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Modelling of Plastic Anisotropy and Plastic Volume Change

W. Ripplinger, M. Schultz, M. Hein, H. Ismar

An anisotropic material law for metallic materialsis presented which is able to describe plastic volume changes
in the elastic-plagtic transition area. The modelling includes a mixed isotropic-kinematic hardening rule. The
strategy of evolution is used to fit the material law to yield loci of X5CrNi18.10. The additional extension of the
model by anisotropic hardening permits the description of the deformation anisotropy. Finally, the plane
compression of a thick cylinder is used to show the effect of the material law used. Therefore the outer radiusis
equally reduced and the deformation behaviour of the inner radiusis observed.

1 Introduction

Nowadays many metal forming processes can be simulated with the aid of computers. Such a simulation always
works with models that alow only an idealized description of reality. Thus, it is important that the modelling
should represent the real behaviour of the material used as closely as possible. For the application, the flow
potential of v.Mises (1913) is that which is nowadays mostly used. It assumes that the material properties are
independent of the examined direction (isotropy). Thus, the real behaviour is represented too imprecisely. Many
metallic materials show a more or less distinct mechanical anisotropy. To predict the forming behaviour of these
materials an extended anisotropic material law is required.

Furthermore, examinations of X5CrNi18.10 have shown a plastic volume change at the starting point of plastic
deformation in uniaxial tensile tests (Ismar, 1987). Also the flow potentia of v.Mises cannot express this
behaviour. In the current study an anisotropic flow potential is presented which can describe the dependence of
the direction of deformation as well as the plastic volume change at the elastic-plastic area of transition in amore
natural-like manner.

2 Fundamentals of Constitutive M odelling

To describe the plastic yielding at one point of a metallic material, the continuum mechanics uses the flow
potential F(oy;) , which has the value of a scalar. The flow potential depicts the transition from elastic to elastic-

plastic behaviour with the help of the flow condition:
F(oy;) —f(o; ) = const. (1)

In equation (1) the multiaxial state of stress is compared to a function that depends on the uniaxia yield stress
o; . The flow condition can be graphicaly interpreted as the yield surface in the principal stress space. The

vectors of stress ending within this surface mean an elastic behaviour of the associated point of the material. A
state of stress which is exactly on the surface causes plastic deformation. If the centre of the subsequent yield
surfaceis moved by ¢;; compared to theinitia surface (kinematic hardening), the reduced stress

sj =0 =4 ©)

will be used in eguation (1) instead of the stress coordinates. Most of the metals can be described by a flow
potential in the form of

F=F(I5,1$) = const. @)

Here 15 =s; is the first invariant of the tensor s and |§ :%(sIj §;) the second invariant of the deviatoric

reduced stress s with s; = —%skk Jjj -
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The plastic strain increment d.sijp islinked to the stresses by the potentia flow rule:

oF
deP =dA —
! 00; 4
The nonnegative scalar proportionality constant dA depends on the deformation history for potentials that have a
form asin equation (3).
The most used description of the plastic behaviour of metals is the isotropic flow potentia of v.Mises (1913).

Combined with a potential level (isotropic hardening) that depends on the equivalent plastic strain &), the yield
criterion is obtained by considering the kinematic hardening:

F=4315 -0 (&) =0 ®)

The increment of equivalent plastic strain de” is determined by comparing the differentials of the dissipated
plastic work of the uniaxial and the multiaxial loading cases:

o dsi]-p =gy [teP (6)

In the principal stress space equation (5) defines an indefinitely long circular cylinder whose generating lines are
parallel to the space diagond (o, =0, =0,,). With this, the v.Mises potential assumes plastic volume

constancy during plastic deformation.

An improved modelling of plastic compressible materials is made possible by the isotropic transition flow
potential. This comprises the hydrostatic pressure which is described by the first invariant of the stress tensor
(Mahrenholtz, Ismar 1979):

ald +1S
F= 1 12_Jf =0 (7)
0L+§

The scalar internal function o is aways positive (convexity of the yield surface) and depends only on the
equivalent plastic strain &. This potential results in the principal stress space in an ellipsoid of revolution
whose semi-major axis is identical to the space diagonal. a declines to zero even under small equivalent plastic
strains & . Consequently, the yield surface geometry progresses with increasing plastic deformation from the
elipsoid of revolution into the v.Mises cylindrical yield surface.

A well known anisotropic flow potential was developed by Hill (1950). It refers to the orthogonal anisotropy. On
the basis of the potential of v.Mises (equation (5)), Hill also uses a quadratic structure. In the principal stress
space it hasthe form

F=a s, _5|||)2 +3a, [{s, _5|||)2 +a3 (s, _5||)2 -o? 8

with the constants a;, a,, a3 describing the anisotropy, the reduced principal stresses s, s, 5, and a stress of
reference O .

As described in (Hill, 1979) Hill replaces the quadratic exponents by the exponents m, thus making a better fit of
the potential equation (8) to some experimental data. Furthermore he expands the potential by adding the
deviator stresses of the principal directions. Each of these is weighted with its own coefficient of anisotropy

8y, 85, 85
F=a s —si)" +a, s —s)" +ag s —s)™ +a, [{2s, -5 —sp)" + )
+a; (25, -5 —s)" +as (25, -5 - §)" - "
To avoid modulus in equation (9) there will be arestriction to whole-numbered and even-numbered values of m.

For an anisotropic flow potential, Barlat (1991) avails himself of the isotropic potential of Hosford (1972). He
replaces its isotropic deviator stresses by the appropriate anisotropic deviator stresses:

F= (s =S+ (8 =S+ (S )" -2 4o
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with
s :%((%‘*Cz) 5 —C3 L —C, E‘15|||)
S :%(_03 [$ +(c, +¢3) 3 _C1E$III)

ST :%(_Cz (8 —Cy By +(Cy +6,) 5
C;, Cy, C3: congtants to describe the anisotropy

(11)

Kardfillis and Boyce present in (Kardfillis, 1993) an extension of the flow potential equation (10). They
supplement the potentia by a second term via a weighting factor c:

F=@-0) s -$)"+(S -$)"+ (S )"+
3m
I —— s "+, +s")-20"
Zm_1+1[(5| ] 1l )

To describe the plastic anisotropy in the present study, another extension of equation (10), as was developed in
(Barlat, 1995) will be used. This potential law includes the plastic volume constancy and is described in principal
stresses by

(12)

F=a s -s,)" +a, s -s)" +a3 s —-,)" -20" (13)

with the anisotropic deviator stresses of equation (11). With the six anisotropic coefficients (ay, ay, as, €1, Cy, C3)
and the exponent m, this potential can easily be fitted to experimental data. In (Barlat, 1995) equation (13) is
presented as a six-component yield function. The shear stresses are weighted by their own anisotropic factor.
The general stress state equation (13) can be expressed as

F=a @"+a, ;" +a; 03" +a, ) +a; By +ag Bz -0 (14)
with

f1=5 =) =3 ((co +20) By~ (01 + 205) B + (6~ C) [Bi35)

f, =9 —sy :%((02_03) [$); +(2¢, +¢3) (5, _(201+C2)@3) (15)

fo =iy =8 = 5 (20, +3) By + (g = 1) By + (01 +26;) (o)

To describe the plastic volume change at the beginning of the plastic deformation as well as the anisotropic
behaviour of the material, the first invariant of the stress tensor will be added to equation (14) analogously to
equation (7). The stress of reference ¢ isidentical to the yield stressin the direction of e,. Thus the anisotropic
transition flow potential is

ani/(a'E‘ﬁi)m+al[ﬂlm+a2 @) +a3 03" +a, (3 +as (53 +ag 35 -7 (16)
a'™+f,(5,q)

with the analogous scalar internal function @’ (which is described in detail in section 4) and
1
fa(a,) = o e, +200)" + 2, 20, + )"+ 2 ey =)") an

For the anisotropic transition flow potential, the scalar proportionality constant dA introduced in equation (4) is
identical to the increment of the equivalent plastic strain de” . This can be deduced with the aid of equation (6).

The increment of the plastic volume strain, derived from equation (4), is

-1
rm
d_V:dgiingdgva — a Si Hﬂ (18)
V a’ +f4(ai,Ci) V(Sij)H

with the following equivalent stress:

o,(sj) =”§/(a'$i)m+alm1m+az B +a, 3. +a, (3 +as 50 +a B0 o

a'™+f,(a,0)
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3 Hardening

In addition to a suitable flow potential a capable hardening law is necessary for alifelike modelling of the plastic
material behaviour. There are various different types of hardening.

Isotropic hardening is characterized by a mere enlargement of the yield surface. In doing so, it maintains its
shape, location and orientation in the stress space. With this type of hardening the stress of reference @ in the

yield criterion is described by the equivalent plastic strain & :
o,(0;)-(&))=0 (20)

In this case the progression of ¢ isidentical to that of the yield stress which can be described with (Hopperstad,
1998):

o¢ (&) =050 + Z Gi E@_e(_r' =) E (21)

The number of termsin equation (21) is arbitrary, but normally it is sufficient to use i = 2. The constants g; and r;
describe the hardening of the material.

The geometry of the yield surface remains the same during the plastic deformation, if the kinematic hardening
law isused. There is a straight movement of the yield surface. Then the yield criterionis

o,(sj) =010 =0 (22)

with o; o = const.

A few theories exist concerning the direction of the movement of the surface. The approach by Ziegler (1959) is
used in the current study. Accordingly the translation is in the direction of the reduced stress s;, which is the
connection of the centre of the yield surface with the current point of stress.

The mixed isotropic-kinematic hardening rule takes both parts into account. Therefore, the positive mixed
hardening parameter & is used to represent the ratio of isotropic hardening to the total hardening as a function of

the actual equivalent plastic strain & . Thus, the yield criterion has the form
gy (Uij =Jj (5vp))_ o(&)=0 (23)
with

a(&)) =¢ oy (&) (24)

_H9% 090 p 3
dd;; -E';agvp EH]Y‘?V 907 (25)

The experimental study of the mixed hardening parameter shows a dependence of the equivalent plastic strain
and can be represented by

flep)=1-6 -t gy -t (26

and

4 |dentification of the Parameters

The parameters of the material law are obtained for the corrosion resistant austenitic steel X5CrNi18.10 using
experimental ascertained yield loci. The used thin-walled tubular specimens are annealed at 860°C for two hours
(solution annealing) and then slowly cooled in the furnace. The Vickers hardness of this annealed steel isin the
range of 161 HV20.
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Similarly to the isotropic transition flow potential, the parameter @' declines to zero under small equivalent
plastic strains (Figure 1). The curve can be approximated by

o'(ep )= 07113 500=) @7)

1
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
equivalent plastic strain [% ]

Figure 1: Scalar Internal Function @’ (X5CrNi18.10)

The part of the flow potential responsible for the plastic volume strain, also disappearsif a = 0. The closed yield
surface then progresses into a cylindrical yield surface. During the subsequent plastic deformation the material
shows plastic volume constancy.

After the unloading and a subsequent plastic deformation of the material, it can be seen that the value of @’ is
again greater than zero. But the value is less than that of the first deformation. In the elastic area, the yield
surface again progresses to a closed convex surface. Figure 2 shows the scalar internal function @' during a
periodicaly elastic-plastic swell loading.
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Figure 2: Scalar Internal Function during a Swell Loading (X5CrNi18.10)

To describe o the current value of the equivalent plastic strain and thegl, existing at the unloading are
required:

a' (svp , 5\}’0): al (5\}’0 )Ee("smvp) (28)

where sis the decay constant and ay (gv%) the launch value according to

@ 68)= o + 1 (67 (29
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Equation (29) shows that the launch values do not decline to zero, but there remains a plateau level ky at a
sufficiently large plastic deformation. The nondimensional material parameters s and k; are summarized in
Table 1.

S ko kl kz
X5CrNi18.10 | 53000 | 0.2663 | 0.445 | 350

Table 1: Parameters for Describing the Scalar Internal Function o'

With the aid of some stress-strain-curves the yield stress curve equation (21) is obtained. The unknown
parameters qi, O», 1, > (i = 2) are determined by means of an optimization method, the strategy of evolution
(Table 2).

Oro [N/MM?] | g, [N/mm?] | rq[] o [N/mme] ra[ ]

X5CrNi18.10 141.3 77.65 303.3 57.42 18291

Table 2: Parameters for Describing the Yield Stress Curve

In order to study the hardening of the material, the tube specimens were deformed with uniaxial tension or
compression to a greater or lesser extent. After unloading, another uniaxial deformation causes an axial stress g,
in the wall of the tube. An additional internal or external pressure generates a circumferential stress g;. Thus
there is a biaxia state of stress in the wall of the tube. By this means, various points of the yield locus in the
0,-0, —plane of principal stress are obtained. Every point is the result of the average value of three
experiments. The degrees of deformation used are 0% (S), 20% (T1, C1), 33% (T2, C2) and 55% (T3) above
Oig-

For the determination of the mixed hardening parameter &, the experimental uniaxial yield stress of tension ()
and compression (oic) isrequired for every degree of deformation (Figure 3).

0||A

OiTex

Q|

] >

Q|

o

(o] fce®—

Figure 3: Yield Stress of Uniaxial Tension and Compression
with Preceding Tensile Deformation

The displacement of the centre point of the yield surface isin the direction of the external load. Consequently the
centre point bisects the line between g and gic. Thus, with the aid of these stresses, the absolute value of the
vector of displacement £ and the stress of reference 0 can be obtained. The latter is identical to the distance
between the centre point and one of the yield stresses.

5:%(ka ~kic)

1 (30)
1§1=¢, zj(ka +Kic)
The mixed hardening parameter & of an undeformed specimen is (equation (24)):
-9
&= - (31)

To obtain the appropriate equivalent plastic strain, equation (21) is required together with the corresponding
value of g;. Again the unknown parameters & of equation (26) are determined via the strategy of evolution:
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£lep)=1-0005 (- e 2% F-0.7045 07 -0 32)

Figure 4 shows the comparison of the experimental data and the appropriate yield loci obtained with the potential
of v.Mises. It should be noted that the distance between the yield stress in the direction of the loading and that
after reversal of the loading visibly shrinks as a function of the degree of deformation. This effect is designated
as softening. Furthermore it seems that the yield stress in the direction of g; is nearly independent of the degree
of deformation. In this way the diameter of the surface remains almost constant. The representation of the non-
quadratic course which emerges noticeably from the experimental data is insufficient in this case of the isotropic
material law.
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Figure 4: Comparison of Experimental Starting Points of Plastic Deformation
and Yield Loci of the Isotropic Material Law of v.Mises

For the optimization of the parameters, the experimentally obtained starting points of plastic deformation have
been weighted according to their standard deviation (scatter). Thereby it is guaranteed, that “reliable” measured
values such as the uniaxia yield stress are on the yield locus. The optimization of the parameters for the
anisotropic transition flow potential equation (16) is carried out for different exponentsm (m= 2, 4, 6, 8, 10) via
the strategy of evolution. The best set of parametersis attained for m= 8 and is shown in Table 3. As can be seen
in Figure 5, thismodel is more suitable for predicting the experimental data, but is still not sufficient.
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Figure 5: Comparison of Experimental Starting Points of Plastic Deformation
and Yield Loci of the Anisotropic Transition Flow Potential
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m il & a ay, 8, A G G Cs

X5CrNi18.10 | 8 | 0.2338 | 0.4102 | 5.2002 4356 21314 | 1.3372 | 1.4677

Table 3: Parameters for Describing the Plastic Anisotropy in Equation (16)

For an improved predictability a larger modification of the shape of the yield surface must be possible. Thisis
not given with the isotropic-kinematic hardening. The shape of the surface is defined by the parameters of
anisotropy. The examination of a possible change in the parameters shows a dependence of the appropriate
equivalent plastic strain:

a(el)=ao+a; [H-e ¥ E
c (&) =Co+Cy [ﬁ_e-qﬁf E

Thus the modification of the yield surface is greatest at the beginning of the deformation and declines with an
increasing degree of deformation. By this means the anisotropic hardening can be described, which is aso
known as anisotropy of deformation (Lippmann, 1981). Consequently there are 18 values for the parameters of
anisotropy and one exponent for an optima fit of the material law to the experimental data. At m = 4 the
renewed optimization of the parameters results in the values of Table 4.

(33)

X5CrNi18.10 a0, Cio &1, Ci1 a2, G2
a 0.0978 6.3410 1310
a 0.9852 -0.6572 7373
ag 0.9363 -0.7923 4672
G 0.7925 1.5278 10365
C 1.2046 -0.2198 21277
Cs 1.2263 -1.1355 849.7

Table 4: Parameters for Describing the Plastic Anisotropy at m=4
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Figure 6: Comparison of Experimental Starting Points of Plastic Deformation and Yield Loci
of the Anisotropic Transition Flow Potential with Anisotropic Hardening
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With the enhancement of the model the experimental data are essentially more natural-like, as can be seen in
Figure 6. The constancy of the diameter of the yield loci in the direction of g is identifiable. This behaviour
cannot be described by the purely isotropic-kinematic hardening law.

5 Plane Deformation of a Thick Cylinder

The following example of application serves as a demonstration of the difference between the simple isotropic
transition flow potential and the more natural-like anisotropic potential. The simulation is about the plane
deformation of athick cylinder and the outer radius of the cylinder is reduced from 60 mm to 50 mm. The inner
radius at the initial state amounts to 40 mm (Figure 7 |eft). The directions of the axis of anisotropy resulting from
the experimental data are arranged in such a way that g lies in the horizontal and g, in the vertical direction.
Because of the symmetries, it is sufficient to discretise a quarter of the annulus. The boundary conditions
resulting from the symmetry are shown on the right-hand side of Figure 7. The outer radius is moved stepwise in
aradia direction towards the centre and the behaviour of the inner radius is observed. The cylinder maintains a
constant thickness of 1 mm during the deformation (plane deformation). The elastic characteristics are expected
to beisotropic.

€

Figure 7: Discretisation and Boundary Conditions of the Quarter of the Cylinder

If the parameters of the isotropic transition flow potential are chosen, the inner radius must move equally
towards the centre and the circular shape must be obtained. This expected behaviour of an isotropic materia law
is correctly reproduced by the smulation (Figure 8). To clarify the deformation, the initial state of the cylinder is
also shown.

60 ‘mm
Figure 8: Shape of the Cylinder Calculated with the
Isotropic Transition Flow Potential Equation (7)

78



The shape of the inner radius becomes non-circular if the anisotropic transition flow potential with constant and
respectively variable parametersis used, as can be seen in Figure 9. At the range of ¢ = 22.5° and 67.5° the inner
radius bulges towards the centre. Both versions of the anisotropic material law result in a similar shape of the
radius. The shape of the radii for the different sets of parameter is depicted in Figure 10. The direction of angle ¢
is demonstrated in Figure 9.

P variable

Figure 9: Shape of the Inner Radius Cal culated with Constant and
Variable Parameters of Anisotropy

isotropic

—— consgtant

variable

Radius [mm]

Angle ¢ []

Figure 10: Comparison of the Shapes of the Inner Radius after Deformation

At ¢ = 45° the radius has its maximum. The divergence of the circular shape is not negligible. At the narrowest
location, the radiusis 0.7 mm smaller than that of the simulation with the isotropic material law.

Figure 11 shows the comparison of the necessary deformation energy during deformation for the various
materia laws. Both sets of anisotropic parameters predict a higher deformation energy than in the isotropic case.
One reason for thisis the enormous deformation at ¢ = 45°. In spite of the similar shape of the inner radius, the
use of the variable parameters is reasonable. Otherwise the prediction of the energy needed for the deformation
processistoo low.
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Figure 11: Deformation Energy per 0.1 mm Displacement of the Outer Radius

6 Summary

The experimental determination of yield loci of X5CrNi18.10 reveals a distinct anisotropic behaviour combined
with softening during the deformation. Furthermore the material shows a plastic volume change in the transition
area between elastic and elastic-plastic deformation. The anisotropy and the volume change can be described by
amateria law based on an anisotropic flow potential and including the first invariant of the stress tensor. With a
mixed isotropic-kinematic hardening law it is possible to predict experimental data with a deformation history. If
there is a change in the shape of the yield surface during forming, this can be modeled by a dependency of the
parameters of anisotropy by the equivalent plastic strain. Also it is then possible to use this model for other
materials with anisotropy and plastic volume change such as metal foams, or at the occurrence of phase
transitions during the deformation.
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