLC) = In, ()‘*NC) P Vet i, ()\*NC) I, Mg + 1, ()‘*'U’C) P, T (131)

of ¢ AP, ()\*uc) on &, the relation (95), and the fact that 2-forms vanish on b€, (130) simplifies to

/S Z(pcw = / Z¢Sa§
b%¢ be (132)
= /(diva(PS)ag ,
3
via (64), where

h

R SIS (133
-

3
is the “normal average” of A*¥, on ¢, and the weighting

ke tn (A1) tam (A7) 26, (A" )

= 1Hn, (4 oA) tH,m, (T 0 ) ta e, (e ° A)

he UL, B, (Dn)n, (VC o)\)[szmg (o) + UH 2, (“C o\)]

he i1, (vng ) Pom, (7o Mlemge, (Be o A) + 10,70, (40 N)]

he tr, (vn Bt (B o N [tH 0, (U 2 A) + 1 m, (70 A)] (134)

hE ve,m, (T © ) tr, (vng) Bt (e © ), yn (10 )

+ + + + + o+

)

hg ZH ( C )\) (Vng)Pm ( )ZI (V'ng)Pt (IJJCO)\)
°A)
A)

h5 ’LHEtg(HC A)ir P(Dng)n( U (Vn)Pom, (77;0/\)
+ W B (ongn, (V0 N) U, (90 Bom, (T 0 A) 1 (vn ) Bt (M © N)

represents the effect of the dynamic side geometry of the bidimensional flow on the averaged flux density via (86)
and (89). Substituting the expression (128) for /\*‘,0C into (133), ¥, takes the form

o =% (g — ) + & (135)
via (122), where
hé nE
LA {/h kﬁ ()‘*¢C) V{} we + /]17 (.75 + /415) /\*(wc'w/\) v (136)
¢

3
is a surface flux of the averaged thermodynamic quantity in question due to the bidimensional motion, while the
fluxes ¢, and 1, v, are defined analogous to ¥, in (133).

Lastly, the form (121) yields the transport relation
5 /C Yo = /E [(O42) + (tan, 1) 1, (Vng) th, + dive, (t000)] g (137)

via (66). Substituting (123) with (129) and (132) into (119), then, we obtain the local form
(3%) + (Z‘wE V{) tru (V'I’Lg) ¢s + diVoz (¢svs) = Ty + diva(¢s + 75) + [[.75 (ZA*SDC V{)H + Ty (138)
of the general integral balance relation (119) adapted to the flow of the bidimensional continuum, where
(-, v)] := 3¢ (an o, 1) + ¢ (ia- o, 1) = JE(NLPe) L — 5 (A) (139)

is the usual “jump” bracket, and
Py — ¢sw£ =% + ¢ — g (140)

holds via (135). On the basis of (63), only the surface divergences of the tangential parts of Y v,, ¢, and
contribute to (138), e.g.,

I P ¢, = (19, 7) te + (1 1) M (141)
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In addition, we have

[ (ne o )] — (v 1)t (V) ¥ {[[jf(/\*wc)]] — tr”(VnE)wS} (v, )
[[Jg (A*¢g) (ZA*(w)\va)Vf)]] (142)

[[Jg (Z/\*¢< Vg)]]

+ o+

from (128).

As an example of (138), consider the simplest case, i.e., mass balance. In this case, we have ¢, = g, m = 0,
¢, = 0 and g. = 0. Substituting these choices into (138) yields its reduced form

(895) + (ng’/g) tr||(vn§) Os + diVa(QSUS) = divoﬂ’s + [[]5()‘*Q()(zws+>\*(wx—v<)yg)]] (143)
via (128), where the surface flux

hé hé
Y = {/h_ ke ()\*Qg)llg} we Jr/h_ (Je + ke) A (0cwy) 1 (144)

3 3

is, even in the case of mass balance, in general non-zero, and represents a contribution to mass balance on the sur-
face due to mass diffusion in the system that arises because each distinct part of the boundary of the bidimensional
region identified above moves relative to the other parts as well as to £&. Note that, if we let the thickness of the
bidimensional region go to zero, (143) reduces to

[o¢ (1w, —v, )] = 0, (145)

representing the classical mass jump balance relation across £. Clearly, the other balance relations can be reduced
to their classical jump relation counterparts in a similar fashion.
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