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Arbitrary Penetration of a Rigid Axially Symmetric Indenter into
an Axially Heterogeneous Rigid-Perfectly-Plastic Half-Space

A. Kravchuk, Z. Rymuza

This paper is concerned with the axially symmetric plastic flow of an axially heterogeneous rigid-perfectly-
plastic nonhardening half-space. The directions of heterogeneity coincide with the axis of symmetry of indenter
and the radial direction in cylindrical frame of references. The arbitrary depth of penetration of the rigid
indenter is studied on the basis of the Haar and v. Karman hypothesis. The analytical distribution of contact
stress is obtained. It allows for taking into account the local adhesion of an indenter surface and the surface of
the half-space. The conical indenter is investigated as a particular case. The dependence between the applied
force and the penetration depth of the conical indenter for several cases of heterogeneity is determined.

1 Introduction

Many numerical investigations of plastic flow of heterogeneous ideally plastic bodies have been made (Olszak
W. et. al., 1962; Grigoriev O.D., 1969). The basic equations of axially symmetric plastic fields are well known. It
has been shown that these equations are statically determined when the Haar and v. Karman hypothesis is
satisfied (Grigoriev O.D., 1969; Ishlinsky A.J. et al., 2001). But the approach of analytical solution of axially
symmetric contact problem has been applied only to initial plastic flow of homogeneous half-space (Kravchuk
A.S. et. al., 2005).

This paper deals with analytical solution of the contact problem for an arbitrary penetration of a rigid indenter
into an axially symmetric heterogeneous half-space. We determine the analytical distribution of contact stress for
an arbitrary axially symmetric rigid indenter taking into account the variation of the yield stress in the meridian
plane. The conical indenter is considered as a particular case. The value of the Meyer hardness and the applied
force are determined by the depth of penetration of a conical indenter. The influence of heterogeneity on the
hardness and the value of applied force has been investigated

2 Statement of the problem. Preliminary transformation of equations

The contact problem can be conveniently studied with the help of cylindrical polar co-ordinates (r, o, z), where

0z is the axis of symmetry of bodies (Figure 1). The surface of the half-space in the plain zOr after indenter
penetration is determined by the equation (Kravchuk A.S. et. al., 2005)

z=f(r)

where f{r) is an equation of hafl-space surface. It is a differentiable function for r e [0,a)U(a+x),

f'(r)<0 when re[0,a) and f'(r)= @ =0 when r € [a,+x), a is the radius of contact area (Figure 1).
r

The stress distribution in the half-space involves the four stress components o,.(r,z), 64(r,z), 0.(r,z),
7,.(7,z). The circumferential stress o, (r,z) is a principal stress. These components satisfy the equation of
equilibrium (Shield R.T., 1955; Grigoriev O.D., 1969; Ishlinsky A.J. et al., 2001)

00,(r,z) N 0t,,(r,z) N 6,(r z)—0cy(r,2) _0
or 0z r

>

(1)
6rrz(r,z)+6az(r,z)+rrz(r,z) _
or Oz r

0.
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Figure 1. Plane section of contact of an axially symmetric indenter

Let us use the conditions of “full plasticity” for a heterogeneous body at the form (Grigoriev O.D., 1969)
Gl(r,z)=G3(r,z)—2~K(r,z) ) (52(1",2):(53(}",2)

where 0,.g5(r.z) is a component of a principal stress, K(r,z)=0,(r,z)/2, o,(r,z) is the yield stress. The

following equations are valid (Olszak W. et. al., 1962; Grigoriev O.D., 1969) (Figure 1)

6,(r,z)=0o(r,z)—K(r,z)- sin(Z -a(r, Z)) , 6,(r,z)=0o(r,z)+K(r,z)- sin(2 -a(r, Z)),

(2)
6y(r,z)=0o(r,z)+K(r,z), T, (r,z)=K(r,z)- cos(2 ~a(r, z)) s

where a(r,z)=@(r,z)+n/4 (Shield R.T., 1955), a(r,z):é(al(r,z)—i-@(r,z)) (Grigoriev O.D., 1969;

Ishlinsky A.J. et al., 2001), ¢(r,z) is the angle between a direction Or and the first principle stress (Figure 1)
(Shield R.T., 1955).

Let us consider the function a(r,z). It is defined on the contact surface by the boundary condition

alr, flr)=y(r)+o(r), 3)
where (Figure 1, 2)
o :3—ﬂ+u/(r), ref0,a),
o(r)= § ()

. T
0" ==, refa»),
y [a,®)
y . . . , d
y(r)= arctg( f (r)) is the angle of the tangent slope to the surface of indenter (Figure 1), f'(r )=d— f(r),
r

w(r)e [0,m/4] is a variable angle which is defined by the direction of plastic shear in the contact area. The
variable angle y () allows for taking into account the local adhesion of an indenter surface which contacts with

a half-space surface. It is supposed that f'(r)=0, when [a,).
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Figure 2. Orientation of principal stress on the free boundary (Shield R.T., 1955)

Substituting (2) into (1), we obtain the following system

% -2-K(r,z)- cos(2 o7, z))% —2-K(r,z) sin(z a(r, Z))M ~
g r
—M(l+sin(2-a(r, z)))+

+ {(i K(r, Z)j -cos(2-a(r, z))—(i K(r, z)] . Sin(z o7, z))} =0
Oz or

(5)
% ~2K(r,2)-sin(2- “(r’z))% +2-K(r,z)-cos(2- Ot(r,Z))—a wur.2) ,
Z r
+ Mcos@ . (x(r,z))+
r
{(QK(V, z)) : cos(2 o7, z))+ (i K(r, z)) . Sin(2 -, z))} -0
or 0z
Having made some transformation in system (5) we get the equation
{66((; ,2) ac(r 2) o )}
»
-2-K(r, z)[{cos(2 o(r, z))+ sin(2 o(r, z))- f'(r)}% + (6)
/s

+{sin(2 o(r, 2)) - cos(2 a(r, 2))- f'(r )} olr, Z)} +F(r,z)=0
where
F(r,z)= -@(1 +sin(2-a(r,2)))+ ((g K(r,z)) -cos(2-a(r, z))—(% K(r, z)) -sin(2- a(r,z))j +
+ {@ cos(2-a(r,z))+ (g K(r, z)j -cos(2-a(r,2))+ (a% K(r,z)j -sin(2 .a(r,z))} - f(r).

Taking into account (3) after some permutations we obtain the equation
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{86(}”,2) +6a(r,z)
o Aepr) N P
—2-K(r, £(r))-[lcos(2-y(r))+sin(2-y(r)) f'(r)}-cos(2-w(r)) -

iy )-(£r)) ! = cos(2-y(r )} £10r)-sing 2 o(r ) 24EZ

-f”(r)}-—

+
z=f(r)

—Z-K(r,f(r))-[{xin(Z-y(r))-(f’(r))ﬁj —cos(2-y(r))}-f’(r)-cos(2-a)(r))+

+{cos(2-y(r))+sin(2-y(r))-f'(r)}-sin(2-w(r))]-% +F(r,f(r)):0,
z=f(r)

rel[0,a)u(a,©)

The following equalities are valid

cos(2-y(r))+ sin(2 -y(r))-f’(r) = cos(2-y(r))+2-sin(y(r))-cos(y(r))- tg(y(r)) =1
sin(Z-y(r))- (f'(r))_l —cos(2-y(r)): sin(Z-y(r))- arctg(y(r))—cos(Z-y(r)) =1

Therefore

+6a(r,z)
0z

oo(r,z)
or

-fn%—
z=f(r) z=f(r)
da(r,z)

or

+
z=f(r)

+F(r,f(r))=0,
=1(r)

—2-K(r, f(r))-{cos(2-o(r)) = f'(r)-sin(2-o(r))}

—2-K(r,f(r))-{f’(r)-COS(Z'w(’”))+Si”(2‘w(r))}- 60(;;,2)

Taking into account the results of Kravchuk et al., (2005), we can consider additional equation

}=—c@(wn¢499%ﬂfi
=/(r) d

Using (6), (7), we obtain that the function o satisfies the differential equation on the bound of half-space

N oo(r,z)

'(—fl(}"))-i- 8a(r,z)
oz

{606(1’,2)
oz

o f'(r)}- (7

z=f(r) z=f(r) z=f(r)

? +2K(r, f(r))-d—“ =—F(r, £(r)), re[0,a)U(a,o). (8)
r dr

Taking into account (3) and (4) after transformations we obtain the solution of (8)

o ==2-K(r.f(r))-a(r.f(r)+(cla f(a)+2-K(a f(a))-a(a f(a)))-

—J'F(r, Fr)Yr+ 2J' (% K. f(r ))j ca(r. f(r))dr.re[0.a)
where G(a, f (a)) is a constant.

It is known that o, =0 when re/a,o). Therefore we obtain the boundary condition from (2) and (4)
(Shield R.T., 1955; Ishlinsky A.J. et al., 2001)

cr(r,O) =-K(r,0), refa,») 9

Hence cr(a, f(a)) = —K(a, f(a)) = —K(a,O).
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Thus (3), (4), (9), in the area of contact we obtain the following equation

T

Jz(r,f(r)):—2-(arctg(f’(r))—l—%r+l//(r)j.K(r,f(r))+2-(?_éj-K(a,f(a))—

—J.F(r,f(r))dr+2~j(arctg(f’(r))+37ﬂ+w(r)j-(%K(r,f(r))j dr +

(10)
. , 3
+sin| 2-| arctg(f (r))+7+l//(r) K(r, f(r)),
ref0,a)
The applied force F is determined by the equation (Ishlinsky A.J. et. al., 2001)
FZZ?TJ.(—O'Z(V))'VdF (11
0
Taking into account (10), (11), Meyers hardness (HM) is defined by the following equation
HM:%:%(ZnI(—aZ(r))-rdr} (12)
ma~  ma 0

3  Conical Indenter

The boundary of conical indenter is determined by equation:
f(r)=1g(B)-r+A.

In this case f'(r)=tg(B), where B is the negative angle between the element of the cone and the direction Or
(Figure 3). The penetration depth of indenter is determined by the condition f(a)=0 (Figure 1, 3). It means
that the depth of penetration A is defined by equation (Figure 1, 3)

A=—ig(B)-a.

It is supposed that v (r) =y , where v € [0,71/ 4] is a constant. In this case equation (10) can be simplified

T

o.(r.f(r)==2 -[ﬁ +37”+wj K(r f(r))+2: (; —éj K(A(~g(B)O)= [Flsr)r+

A/-tg(B))
42 [ﬁ +37”+wj (K £ (r))- K(A/~tg( B .0))+ sin(z : (ﬁ +37”+ij K(rf(r),  (13)
re[0,A/(~tg(B )

where
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E(r.f(r)= _(“'51'”(2'([3 +37ﬂ+ll/jj—cos(2-(ﬂ +37ﬂ+v/jj-tg(ﬂ)J—K(r’f(r)) +
r

+COS(2'(ﬁ +3TE+WJJ‘(§K(1’,Z)) s —sin[Z-(ﬁ +37ﬂ+l//jj"(a—arK(r,z)j

+tg(ﬂ)-cos(2-(ﬂ +3—n+l//D-(iK(r,z)j
4 or

+tg(ﬁ)-sin[2-(ﬁ +3TH+I//D~(§K(r,z)j

re[0,A/(=tg(B))

+
z=f(r)

+
z=f(r)

5

z=f(z)

Figure 3. Conical indenter

The hardness and diagram F /A (force/(penetration depth)) have been determined in some cases of
heterogeneity. The periodical variations of yield stress in direction 0z have been considered (Figure 4, 5, 6)

o,(rz)=2-K(r,z)=2-K(z)=2-K_-(1+p_ sin(1.-z)). (14)
The decreasing of yield stress in direction 0z has been investigated (Figure 7, 8, 9)

G, (rz)=2-K(rz)=2-K(z)=2-K, -(1+vz -e‘@‘f’j. (15)
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Figure 4. Periodic variation of the yield stress o, (14) (K, = 10° ):
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Figure 5. Variation of hardness of surface (12) in the case of heterogeneity (14)

(K.=10%, y =5 /4,B=0.01-7 (13):1.- u. =051, =200
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3,25E-05 1,63E-04 2,92E-04

Figure 6. The diagram F /A (force/(penetration depth)) in the case of heterogeneity (14)

(K. =10°, y=n/4,B=-01-7 (13): 1.- u. =054, =10000.

2o m0sa, 230000 5 g5 100000 sy - 50000
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Figure 7. The decreasing of yield stress in direction 0z (15) (K, =1 0%)
1-v.=05¢& =10°;2-v.=05¢&. =10%,3-v, =0.5&. =10°
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Figure 8. Variation of hardness of surface (12) in the case of heterogeneity (15)
(K.=10%, B =—]”—0,vz =05y l-y=n/4E =10°;-y=n/4,E =10°;

3o-y=n/4E =104 -y=0& =107;5-y=0& =10%6.-y=0¢&, =10°
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Figure 9. The diagram F /A (force/(penetration depth)) in the case of heterogeneity (15)

(K. =10%, ﬁ:—]”—O,vz =05)1.-y=n/4E =10°;2.-y=n/4E. =10°;

3o-y=n/4E, =107 ;4.-y=0E=10";5. -y =0,&E.=10%,6.-y =0,E. =10°
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4 Conclusions

An arbitrary penetration depth of a rigid indenter into a heterogeneous half space has been studied based on the
Haar and v. Karman hypothesis. The analytical distribution of the contact stress has been obtained. It allows for
taking into account the local adhesion between the indenter surface and the surface of half-space. The conical

indenter has been investigated as a particular case. The dependence between the applied force and the penetration
depth of the conical indenter for several cases of heterogeneity was determined.
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